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Lecture 19 (Important Special Cases II)

Definition 1 Let C be a subset of a linear space Y, then C'is
e aconeif \C C C forall A > 0.
e a pointed cone if it is a cone containing zero.

e a salient cone if it is a pointed cone with C N (—C) = {0}.

Definition 2 A cone C of a linear space Y induces a partial ordering defined by p > 0iff p € C.

This means if p < ¢, then ¢ — p € C. If C is salient, then < is an ordering relation. If < is an ordering
relation on Y compatible with the linear structure of Y (Thatis: A\p < A\g,VA >0andp+v <qg+v,VveVY
if p <¢q). Then {p € Y : p > 0} is a salient pointed cone.

Definition 3 The polar cone of a cone C is the set
Cr={p"€Y": (p",p) 2 0vp e C}

Lemma 4 If C is a convex pointed cone, then

(1) C*isclosed (in o(Y*,Y)).

(it) C** =C.
(iit) p € Ciff p € Ciff (p*,p) > 0 for all p* € C*.
Proof.

1. To show that C* is closed, we write

C* = {p"eY :(p°p >0vpecC}
N {p" €Y : (p",p) > 0}
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Since p is continuous in the topology o(Y*,Y); C is closed.

2. C C C** is clear. To show that C** C C; let ¢ € C**, then (g,p*) > 0 for all p* € C*. Assume that
q ¢ C, so there exists © # 0 € Y* such that (z,p) > afor all p € C and « € R and (z,q) < «. Since
0 € C, then a < 0. Hence (x,¢) < 0, but this can not happen; since © € C*. To show that, assume
otherwise then there exists p’ € C such that (z,p') < 0= Az, p’) = (z, \p') < 0. But for sufficiently
small )\, we have (z, \p') < « which is a contradiction. So z € C*, but again this is a contradiction.
Thus ¢ € C.

3.peC=p>0= (p5,p) > 0p* e C*=>pec C* =C.

The problem considered

Let ¢ # A C V be closed and convex, J : V — IR convex and Isc, C closed convex cone in Y, < the partial
ordering induced by C. B : A — Y satisfy the following:

(B1) B is convex with respect to <.
(B2) For each p* € C*, (p*, B(-)) : A — R is Isc.
(B3) The set {u € A: B(u) <0} # ¢.
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Primal problem

inf  J(u)
u€ A
Bu<0

Perturbation problem

[ J(uw) ifue A Bu<p,
(I)(u,p) = { +00 otherwise .

Lemma 5 The set £ = {(u,p) € V XY :u € A, Bu < p} is closed and convex.

Proof.
E = {(u,p) eV xY:ueA (p*,Bu—p) <0v¥p* e C}
= () {wp)eVxY ueA (pBu—p)<0}n(AxY)
p*EC*

which is closed; since u — (p*, Bu — p) is Isc by (B2). To show the convexity of C, let (u, p), (v, q) € £ where
u,v € Aand p,q € Y and ) € [0,1]. Then

A(u,p) + (1= A)(v,q) = (Au+ (1 = X, Ap + (1 = A)q)
Since A is convex Au + (1 — A\)v € A. Now B is convex
BM+ (1 =MNv] < ABu+ (1= X)Bv < Ap+ (1 - N)g.

Hence \u + (1 — A)v € € which proves that £ is convex. ®
We can rewrite ¢ as

d(u,p) = J(u) = xe where J(u) = { i]&-(<>l<t>),7u ‘A ue A

Proposition 6 ¢ c T'h(V xY)
1. ¢ does not take the value —oc.
2. ¢ # +o0(é(u,0) < +00).
3. ¢ is convex.

4. ¢islsc
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