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Lecture 26 (Mosolev Problem )
V = H1

0 (Ω) V ∗ = H−1(Ω) Y = L1(Ω)n Y ∗ = L∞(Ω)n

A = ∇ A∗ = −div f ∈ V ∗ given α, β > 0

Before we state the problem, we should verify that A : V −→ Y is continuous. Indeed,

A : H1
0 (Ω) −→ L2(Ω)n

is so. When Ω is finite we have L2(Ω) ⊂ L1(Ω) and from H
..
older inequality we have

∫
|f | ≤

√∫
|f |2

√∫
1

∫
|f | ≤ C

√∫
|f |2

‖f‖1 ≤ C‖f‖2
∴ ‖∇u‖1 ≤ ‖∇u‖2

≤ k‖u‖H1
0 (Ω)

So A : V −→ Y is continuous. The primal problem is

inf
u∈V

α

2
‖u‖2V + β‖∇u‖Y − 〈f, u〉

(
= inf

u∈V

{∫
α

2
|∇u|2 + β

∫
|∇u| −

∫
fu

})
Now, let

F (u) =
α

2
‖u‖2V − 〈f, u〉

F ∗(u∗) =
1
2α
‖u∗ + f‖2V ∗

G(p) = β‖p‖Y

To find G∗, let f(x) = β|x| (x ∈ IRn). Then

f∗(y) = sup
x∈IRn

x · y − β|x|

Now let h(x) = x · y − β|x|, then

h′(x) = y − β x
|x| , |x| =

√
x2

1 + x2
2 + · · ·x2

n

h′(x) = 0 ⇒ y = β x
|x| ⇒ |y| = β

x · y − β|x| = x · y − |y||x| ≤ |y||x| − |y||x| = 0
x = 0 or x = γy

So if |y| = β, x = γy then f∗(y) = 0. If |y| 6= β we do not have critical points
case 1: |y| < β

xy − β|x| ≤ |x||y| − β|x| = |x|(|y|β) < 0

in this case f∗(y) = 0 as well.
case 2: |y| > β
Take x = λy, λ > 0

xy − β|x| = λ|y|2 − βλ|y| = λ|y|(|y| − β) > 0

so

f∗(y) =

{
0, |y| ≤ β

∞, otherwise
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and we have

G∗(p∗) =

{
0, |p∗(x)| ≤ β a.e on Ω
∞, otherwise

=

{
0, ‖p∗(x)‖∞ ≤ β

∞, otherwise

The dual problem

sup
p∗∈Y ∗

−F ∗(A∗p∗)−G∗(p∗) = sup
‖p∗(x)‖∞≤β

− 1
2α
‖ − ∇ · p∗ + f‖2V ∗

This problem has solutions; because ‖−∇p∗+f‖2V ∗ is convex over a bounded closed convex set ‖p∗(x)‖∞ ≤ β.
Extremality conditions

F (ū) + F ∗(A∗p̄∗) = 〈A∗p̄∗ + f, ū〉
α
2 ‖ū‖

2
V + 1

2α‖A
∗p̄∗ + f‖2V ∗ = 〈A∗p̄∗ + f, ū〉

‖ − α∆ū‖2V ∗ + ‖ − ∇ · p̄∗ + f‖2V ∗ = 2〈−∇ · p̄∗ + f,−α∆ū〉
−α∆ū + ∇ · p̄∗ = f
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