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Lecture 26 (Mosolev Problem )

V=H}Q) Vi=HNQ) Y=LNQ" Y= LoQ)"
A=V A* = —div feV*tgiven a,0>0

Before we state the problem, we should verify that A : V — Y is continuous. Indeed,
A HYQ) — L2(Q)"

is so. When () is finite we have L?(Q) C L!(Q) and from Holder inequality we have
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So A : V — Y is continuous. The primal problem is

ngf/%uun%/ + 8| Vully — (f,u) (: Jrelf/ {/ %WUI? +ﬁ/ |Vu| — /fu})

Now, let
! .
Fu) = §||U||%/ —(f,u)
* * 1 *
Frw) = ool IR
Gp) = PBlrly
To find G*, let f(x) = (3| (z € IR™). Then

[ (y) = sup z-y— Bz
x€IR™

Now let h(xz) = x - y — B|z|, then

W(w)=y- B, |ol=Val+ad+ o
W(x)=0=y=0r=yl=2p

z-y—pBlzl =z-y—lyllz] < |yllz| - [yllz[ =0
z=0 or T ="yYy

So if |y| = B8,z = vy then f*(y) = 0. If |y| # 3 we do not have critical points
case 1: [y| < 3

zy — Bla] < |xfly| = Blz| = [=[(|y|8) <0

in this case f*(y) = 0 as well.
case 2: |y| >
Takez =M\y, A >0
wy — Bla| = Alyl* = BAlyl = Alyl(lyl - 8) > 0

) = {07 lyl <8

oo, otherwise
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and we have
w0 pr(@)[ < faeonQ  JO, |[p*()]lc <
G*(p") = . = .
oo, otherwise oo, otherwise
The dual problem

* * % * [ % 1 *
sup —F(Ap) G (p) = sup —o || =V p + f}
prey Ip*@)llws<s 20

This problem has solutions; because ||—Vp*+ f||}.. is convex over a bounded closed convex set ||[p* ()| < f.

Extremality conditions

F(a) + Fr(A7p) = (A'p* + f,u)

a3 + llAP Al = (A + )
[—ahaly. + [V 51/l = 2-V 5 +f—ara)
—alAu + V.p* = f
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