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The derivative of a function f at the point x( is computed from

f (o) = lim L0 = T 0]

This formula suggests that the expression

f (o + 1) = [ (o)
h

for small values of h serves as an approximation of f’ (zo):

f(wo+h) — f(x0)
h . (1)

[ (o) =

The approximation quality of this formula, however, is quite low due to round off errors.
In this section we will learn how to obtain more accurate approximations of the derivative.

1 Differentiation and the Lagrange Polynomials

Recall that if f € C"™ [a,b] and 7y < 71 < ... < z,, € [a,b], then we can write

b (= )
=P, R p(ndl) 2
F@) = B + [T T €. &)
where P, (z) is the Lagrange polynomial interpolating f at the nodes xg, z1, ..., x,:

Py (x) =Y f (@x) L (2)

and Ly, (x) are the basic Lagrange polynomials

n

L (@) = [ (o — o)

i (Te = 5)



The approximation (1) can be obtained from the representation (2) as follows.
Put n = 1,29 < x1 € [a,b] and h = x; — xy. Then, from (2) we have
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Differentiating both sides with respect to =, we get
(o) = L0t 200 2023002 h g 0 E 00 2 g )
In particular, at x = x,
/ _f(IOJrh)—f(Io) h//
[ (o) = A - §f (o) s

where £, € (29, 21) .

f/ (170) ~ f (-TO + h’})L - f (IO)

with an approximation error of the order O (h). In the following subsection we generalize
this procedure.

1.1 General Approximation Formulas

Differentiation equation (2) with respect to x gives

n

Zf vi) Ly (@ ,ZH r =) [0 (6 +H ) D, £ (€ ().

k=0 j#£k k=0

In particular, for x = x, we have

n

[ —a) r (@) (3)

i#r
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(xr) = kzzof (xk:) Lk,n ($) + (n + 1)!

This formula is called the (n + 1)-point formula for approximatingf’ (x,.) . Of particular
interest are the 3 and 5-point formulas.

1.2 3-point and 5-point formulas

From now on we will assume that the nodes are equally spaced with space step h, so that
1 = 2o+ h and 9 = xg + 2h and so on. To obtain the 3-point formula, we put n = 2 in



(3) and simplify. We have
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Hence,

2
Floo) = —orf (o) 4 2 (o2) = o F (m2) + 5 F9 (&)
17 3 1 h? o,
= 3 {—if (o) + 2f (w0 + h) — if (zo + Zh)] + Ef( ' (&),

and similarly,

Flooth) = ¢ [ @)+ 5f ot 2m]| - 79 €.

, 13 1 2
Plaotan) = 1[5 —2r (ot w11 a2 + T 10 ()

If, in each one of the latter two formulas we replace x¢+ h, and zo+ 2h by x they become

Plo = 3|57 G4 2f (ot )= 3F (o2 + 19 (&),
Floo) = g [ (o= h)+ f(rot h)] = 7O (€2),
Plo = 3|5 0= 20428 o= 1)+ 31 )] + 59 )

Next we observe that the third of these formulas is obtained from the first one by replacing
h by —h, so that we really have two formulas

Floo) ~ 3| -5 G +27 Gt 1) = 3 o+ 20)]. ()
Fla) ~ o [ (oo~ )+ f (wo+ R)]. )

Formula (4) is useful at the end-points of the interval [a,b] while formula (5) is useful
at interior points of the interval. We should also notice that, although both formulas
are O (h?), the error in using formula (5) is about half as much as the error in using
formula (4). This is due to the fact that formula (5) uses information on both sides of z,
while formula (4) uses information only on one side of zy. Furthermore, (5) uses only two
function evaluations while (4) uses three function evaluations.
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5-point formulas are obtained in a similar fashion and we have
4

' r0) = 17 1 (r0 = ) = 8F (w — B) + 87 (z0 + h) — [ (w + 20)] + 5 £ (&), (0

where £ € (29 — 2h, 9 + 2h) and
4

F' (20) = 5 [~25f (z0) + 48f (o + h) — 36 (o -+ 2h) + 16 (o + 3h) — 37 (w0 + 4)}+ = F® (1),

where 1 € (9, xg + 4h) . Again, the last formula is used (with A > 0) at the left end-point
and (with A < 0) at the right end-point.

Example The following table gives the values of the function f (z) = ze®.

T y = xe®

1.8 10.88936544
1.9 12.70319944
2 14.7781122
2.1 17.14895682
2.2 19.8550297

Approximate f’(2) and f’(1.8) using two point, 3point and 5-point formulas.
Using the two point formula, we have

i~ 12D =10

0.1
with the 3-point formula, we get

= 23.70844619.

