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Math 640, Semester 072 Lecture 21 Badar Humaidi

Lecture 21
Applications of Duality to the calculus of varitions
Preliminaries

Let Q C R™ be open, sometimes we require reqularity on .

Regularity: ) is said to be of class C" if the boundary I is an r—times continuously differential maiifold of
dimention (n — 1) and 2 lies locally in one side of I.

Forz €T, v(z) = (v1(x), v2(z), ..., vn(z)) will denote the outward normal to 2.

Differentiation, Multiindex Notation.
for j = (j1,J2, .., jn) € N, )
Diu= DiD¥. . Diny = — "' where l7] = 41+ jo + oo + Jine

8:6{1 81%2 ...8:1:37.#
Examle: let j = (1,2,4,0) € N4,

G, 9"u
DIu = leamgarg

Remark: D(©0:0::0) = 1
Space L*(2),1 < a < o0

L¥(Q) = {u :Q—R: [ u(z)|de < oo}is a Banach space under the norm |[[u|| ;o (o) = (f lu(x)|* dx) "
Q Q
Space L ()

L>(Q) = {u :Q — R: Ess.sup|u(x)| < oo} is a Banach space under the norm |[[u|[;« o) = Ess.sup |u(z)|
€N €N

The Dual spaces of L%(Q2)

(L*(Q))* = L () where 2 + L =1

Special case: if a = 2 = o/ = 2, L?(?) is a Hilbert space with inner product (u,v) = [u(z)v(z)dx
Q

The Soblev Spaces "t (2), W, (2) where 1 < a < oo and m > 1 is an integer.

m,x

w (Q) = {u e L*(Q) : D*u € L*(Q), |k| < m} is a Banach Space under the norm |lu

[7|<m Q
"W (€2) is the closure of C$°(9) in the norm of "t (€2).
The Trace Operator : suppose §) € C™12

m,

The operator v : (70,71, -y Ym—1) : W () — L*(T") defined by

P gm—1 Py L 8 gk—1 k-1 .
You = ulr, MU = Folr..Yn_1u = G m=t|rwhere gr = Vu.v|rand 5 = 5, §=1Ir = V ( §oe=1 ) -¥|ris called

the Trace Operator.
~ is linear and continuous operator, also Ker v = W, (2)

Poincare’ Inequality ( assume 2 to be bounded)

For all u € wy(Q), [l oy < € ||DiuHLQ(Q) where c is a constant depends on 2 and a. i.e ¢(, ).
Green’s Formula ( Integration by Parts)

let u € 115‘((2) and v € ' (), then [uvr;dT = [ (uD;v+ vD;u)dz (1) where v; is the iy, component of v.
T Q

if we replace v by D;v in (1)
Ju D vdl = [ (uD2v + DjvDiu) dx , sum for i = 1,2,...,n, we get [u %d I'=[(ulv+ Vu.Vv)dz
T Q T Q
also if interchanged u and v we get {;v JudT = é(v Au+ Vu.Vv)dz subtracting we get, {(u% —v3%)d
I'=[(ubhv—vAu)de
o

also, replace v by v; in (1)v —= fu v; v d T = j (uD;v; +v;Dju)dx or ju v.vd T = f (uV.v +v.Vu)dr .
T Q T Q
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