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Lecture 25

Theorem: —A : H}(Q) — H~'(Q) is an isometric isomorphism.
Proof:
we know that, for each f € H~1(Q),

—Au =

You =

o -

has a unique solution u € H}(Q2).
This implies that —A is 1-to-1 and on-to. we need to show it is an isometry, indded;

<fa U> <_AU7U> (Vu,Vv>
[=Aul[gr-1q) = Il SUp T = sup ~———t = sup ————" = [[uf
HEH ) T ETH) veH(}(Q) lollgi)  wvemiy [Vl veri() IVl Ho ()
v#0 v#0 v#£0
* Let L3 (2 :{ueL2 Q): [u=0}

note that L3(9) is a Hilbert subspace of L?(2),indeed,;

letu, € L3(Q) —u
Uy  — U= (up,v) — (u,v) YV v e L3(Q)

= (up,1) — u1:>/u—0
Lemma: V. : H}(Q)" — L3(Q) is an isomorphism.

Proof:
1- R(V.) C L3(9), for v € H}(2) we need to show [V.u =0

/V.u = (V1) =(u,V1) =0

2- V. is bounded, indeed,;

2
8ui

nZ/ Ox

(V) ==V :LiQ) — H Q)"

<u Y [ 1Vul® =nllullyon = IV < Vi

Ou;
19l = HZ U

3- V. is onto

/’Z o, |

we show that —V is 1-to-1

—Vu = 0in H1(Q)" = u = ¢ ( constant)

/e

0:0/1:O:>c:O

4-V.1is 1-to-1
letV.u = 0forsomeuc Hy(Q)" = (V.u,v) =0 VY ve Li(Q)
since V. is onto

— v =V.wforsomew € H}(Q)" = (V.u,V.w) =0 YV w & H}(Q)"
= (u,~Aw)=0V we Hy(Q" = (u, f)=0VY fe H ("= u=0

lof



KFUPM Transcribed by:
Math 640, Semester 072 Lecture 25 Badar Humaidi

Stokes Problem

Let V = HL(Q)", V* = H 1 (Q)",Y = L2(Q) = Y*.
we need to find u € H} (Q)",p € L3(2) such that

{fmva: £, fEH Y(Q)"Vau=0

Let W ={ue H}(Q)": V.u=0}

. -
P nt 5 Tl = (5w + 10y (V)

1

”uH?{(}(Q)” —({f,w)
A:V.: HY(Q)" — LA(Q)
A* =V L3(Q) — H N Q)"
G(p) = xq01(p) = {0 if p=0cc otherwise
G*(u*)=0
() = I+ £ 1 sy

* -1 *
P*: sup 7||—VP +f ”3'1*1(9)"
Y

p*E

*

P has a unique solution and P* has a unique solution .

Extremality Condition
F(u) + F*(A"p") = (A", )
L2 1 - 2 e
5 ||UHH5(Q)TL —(f,w)+ 5 [=VD" + f Iy~ (yn = (=VD", W)

1 _2 1 _— 2 . .
3 [z () + 5 1=VD" + [ -1y = (=VD" + [,7)
since —A is an isometry —

1 _ 1 . . _
SI=0T e + 5 1=V + £ 15 sqpe = (VP + £,7)

_ y 2
=AU+ VD" = f g -1)n =0
—ANu+Vp*=f
The Direct Proof of The Existence of a Solution for P*
Suppose P,, is a minimizing sequence

2 . 2
[=Vpm + f”H*l(Q)" — a=inf||-Vp+ f”H’l(Q)"

20f
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= |=VPmll g -1y is bounded = —Vp,, — F weak convergence
<_vpﬂhv> — <F7U>

{<—me, 7]>}
is bunded =

(=VPm,v) = (pm,V.v) by Green's Formula
{{pm,V.v)} isbounded for each v e HJ(9Q).

— {{pm,w)} is bounded for each w € L3(Q)

By the uniform boundedness principle, {p,,} is uniformly bounded in L3(2).so,

pm — po  (subsequnce)

—Vpm — —Vpo
claim:
2 .
[=Vpo + fllz -1(q)n = e.indeed;

I=Vpo + FII3 -1pn = (~Vpo+ f, =Vpo+ f) = lim (=Vpo+ f, —Vpo+ f) < lm [|=Vpo+ fllg (g |=VPm + Fllg -1y

m—0o0 m—oo

-
1=Vpo + fllg -1 yn < V= 1=Vpo+ fll5 1y <@ = [-Vpo + fll3 1ipn =

3 of



