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Lecture 5

Theorem:
Let V be a real vector space and let F : V → R.Then the following are equivalent:

(1) ∃ ∅ 6= O ⊆ V such that F is bounded above in O.

(2)
◦

d̂om F 6= ∅, F is locally Lipschitz on
◦

d̂om F

Proof:
(1) ⇒ (2)

Let u ∈
◦

d̂om F . Then, F is continuous at u. So F is absolutely bouned (by a) in a ball B(u, r), r > 0. Let v ∈

B(u, r). Write v = (1− λ)u + λw1

⇒ v − u = λ(w1 − u)
⇒ ‖v − u‖ = λr
⇒ F (v)− F (u) = F ((1− λ)u + λw1)− F (u)

≤ (1− λ)F (u) + λF (w1)− F (u)
= λ(F (w1)− F (u)) < 2a‖u−v‖

r

Now if u = (1− λ)v + λw2

⇒ u− v = λ(w2 − v) ⇒ λ = ‖u−v‖
r+‖u−v‖

F (u)− F (v) ≤ 2aλ = 2a ‖u−v‖
r+‖u−v‖ ≤

2a
r ‖u− v‖ ⇒

| F (u)− F (v) |≤ 2a
r ‖u− v‖

For any v ∈
◦

d̂om F cover [u, v] by a finite set B(ui, ri), i = 1, 2, ..., n for which
u1 = u, un = v and ui+1 ∈ B(ui, ri). Then,

| F (u)− F (v) |≤
n−1∑
i=1

| F (ui+1)− F (ui) |

≤
n−1∑
i=1

2ai

ri
‖ui+1 − ui‖

≤
n−1∑
i=1

2ai

ri
ci‖u− v‖

where ci = ‖ui+1−ui‖
‖u−v‖

——————
Definition:(Cafs)
A caf is the pointwise (pw) supermum of a continuous affine fanuctionals.

Definition:(Γ(V ))
Γ(V ) is the set of funtions F : V → R which are the pw superma of families of cafs.

Note:
(1) ∞ and −∞ ∈ Γ(V )
(2) Γ◦(V ) = Γ(V )\{−∞,∞}.
(3) F ∈ Γ(V ) ⇒ F is convex and l.s.c.

Proposition:
The following are equivalent:

(i) F ∈ Γ(V )
(ii) F is convex and l.s.c. and if F assumes the value of −∞ , then F ≡ −∞

1 of 2



KFUPM
Math 640, Semester 072 Lecture 5

Transcribed by:
Abdulkhaleg Al-Baiayt

Proof:
(ii)⇒(i)
Suppose that F is convex and l.s.c. If F ≡ −∞, F ∈ Γ(V ) and if F ≡ ∞, F ∈ Γ(V ).
If F is proper and (F is not ≡ ∞). Let u ∈ V . Then we have two cases:

Case(1): F (u) < ∞
Let a < F (u). Then ∃ a hyperplane H : L(v) + αa + β = 0 ∀ v ∈ V that strictly separate
epi F and (u, a). i.e.

L(v) + αa + β > 0 ∀ (v, a) ∈ epi F and
L(v) + αa + β < 0

Claim that α > 0.
For (u, F (u)) ∈ epi F we have L(u) + αF (u) + β > 0

and −L(u)− αa− β > 0
⇒ α(F (u)− a) > 0 ⇒ α > 0

So, F (v) > − 1
α (L(v) + β) ∀ v ∈ V

⇒ a < − 1
α (L(u) + β) < F (u)

Case (2): F (u) = ∞
This means that ∃ a hyperplane H : L(u) + αa + β = 0 that strictly separate
epi F and (u, a).If α 6= 0, we are back to case (1).
If α = 0, then H : L(u) + β = 0

and L(u) + β < 0 if we substitute with (u, a).
From case(1) we can find a caf minorant m(v) + γ

F (v) ≥ m(v) + γ ∀ v ∈ V
∴ F (v) ≥ m(v) + γ − c(L(v) + β) ∀ c ≥ 0

We want to choose c such that
m(u) + γ − c(L(u) + β) > a

c > a−m(u)−γ
−(L(u)+β)

⇒ F ∈ Γ(V )
end of Lec# 5
———————————————————–
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