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Lecture 10

Let F: ACV — IR, where A is convex. F' exists on A. I is convex iff
F(v) > F(u) + (F'(u),v — u), V ouveA
proposition proof continued. Let u,v € A

> Flu+ Av—u)]+ (1 =N {F'[u+ \v—u)],v—u) 1)
Fu) > Flu+Av—u)]+MF|u+ v —u)],u—0) (2)

Multiplying (1) by A and (2) by 1 — A and adding we get
F[(1=XNu+ ] < (1=XNF(u)+ AF(v)
which completes the proof of the proposition. m

PROPOSITION 1
Let FF: ACV — IR, Ais convex, F’ exists on A. Then F is convex F” is monotone. That is

(F'(u) — F'(v),u —v) >0, V o uveA

Subdifferential Calculus
Let F: V — IR. Then
o INF)(u) = NOF(u), ¥ A>0.
o (Fy + Fy)(u) D OF, (u) + 9F(u).
Now choose u* € 0F;(u), v* € 0F»(u)

Fi(v) > Fi(u)+ (v —u,u"), V veV

Fs(v) > Fy(u) + (v —u,v*), vV veV

Adding

(F1+ F)(v) > (Fi+ Fo)(u) + (v —u,u* +v*), YV veV

PROPOSITION 2
Let F1,F; e I'(V),u € domF; NndomFs, Fy is continuous at 4, then

O(Fy + F»)(u) = OF) (u) + 0Fs(u)
Proof. Let u* € 9(F1 + F2)(u). Then
—(v—u,u" + %) = Fi(u) + Fi(v) = Fa(u) — Fa(v)
Let G(v) = —(v — u,u* + v*) — F1(u) + Fi(v) and define

C; = {(v,a) eV xR:G)<a} =epiG
C; = {(v,a) eV xR: Fy(u)— Fz(v) > a}

C1 # ¢,C1NCy = ¢ (If not, let (v,a) € C1 N Cs. Then G(v) < a and Fy(u) — F»(v) > a). Therefore there exist
v* € V* a, 8 € IR such that

(v, v*) +aa+p5 > 0, vV (v,a) € Cy

(v,v*) +aa+ 8 < 0, vV (v,a) € Co

Since (u,0) € C1 N Cs. Then (u,v*) + 8 =0= 3 = —(u,v*) and

0, vV (v,a) € Cy
0, V (v,a) €y

(v —u,v*) + aa
(v,v*) + aa
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We can show that a > 0. Now for (v, G(v)) € C1, we have
(v—u,v") +aG(v) > 0= Gv) > (v—u, —év*>
That is
o — " ") — Fy(w) + Fi(0) > (v —u, fém = Fi(v) > Fi(u) + (v — 0 — ém
Thus u* — Lv* € F;(u). On the other hand, for (v, F3(u) — F2(v)) € Co
(v —u,v*) + a(Fa(u) — Fa(v)) < 0= Fy(v) > Fo(u) + (v —u, év*)
Therefore Lv* € 9F;(u) and so u* € OF; (u) + OF>(u). m

PROPOSITION 3
A : U — V is a continuous linear operator, F' € T'(V). If F is continuous and finite at Au, then

OF 0o A = A*OF(Au)

A F -
U |4 R
UW
FoA

Proof. Suppose u* € A*0F(Au) and let u* = A*v* where v* € OF (Au). Then
F(v) > F(Au) + (v — Au,v"), V veV
In particular for v = Aw,w € U
F(Aw) > F(Au) + (Aw — Au,v™), V welU

So,

(FoA)(w) > (FoA)+ (w—u,A"v")
Therefore A*v* = u* € Q0(F o A)(u).
Conversely, let u* € 9(F o A)(u). Then

(FoA)(v) > (FoA)(u)+ (v—u,u"), V velU

o

~ =
Let Cy = {(Av, (v — u,u*) + F(Au)) : v € U}. Clearly C; is convex and C; NepiF = ¢. Hence there exist
v* € V* a, 8 € IR such that

(v, v*y + aa +

6 > 0 vV (v,a) € epiF
(w, o) +aa+F < 0 v

('Ua a’) € Cl
Now for (Au, F'(Au))) we get

(Au,v*y + aF (Au) + 3
B

0
—(Au,v*) — aF(Au)

S
° (v —Au,v*) + ala — F(Au))) > 0 vV (v,a) € epiF
(v —Au,v*) + ala — F(Au))) < 0 vV (v,a) € Cy

We can show in the same manner as before that o > 0. Since (Av, (v — u,u*) + F(Au)) € C; we have
(Av — Au,v") + (v —u,u*) <0= (v —u, A"v* —au™) <0 V eV

Therefore A*v* + au* = 0 (since a linear functional that keeps the same sign for the whole space must be
zero). So

W= AN (—1o) € A*OF (Au)
(0%

Which completes the proof. m
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