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Lecture 12

Assumptions : V is a reflexive Banach space, @ # C C V is closed and convex, F' : C — R convex and
lower simicontinuous.

Result: under the above assumptions if C' is bounded or F is coercive, a(u,u) is a bilinear continuous
form satisfiying

a(u,u) >~ |ul|*,y > 0,1 € V*, then F(u) = a(u,u) — 2 (I, u) has a unique minimazer.

Propositionl: If F: @ # C — R covex, F exists on C, u € C. TFAE

(1) v minimize F on C

(1) <F’(u),v - u> >0 forallueC

(1i1) <F’(v),v - u> >0 forallveC

Finding the derivitive of F'(u) = a(u,u) — 2 ([, u) ,indeed;

lim F(u+ A\v) — F(u) —  m alu+ v, u+ ) — 2, u+ ) — a(u,u) + 2 (I, u)
A—0+ A A—0+ A
— m a(u,u) + Aa(u,v) + Aa(v,u) + Na(v,v) — 2 (l,u) — 2\ {I,v) — a(u,u) + 2 {l,u)
A—0+ A
— im Aa(u,v) + Aa(v,u) + N2a(v,v) — 2X (I, v)
A—0+ A

= (F(u),v) = a(v,u) + a(u,v) — 2(l,v)

Remark: if a(u, ) is symmetric, then (F(u),v) = 2a(u,v) — 2 (I, v)
Characterization of the minimizer

u € C' minimizes F iff

@ a(u,v —u) = (l,v —u) >0

(iDa(v,v —u) = (L,v—u) >0

proposition 2: let F;, F; : C — R be convex functions,C convex, F| exists, u € C,TFAE

(1) v minimizes F' = F; + F»

(1) (F}(u) ’U—U>—|—F2 v) — Fy(u) >0 forallv e C

(i) (F;(v),v —u) + Fa(v) — Fo(u) >0  forallve C

proof

(i)=(i1)

0< Fl((l—)\)u-;\-)\v)—Fl(u)_'_Fg((l—)\)u—/i\-)\u)—Fg(u) < Fl(u-&-)\(t);\u))—Fl(u)_'_(1—)\)F2(u)+))\\F2(U)—F2(u) < Fl(u—i-k(u—)\u))—F](u)_i_
Fy(v) — F»(u) by taking the limitas A — 0" we get (i)

(i) = (ii1) using the convexity of F}

Fi(v) > Fi(u) + (F(u),v — u)

Fi(u) > Fl(v) + (F;(v),u — v) by adding these two inequlities we obtain

0> (Fi(u) u) + (F1(v),u —v) = (F{(v),v —u) > (F)(u),v —u) = (F{(v),v — u) + F2(v) — Fo(u) >
(Fi )0~ ) + Fafo) — Fafu) > 0

(iii)=-@)

since C' is convex = \u —|— (I-XNveC,Xe(0,1) using (iii) we have

(Fi(Au+ (1= M), ( (v—u)) + F2 /\u —|— (1= A\)w) — Fy(u) > 0 =(by using the convexity of F})
(1= (Fi(Au+ (1 - (v —u)) + Fy(v) — F>(u)) > 0 (dividinig by (1 — )\)) we have

(Fi(Au+ (1= ),( )> + Fy(v) — FQ( ) 2 0= (Fi(Au+ (1= Xv), (v—u)) > Fy(u) — F»(v) but

Fi(v) > Fi(Qu+ (1= Av) + (FiQu+ (1= M), A(v —u)) = Fi(Adu+ (1 = A)v) + A(Fa(u) — Fa(v)) =

Fi(v)+AFa(v) > Fy(Au+ (1= X)v)+ AFa(u) (by letting A — 17) we get Fy(v) + F(v) > Fi(u)+ Fo(u) =
F(v) > F(u)

which completes the proof.

Examplel: Proximity Mapping

Let V be a Hilbert space, z € V, ¢ € T'o(V). Define F(u) = 3 [ju — z||? + o(u). set Fy(u) = 3 lu— z||* and
Fy(u) = o(u)
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i) F'is strictly convex since F is strictly convex.

ii) F is coercive, indeed; since ¢ € T'g(V), there exists a l € V*, a € R such that p(u) > ({,u) + a« =
F(u) >3 Ju—z|* + (Lu) + o =

F(u) > $(Jul = |z])? = |t |lu]| — |o| = F(u) — oo as u — oo. hence F is coercive. By proposition 1
F has a unique minimazer.

Evaluating the derevitive of F; (u).

Fi(u) = lim DEROAR0 iy ! = lim
A—0t A—0t A—0t

sllutro—z|® — 3 [lu—x|? sllu—z|?+A(u—z,0)+ 3N |vl| =g lu—x|® _

(u— x,v)
by using proposition 2 : « is a minimizer if and only if
1) (u—2z,v—u)+ ) —p(u) >0andii) (v —z,v —u) + p(v) — (u) > 0.

Special case: if C is a non empty closed convex subset of V, x € v

Define F(u) = 3 |lu — 2| = F(u) = % |lu — 2||* + x.(u) by using the above arqument we have

(u—2,v—u) + xc(v) — xXe(u) > 0and (v — z,v — u) + Xxe(v) — xe(u) > 0=

(u—z,v—u) > 0forall v € C and (v—z,v—wu) > 0 for all v € C . the mapping + — u is called
aproximity mapping and we write

U—Prox .
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