Example 3 [Section 6.1.2

Solve the IVP
(x-Dy"—xy'+y=0

y(0)=-2, y'(0)=6

e Choosing ordinary point x,

= We choose x,=0

(*)

e Considering series solution yand putting y,y’,y"in (*)

[since initial condition is at x=0]

= Take y= icnxn :

n=0

= Then y'=)nc,x", y"=> n(n-1cx"?.
=1 n=2

= Putting in (;) gives

(x —1)i n(n-21)c x"? - xi nc X" + icnx” =0
n=2 n=1 n=0

e Simplifying & shifting index

= Above equation can be written as

Put k=n

> n(n-Dc,x"* =D n(n-1)c,x"? = > nc,x"+ > ¢ x" =0
n=2 n=2 n=1 n=0

Putk=n-1 Putk=n-2

Put k=n

Writing each
series in the form

= > (kK +Dke X = (K +2)(k +D)c ,x = > ke x +D ¢, x=0 | involving x*
k=1 k=0 k=1 k=0

e Writing as single series

= Above equation implies
—2C, +Cy+ Y [~(k +2)(k +1)c,,, + (k +1)kc,,, — (k —I)c ]x“ =0
k=1




e Comparing coefficients of powers of x

= Comparing coefficients of powers of x gives

-2¢,+¢, =0
—(k+2)(k +Dc, ., + (k+Dke,,, —(k-1)c, =0 fork=1
=  Which gives -
C, Recurrence relation to
C, = B} determine coefficientsc,
k (k -1)

C., = Cooi — Cc fork >1
k42 (k+2)(k+1) ¢

e Finding coefficients c_'s

= k=1 = c,=—C,—0c =

= k=2 = C,=—Cm G = 2=

e Writing general solution

= y=) c,x"implies

n=0
Y =Cy +C X+ C,X° +C X2 +C, X eenee

e Writing solution of IVP

, 2x  3x*  4x°
= Fromabove we have y'=C +Cy| —+—+—+:--
2 6 24
= Hence y(0)=-2 = c¢,=-2
and y'(0)=6 = ¢ =6

= Therefore solution of IVP is

2 3 4
y=6x—-2 AR ST :
2 6 24



e Writing solution in better form May not be possible always

= We have found the solution

2 3 4
y:6)(—2 ]__+_X__|_X__|_X__|_ ......
2 6

‘ Is this a well known power series of some function?

= We can write as
x> x* X
y=6x—2(1+—+—+—+ ------ ]
21 31 41
=  Which implies
y=6x-2(e")
= Hence the solution of IVVP is
y =6x—2¢e"



Example 4 [Section 6.1.2

Solve y"+sin(x)y=0 (%)
about the ordinary point x, =0.

e Considering series solution yand putting vy, y’, y"in (*)

= Take y= icnxn :

n=0
= Then y'=)nc,x", y"=> n(n-1cx"?.
=1 n=2
= Putting in (*) gives
D n(n-1)c,x"?+(sinx)> ¢, x" =0
n=2 n=0

To proceed we need to write sin xas a power series

e Putting series expansion of sin xand simplifying

= Using series expansion of sin x we get

0 - X3 0 i
Z;n(n—l)cnx 2+(x—§+---j2(;cnx =0 How to handle such
= This implies products?
[202 +6C,X +12¢,X° + 20¢,X> + - } + See below.

x> 2
+(x—§+---j[co+clx+czx +-]=0

s

3 4 5

3
X 5 5 5 X X X
X—E'i"" |:CO+C1X+CZX +"':|:(COX+C1X +C2X ) —COE—Cla—Cza“' +

C
= CyX + C X +£c2 —onx3+---

= Hence series becomes

[ 2¢, +6C,X+12¢,X° +20CXC + -+ |+ {cox +c X2 + (cz —C—gj X+ } =0

= 2¢, +(6c, + ¢, ) x+(12¢, + ¢, )X +(2005+02—C—é’)x3+...20 (**)



e Comparing coefficients of powers of xto get c,'s

= Comparing coefficients of powers of x in (**) gives

c,=0
C

C,=-—2

6
C

C =——2

Y12

(= foy G _ G
20 120 120

e Writing general solution

= y=> ¢ X" implies
n=0

Y =Cy +CX+CX° +C X +C X +C X



