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Lecture 22 (Carathéodory Mappings)

DEFINITION 1 (CARATHI:]ODORY MAPPINGS)
Let Q € IR™ be an open Borel set !, £ and F Banach spaces, g : 2 x E — F. g is called a Carathéodory
mapping if

1. g(-,¢) is measurable for each ¢ € E.
2. g(z,-) is continuous for almost all z € Q.

Let M(Q, E) be the set of measurable functions v : Q@ — E, m(Q, F) the set of measurable functions
v:Q — F. Define K : (O, F) — m(Q, F) by

(Ku)(z) = g(z,u(z))), =€

PROPOSITION 2
If K : LP(Q,E) — L"(2, F). Then K is continuous 2
with respect to the norms of LP(Q, E), L"(Q, F).

For E=R™ F =R,u=Q — R™[u(x) = (u(x),uz(x), - ,un(x))], assume u € L* x L*2 x --- x L =V,
Also assume Ku(x) = g(z,u(z)) maps V into L' (). We can then define G : V — IR by

G(u) = / Ku(z)dx = / g(z,u(z))dz
Q Q
The conjugate function G* : V* — R where
V* = LY x [%% % ... x [%

where ai + -5 =1 for all i is given through the following proposition.

L
7
Oti

PROPOSITION 3

G (u) = / 6" (&, " (x))da

where
9" (z,y) = sup n-y—g(z,u)
nemR™
First Examples
Q) C IR open, given f € L?(Q),
Ay = f
u = 0 onl

Variational Form
V =HQ),letveV

/—Auvdxz/fudx
Q Q

(Vu,Vv) = (f,u) for all v € V. This is equivalent to

1
min 2|Vl [* = {£,)

1For any topological space X, the Borel sigma algebra of X is the oc—algebra B generated by the open sets of X. In other words,
the Borel sigma algebra is equal to the intersection of all sigma algebras .4 of X having the property that every open set of X is an
element of A. An element of 3 is called a Borel subset of X, or a Borel set.

2Given € > 0,36 > 0 such that for all u,v € L?(Q, E) we have

[lu = vllLp,p) < 6= |[Ku— Kvl|lprq,r S €
That is i » i ,
([ 1w~ v@lias)" <5 ( [ IKu(e) - Ko(@llpae) <
Q Q
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Side Notes:

e Green’s Form

/Vqudacz/fudx
Q Q

i <u7 v> + Z <piu,pi'U> - <7.L, ’U> + <vu7 VU>

e To find the Gateaux derivative of F(u), we evaluate

d
%F(u + tv) .
So 1 1 1
IV )P = {fyu+t0) = SIIVul[* + t(u, Vo) + S2[[Vol|* = (f,u) = (f, tv)
Differentiating
(Vu, Vo) +1|Vul|* = (f,0)|,_, = (Vu, Vo) = (f,v) = min J (u)
where )
J(u) = =(f,u) + 5[Vull® = F(u) + G(Au)
That is

1
F(u)=—(fu),  Au=Vu,  G(p) =l
Now, we have V = H}(Q),Y = [L2(Q)]" =Y*,A: V — Y and V* = H~}(Q) (just the dual space of V). Also
¢(u,p) = F(u) + G(Au - p)

which belongs to I'y(V x Y); since F is convex and G is convex and continuous. We now find the dual
problem; so we need to find first F*.

F*(u”) = sup (u,u”) + (f,u) = sup (u,u” + f) =
ueV ueV

{0, ifut+f=0

+o0o otherwise

Then G*. Since G(p) = 3 |, ||p(z)||*dz, we have

6 )= [ (Gor) a

To find (1|p(2)[?)" let us define g : @ x R" — IR by

_ L
9(z,y) = 5yl
Then

. 1
9" (@,y) = sup ny — S yf*
neR™

To find the supremum, we shall find the derivative, then equate with zero. Let F(1) = ny — £[n[?, then

- 1 1

F(n+1C) = (n+1Q) -y = 5n+ <[> =y + 1y — 5 (In* + 2tn¢ + *[¢[*)
Therefore,
d -
—F(n+t) = 0

dt o
ny —n¢ —tI¢1?],_, (y—(n=Cly—n) =0, V(e R"
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So for n = y we get

Let us find A* : Y* — V*

1 1
* 12 _ D12 — D02
g*(x,y) = |yl 2Iy\ 2Iyl

S GHpT) =

1 * 2 _1 * 2
| 5 @Pds = 5l @)

(Au, p) = (Vu,p) = / Vu - pdz Grgen's —/ uVp dx = {u, A*p)
Q Q

So,

Summary:

A'p=-V-p
Fu) = —(f,u)

* * _ 0 U* = _f
) = { +0o otherwise
Glp) = slpll?

G*(p*) = sllp*II?
A(u) = Vu
A*(p) = V:.p
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