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Lecture 28
Duality by the Minimax Theorem

Saddle points of a function: Properties

PROPOSITION 1
IfL:AxB— R,

inf supL(u,p) > sup 1nfL(u D).
u€A pep peB UEA

Proof.
L(v,p) > ingL(u,p) Yv € A,Vp € B,
ue

then
supL(v,p) > sup 1nfL(u D),
pEB peB ucA

then we have

inf supL(u,p) > sup me(u D).
u€A pepB pEB UEA

DEFINITION 2
a point (u,p) € A x B is called a saddle point of L onA x B if

L(u,p) < L(u,p) < L(u,p), Vu € A,Vpe B.

PROPOSITION 3
if 3o € R s.t.
L(u,p) <a Vpe€ B,

and
L(u,p) > a Yu€ A,

then (@, p) is a saddle point of L and

L(u,p) = «
Proof.
L(u,p) >a Yued
=
L(u,p) > a
and
L(a,p) <a VpeB
then
L(u,p) < o
then we have
L(u,p) = a

PROPOSITION 4
1) if (u,p) € A x B is a saddle point of L,then

L(u, maxminZ(u minmax/L(u
(4, p) = maxminL(u, p) = minmaxl,(u, p)

2)

If ma me U minsupL(u,p) = a,
2 Inf L{u. p) = minsup (. p)

then L has a saddle point (4,p) € A x B and L(@,p) = «.
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Proof. 1) suppose (@, p) is a saddle point of L,then
L(u,p) < L(u,p) =

L(a,p) = inf L(u, p) = minL(u, p) < inL
(a,p) Inf (u, p) min (u,p)_igggg}; (u, p),
and
L(u,p) > L(u,p) =

L(a,p) = supL(@, p) = maxL(a,p) > inf L
(a,p) igg (,p) max (u,p)_ig f max (u,p),

since, inf and sup are attained we have:

Inf maxl(u,p) = maxL(u,p)=L(d,p)
= minL(u,p) = sup minL(u, p)
—
L(u,p) = zI)IelaBXgleiglL(u,p) :ugtgn ;}Iel%XL(u,p).

2) Assume

max inf L(u, p) = gleigiggL(um) =a,
we have,

a= grelgL(u,ﬁ) < L(u,p), VYueA

and

= supL(u,p) > L(u,p), Vp€ B,
peEB

then L has saddle point. m

PROPOSITION 5
the set of saddle points of L on A x B is of the form A, x B,.

Proof. We need to show that if (u1,p;) and (uz2,p2) € A x B are saddle points then (uq,ps) is saddle point.
we know that
L(u1,p1) = L(uz,p2) = «

now,

L(Ul’pz)
L(ulap2)

a, and

Q,

then we have (u1,p2) is saddle point. m
Assumptions on L :
Assume V, Z are reflexive Banach spaces,and

ACYV  isclosed, convex and non empty,

B C Z s closed, convex and non empty,

the function L satisfies:
for each u € A, L(u,.) is concave, u.s.c. on B,

for each p € B, L(.,p) is convex, l.s.c. on A.

PROPOSITION 6
Under the above assumptions, the set A, x B, is convex.if L(u,.) is strictly concave, then B, contains at
most one element. if L(., p) is strictly convex, then A, contains at most one element.
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Proof. Assume A, x B, # ®,and let (uy,p1), (u2,p2) € A, X By, A € [0,1].

L(A(u1,p1) + (1 = A)(u2, p2))

L(Aug + (1 = Nug, Ap1 + (1 — N)p2)

AL(u1, Ap1 + (1 — N)p2) + (1 — X) L(ug, Ap1 + (1 — N)p2)
AL(u1,p1) + (1 — A)L(ug, p2) = a.

[VANVAN

If L(u,.) is strictly concave, let u € A,,p1,p2 € B,, A € (0,1),we have

a = Lu,Ap1 + (1= XN)p2) > AL(u,p1) + (1 — N) L(u, p2)
= da+(1-Na=aq,

which is impossible (o > «). Similarly If L(., p) is strictly convex, let uq,us € A,,p1 € B,, A € (0, 1),we have
a = L(up + (1 = MNug, p1) < AL(u1,p1) + (1 = A)L(uz,p1) = o

]
Characterization of a saddle point (differentiable functions)

PROPOSITION 7
Assume L = [ + m, where

I
I

)
m(u, .) is concave,
(.

u,.) is concave , Gateaux-diff. w.r.t. p,

.,p) is convex , Gateaux-diff. w.r.t. u,

m(.,p) is convex,

then (u,p) € A x B is a saddle point of L if and only if

<aai(uap)au — U> -I—m(u,ﬁ) — m(ﬂ,ﬁ) Z O’ Y € 147
o, _ ~ B o
<ap(u7p)7p_p>+m<u,p)—m(u7p) < O, VPEB,

Proof. Assume (a, p) is a saddle point, A € (0, 1]

S L@+ A — ), ) ~ (@, )]
= S0+ A~ ),p) — U, ) + m(a+ Alu— ), p) — m(i, )] > 0,
therefore
(A0~ UEp) | e Na= DD mm)
(0= D7) U5f) | ) + 0= Ynlap) = me)

cancelling and taking the limits as A — 0, we get

<gi(uap),u — u> + m(u,p) —m(u,p) >0, Vu € A,

the proof of the second one is analogous.
on the other hand assume the inequalities hold, let u € A, A € (0, 1),

)\l(u@) + (1 - )\)l(ﬁ,ﬁ) - l(fb,ﬁ)
All(u, p) — U(a, p)] -

IN

la+ Xu—a),p)—l(a,p)
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now,
L(u,p) — L(u,p) = I(u,p) — (1, p) +m(u,p) —m(a,p)

then we have
in the same way, we could prove that

so, (4, p) is a saddle point. m

COROLLARY 8
Assume L(u,.) is concave, cateaux-differentiabe and L(., p) is convex, cateaux-differentiabe, then (u,p) is a
saddle point of L. on A x B if and only if

<gi(ﬂ,]§)7u—ﬂ> > 07 VUGA,

oL
Zan).p—p) < B.
<8p (a,p),p p> < 0,Vpe

Proof. Let m=0. m
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