£2) ~ 0_12 [f (1.9) + f (2.1)] = 22.22878688

and

2~ % [f(1.8) — 8f (1.9) + 8f (2.1) — f(2.2)] = 22.16699562

Since [’ (z) = (z + 1) €, f'(2) = 3e* = 22.1671683. The absolute error of using the
two point formula is 1.541 3, of using the three point formula is 6. 1619 x 1072 and
of using the five point formula is 1.726 8 x 10~%. Obviously, the two point formula
is very inaccurate and in order to obtain higher accuracy using this formula one has
to take much smaller h which will result in a higher round off error.

For the point 1.8, we have
f(1.8) — f(1.9)

f(1.8) =~ 01 = 18.13834004 (using the two point formula)
1 3 1
~ — |—=f18)+2f(19) —=f(2
LS rar(L9) - 17 (@)

= 16.83294628 (using the three point formula)

1
~ 5 [-25F (18) + 48/ (1.9) — 36/ (2) + 16f (2.1) — 3/ (2:2)]
= 16.93801507 (using the five point formula)
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The errors are 1.1993, 1.0607 x 10~! and 9.978 3 x 1074, respectively.

1.3 Richardson’s Extrapolation

Richardson’s extrapolation is used to obtain high accuracy results while using low-order
formulas. For ease of reference, we let fr, = f (x) = f (xo + kh) . We also let

Dy (h) = fl;—hfl

Then, using formula (3) we may write
f/ (l’o) ~ DO (h) + Ch2

Hence,
f' (z0) = Dy (2h) + 4Ch?

Multiplying the first equation by 4 and subtracting the second equation from it we get

3f (xo) = 4Dy (h) — Dq(2h)

it B i
2h 4h
 —fa+8fi—8f 1+ fo
B 4h '

Solving for f (zq) we get

~ —fo+8f1—8f1 +f—2.

J' (o) 121

Observe that this expression is the same as (6) therefore, the approximation here is O (h?) .
In summary then, we can use the O (h?) expression Dy (h) to obtain O (h*) approximation

of IIO b
Fio) by 4Dy () — Dy (21)

I () = 3 )

Example Let f (z) = xe®, o =2, h = 0.1 Then
f(2.1)— f(1.9)

Do(h) = _ — 22.29878688,
2.2) — 1.8
Do(2n) — 122 4f( ) _ 9541416066,
, 4Dy (h) — Do (2h)  4(22.22878688) — 22.41416066
[ (zo) = 3 = 3

= 22.16699562.

The exact value of f’ (z) = 22.1671683; the absolute error is 0.000172675.



The above process to obtain O (h*) approximation can be repeated to obtain a higher
order formula as follows. Let

_ —fo+8f1 —8f_1+ f72.

D (h) 12h
Then
f/ (1’0) ~ D1 (h) + Ch4
Then
f' (z0) =~ Dy (2h) + 16Ch*
and
15f/ ($0) ~ 16D1 (h) — D1 (Qh) s

so that

16D, (h) — D; (2h)

I (z0) =~ I5 .

The error in this case is O (h%). The general pattern is:

If f'(z0) &~ Dj_1 (h) with error O (h?") , then

4*Dy_y (h) — Dy_1 (2h)
A1

[ (o) ~

with error O (h%“) .

2 Higher Order Derivatives

In the last section we discussed how to obtain approximations of the first derivative of a
function f at a point xy with high levels of accuracy. The same approach can be used to
obtain approximations of higher derivatives of f. The derivations are tedious, though. The
following tables list some central difference and endpoint difference formulas for higher
derivatives.

Central difference formulas of order O (h?):

fl(xo) ~ fl ;hfl
Py ~ B2t
-2 2f_1— f-
f(3)($0) ~ f2 fl‘;thl =
19 () o LEANEORZ U



Central difference formulas of order O (h?):

—fo+8f1—=8f 1+ fo

J'(w0) ~ 12h
f”(.fE) _f2+16f1_30f0+16f71_f72
o 12h2
—f3+8fa—13fi+13f-1 —8f 2+ f-
f(s) (zo) =~ 3 2 1 - 1 2 3
—f3+12f5 —39f1 +56fo —39f 1 +12f 5 — f_
f(4) (z0) ~ 3 2 1 6;4 1 2 3

Left end-point differences (forward differences) of order O (h?):

=3fot+4f1—f2
2h
2f0—=5f1+4fs— f3
72
—5fo+18f1 —24fy +14f3 — 3 f4
2h3

3fo—14f1 +26fs —24f3 + 11f4 — 2f;
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For right end-points, replace h by —h.



