KFUPM Transcribed by:
Math 640, Semester 072 Lecture 18 Abdulkhaleg Al-Baiayt

J(u,p): VxY =R, AecL(Y,Y)

Define F:V — R by F(u)=J(u,Au)

p infF(u)
T uweV
P infJ (u, Au)
ueV .
Define ®:V xY — R by @ (u,p)=J(u,Au—p)

Clearly if J is convex, then ® is convex.
If J7eTo(V xY),then ® eTy(V xY)
To show that ®(u,p) = J (u, Au — p) is L.s.c. we have

lim  ®(u,p) = lim  J(u,Au—p) (noteif we put w= Au—p= w, = Au, — p, and as
(u,p)— (uo,Po) (u,p)—(uo0,po)

(u,p) — (uo, po) we have by continuity of A that
(u, w) — (o, ws)). So we get:

h7m J(U7U)) = J(UOJUO) :(D(u(%wo)

(u,w)— (uo,wo)

The dual problem:

O (u*,p) = sup ({u,u*) + (p,p*) — J(u, Au — p)) (set g = Au — p)
(u,p)
= supsup(u, u*) + (Au — ¢, p*) — J(u,q)
u g

= supsup(u, u* + A*p*) + (¢, —p*) — J(u, q)
u q
= S+ A <) S 0(0,p7) = (A )
So the dual problem can be written as :
P*: sup — J*(A*p*, —p*)

PreY™

Stablitiy:
If inf P=h(p)is finit and J(ug,-) is bounded above in a nbhd of 0, then P is stable, and inf P = sup P*
and P* has solutions.

Existence:
If Vis a reflexive Banach space, J(u, Au) — 0o as ||u|| — oo. Then P has solutions

Extremality:

u is a solution of P and p* is a solution of P* iff J(uw, Au) + J*(A*p*, —p*) = 0 iff
(A*p*, —p*) € 0J(u, Au)

Note: F(u)+ F*(u*) = (u,u*) iff u* € 0F (u)

<(ﬂ7 Aﬂ)v (A*7*7 _ﬁ*» = <Uv A*ﬁ*> + <Aﬂa _ﬁ*> O

Lagragian of P:

—L(u, p*) = sup({p,p*) — J (u, Au — p)) = sup{Au — q,p*) — J(u,q) = (Au,p*) — sup(q, —p*) — Ju(q) =
pPEY qeYy qey

(Au,p*) + J5(=p")

If J (u,p) = F(u) + G(p)
J* (u*,p*) = F*(u*) +G*(p*) = J* (u*,p*) = (Sup>(<u,u*>+ (p.p") = J (u.p)) = supsup({u, u") + {p,p") = Fu) -
G(p))

_ F*(U*) —|—G*(p*)

P: JngF(“) + G(Au)
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P*: sup — [F*(4*p*) + G*(—p*)]
preEY*

Stability:
inf P is finite, F'(up) + G(-) is bounded in a nbhd of A

Exsistance:
V  is reflexive Banach-space
F(u)+ G(Au) — oo as |jul| — oo

Extremality:
u is a solution of P and p* is a solution of P* iff

J(u, Au) + J*(A*p*,—p*) =0

F(u) + G(Au) + F*(A*p*) + G*(=p*) =0

[F(u) + F*(A*p*)] + [G(Au) + G*(-p")] =0

[F(7) + F*(A*p") — (@, A*p")] + [G(Au) + G*(-p") — (Au, —p")]

Now:m .

IszlIIYi Y*:lI[Yi*

peY - D= (P1,P2, eeenee ,Pm), Di€Y;
G(p)Z;Gi(pi) Gi:Y; —R

AV Y

Au = (Aju, Asu, ..., Appu)

The extremality condition takes the form:
u is a solution of P, i} is a solution of P* iff
F(u) + F*(A"p") + ;Gi(z‘lﬂ) + EEGZ‘(—E") =0
F(u) + F*(A'p") = (u, Ap"),
G,(Aw) + Gi(—pf) = (A, —pF), i=1,2,.... ,m

end of lec#18
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