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Lecture 17

Summery
P:infF(u)
uev
®:V x Y — R such that ®(u,0) = F(u)
P:inf®(u,0)
uev

The dual problem

P: sup — @(0,;5)
PEY

Supjij <inf P

—®(0,p) < sup P < inf P < ®(u,0) = ®(u,0) + ®(0,p) > 0
h(p) = it @(u, p)
-If h(0) € R and h is lwoer semicontinuous at 0 = P is normal

- P is normal < inf P = sup p < p is normal
- h(0) € R, 9h(0 )7£<I>:>Pisstable

- P is stable iff P is normal and has some solutions
- the set of solution of P conicides with 8h( )

- P, P are normal and have same solutions < P and 1*3 are stable < P is stable and has solutions.

Criterion for stability
® is convex, h(0) € R, ®(u,.) bounded above in a nbhd of 0 = P is stable
h(p) < ®(u,p)

Criterion for existence
V is a reflexive Banach space, ®(.,0) is coercive => P has a solution

Extremality relation and Existence

Lemmal: @ € V is a solution of P and ;3 is a solution of P and inf P — sup P iff ®(w,0) + %(O,%) =0
Proof: if w € V is a solution of P and ]% is a solution of ]*3 and inf P = Supl*j , then —%(O,%) = sup}*D
=inf P = ®(u,0) = ®(w,0) —i-(I)(O p) =0
conversly assume & (@, 0) + <I>(0 p) =(0forsomeu €V and some p € Ythen
—<I>(O,p) < supP <inf P < ®(w,0) = —%(0,]%)
and hence, the result is obtained.

Lagrangians and Saddle points

Definition: L : V x }*’ — R defined by  —L(u, ]T") = Sup <pj§> — ®(u, p) is called the Lagrangian .
peEY

Note: —L(u, P) = &, (5) where ®,(p) = ®(u, p)
Lemma
1- for u € V,L(u,.) is concave and u.s.c.

*

2- if ® is convex, then for anyg*) €Y, L(., P) is convex

Proof: (part 2)
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Lt (1= N)o.p) = inf —(p.h) +@((u+(1-1)0.p) < = (Ap -+ (1= g, p) + (- (1-A)0. Ap+(1-1)g) <

A= (p.p) +@(u,p) + (1= N)(= (.5) + ()

fix ¢ and take the inf over p —

L+ (1= N)v,p) < AL(w, 5) + (1= A)(= (g,5) + ®(u, 0))

now take inf over ¢ —

LOw+ (1 —A)v,p) < AL(u, p) + (1 — N)L(v, p) and hence, L(., P) is convex.

.E’ in terms of L
O(u,p) = sup <UU> - <p,55> — ®(u, p)

ucv,peY
(0,5) = supsup (p.p) ~ ®(w,p) = sup — L(w,p) = —inf L(u,p) — ~®(0,p) = inf L(u.p) — P :
uEVPEY weV ueV ueV

up oy L)
peEY
P in terms of L . .
®(u,0) = ,(0) = sup {0, p) — Pu(p) = sup — By (p) = supL(u,p) = P : inf supL(u, p)
pey pey pey e pey
Definition: (Saddle point)
(u, %) €V x Y is called a saddle point of L if L(u,p) < L(u, ]j)) < L(u,;%) forallue V,peY.

Lemma2:(u, }%) eV x }*/ is called a saddle point of L iff w is a solution of P and ]io is a solution of ;3 and

inf P = sup P
Proof:

(= )assume (7, p) is a saddle point = &(7,0) = supL(a, p) < L(@,p) < inf L(u, ) = —(0,p) = ®(w,0) +
pey “

5(0,5) < 0 but (1, 0) + d(0,7) > 0
= ®(u,0) + %(0,%) = 0 and we get the extremality condition, so inf P = sup P.
(«<=) assume 7 is a solution of P and % is a solution ofI*D and inf P = sup ]*3
@(7,0) = supL(3.5) > L(7.5) > inf L(u.p) = ~2(0.7)
peEY
L(u,p) > inf L(u, P) = L(@,p) = SupL (7 ) > L(1,) and hence, (a,p) is a saddle point.
peY
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