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Lecture 29

Existence of Saddle points

Proposition 1

Assume V, Y are reflexive Banach spaces. A C V, B C Y are convex, closed and nonempty. L : Ax B — R.
(1) L(u, .) is concave and upper semicontinuous for each v € A

(2) L(., p) is convex and lower semicontinuous for each p € B.

(3) If A and B are bounded, then L possesses at least one saddle point (u,p) € A x B such that

L(%,7) = Max Min L — Min MazL
(w,p) Max Min (u,p) Min Magx (u,p)

Proposition 2
If insted of (3) we have
4)
a) there exists a py € B such that L(u,py) — oo as ||u]| — oo, u € A
b) there exists auy € A such that L(ug,p) — — oo as ||p]| — oo, p € B,
then L possesses at least one saddle point (uw,p) € A x B such that

L(w,p) = Min Sup L(u,p) = Maz infL(u,
(@,p) = Min Jup (u,p) Mag inf (u,p)

Proposition 3
if instead of (3) we have A is either finite or 4(a) holds, then

Min Sup L(u,p) = sup infL(u,p
ucA pEB ( ) peBueA ( )

Proposition 4
if instead of (3) we have B is either finite or 4(b) holds, then

S H) = Sl iEep)

Application to Duality

(P)infF(u)or inf F(u)
ueV uedomF
we try to write

F(u) = supL(u, p)
peB
the Primal problem becomes
infSup L(u,
ueA peg ( p)

How? we cosider two cases
Case (1) : F(u) = Fy(u) + F1(u) with Fy(u) proper, lower semicontinuous and convex (F; € I'g(V))

Fi(u) = Fy(u) = sup (u,u*) — Fi(u)
u*e\j’

L(u,p) = (u,p) — Fi(p) + Fo(u)

F(u) = sup (u,p) ~ F(p) + Fo(u)
peV

The primal problem becomes
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inf sup {(u, p) = Fi(p) + Fo(u>}

u€A
pGV

Case (2) :F(u) = Fy(u) + F1(Su) with S : V — Y (1*/ = Z) S can be nonlinear, F; € T'g(V)

Fy(Su) = sup (Su, p) — Fi(p)
pPEZ

(Su,p) — F1(p) + Fo(u)
The primal problem becomes
inf supL(u,
inf sup (u,p)

Example: The Mossolev Problem

El}?lf(g) 9 HVUHLZ(Q n 0 ||VU||L1(Q)w {f,w)

F(u) = / (% \Vul® + 6 |Vu| — fu) dx

Q
S=-V
Fi(p) = / (&1 +51pl) o

/( pVu— o (bl -~ B —fu)dx

the primal problem (P)

1 2
inf su / (— Nu— — ) u) dx
u€H(Q) peLQ(IzZ)" b 2 (|p| )+ f

the dual problem (}*3)

1 2
sup inf / (—p.Vu ——(lp| = 08)L — fu> dx
pEL2(Q)" uEH () 2c (‘ | )+

Q
(P)
- : : [0 divp—f=0
uegléf(m/ (udivp — fu)dr = uegllf Q)/ (divp — flude = { oo other wise
Q Q
(P) is
<[ - p2d
sup  —— [ (Ip| — T
perz()n 20 +
divp=f Q
Extremality

L(w,p) = inf supL(u,p) = sup inf L(u D)
ueV pez peZUEV
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[=#9u- 5 pl =0 - fuda= [ (§1va+ 51val - £ ) do
Q

Q

1
[ (-7vn g Opl = 9% = G 1va* = 17 ) o =0
Q

N PN — i _
pVu %(|p| B §|VU| —B|Vul =0

_ =D
U= —=
o p|

divp=f

(Ipl = B)+
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