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Lecture 4
Continuity of Convex Function
PROPOSITION 1
F : V −→ R̄,If F is Convex and bounded above in a nbhd of a point u ∈ V, then F is continuous at u.

Proof. Assume u = 0, and F (0) = 0, let W be nbhd of 0 and F is bounded by a < ∞ on W . Let W1 =
W ∩ −W , let ε > 0 be given, let v ∈ εW1.
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ε
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F (−v) =⇒

−F (v) ≤ F (−v) = F (ε
−v
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) ≤ εF (

−v
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) ≤ εa,

then
|F (v)| ≤ εa =⇒ F is continuous at 0.

PROPOSITION 2
Let F : V → R̄ be a convex function, TFAE

(i) ∃ an open, non-empty O ⊆ V, s.t. F is bounded above (by a < ∞) on V and F (O) 6= {−∞}.

(ii)
o

d̂omF 6= φ, F is continuous and proper on
o

d̂omF .

Proof. Clearly (ii)=⇒(i). Conversely for (i)=⇒(ii),
o

d̂omF 6= φ since O ⊆ domF.Let u ∈
o

d̂omF and choose

v ∈ O s.t. |F (v)| < ∞. since u is a internal point of the convex set
o

d̂omF , there exists a w1 ∈
o

d̂omF s.t.
u ∈ (w1,v)

u = αw1 + (1− α)v ∈ αw1 + (1− α)O,

let z ∈ αw1 + (1− α)O
z = αw1 + (1− α)z2 where z2 ∈ O,

F (z) ≤ αF (w1) + (1− α)F (z2) ≤ αF (w1) + (1− α)a

therefore F is bounded above on the open nbhd αw1 + (1− α)O of u. Then F is continuous at u.

COROLLARY 3
F : V → R convex, V is finite dimension, then F is continuous on

o

d̂omF .

Proof. If
o

d̂omF 6= φ, then
o

d̂omF contains an interior point.
o

d̂omF contains (n + 1) affinely independent

vectors (u1, u2, .., un+1). For u ∈
o

d̂omF , there exists an open set of the form I1 × I2 × ...In, u can be written
as u =

∑n+1
i=1 λiui s.t. 0 ≤ λi ≤ 1 and

∑n+1
i=1 λi = 1, then

F (u) ≤
n+1∑
i=1

λiF (ui) ≤
n+1∑
i=1

F (ui),

therefor F is bounded above on a nbhd of u.

COROLLARY 4
Let V be a normed space, F : V → R̄ is a a proper convex function. TFAE:

(i) ∃ an open set O ⊆ V on which F is bounded in O.

(ii)
o

d̂omF 6= φ, and F is locally Lipschitz on
o

d̂omF .
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