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Q:1 Consider the differential equation
y" — 5y + 6y = 3e'”. (1)
Let y; = €** be a solution of the associated homogeneous equation of (1).

(a) (6 points) Use method of reduction of order to find a FIRST order SEPARABLE equation
for the associated homogeneous equation of (1).

Sol: Let y2 (z) = u (z) y1 (x) be the second solution of the associated homogeneous equation of

(1).
Then 5 = v'y; + uyjand y§ = u"y; + u'y] + 'y} + uyy
Substituting yo, 75, and y5 in the associated homogeneous equation of (1), we get,
uyy + 2u'y) + uyy — Su'yy — Suy) + 6uy; =0
= "y, + 2u'y] — 5u'yr + u(yy — 5y) + 6y1) =0
= u"e* + 2u'2e* — 5u'e?® = 0, since y| — 5y} + 6y, = 0 and y; (x) = .
= (v +4u —5u')e* =0 = v —u =0, since €2 # 0

Let o' = w, then v” = w'.

Substituting in v” — v’ = 0 we get the first order separable equation w’ — w = 0.

(b) (3 points) Use the first order separable equation obtained in part (a) to find a second
solution of the associated homogeneous equation of (1).

dw
Sol: The first order separable equation w’ —w = 0 can be written as — = dx whose solution
w

In|w| =2z or w(x)=e".
Now o/ (z) =w (z) = u(zx) = [w(z)de = [e"de =e"

The second solution of the associated homogeneous equation is ys () = e%e?* = €3°

(c) (3 points) Find a particular solution of (1) and write its general solution.
Sol: Let y, = Ae?® be the particular solution of (1).

3
Then substituting in (1), we get 16A4e*® — 20A4e*® + 6Ae*™ = 3e** = A = 3

3
The general solution of (1) is y = C1e*® + Coe3® + 564”3.
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Q:2 (a) (3 points) The auxiliary equation of an 8™ -order linear homogeneous DE with real

coefficients has the roots m; = —3 of multiplicity 1, mo = 2 of multiplicity 3, and mz = 3 + 2

of multiplicity 2. Write the general solution of the DE.

Sol: The roots of the auxiliary equation are m; = —3,mo = 2,2,2 and mg = 3 + 24, 3 + 2i.
Since the auxiliary equation has real coefficients, the other roots are m = 3 — 2¢,3 — 2.

The solution of 8" order DE is

y = C1e 37 +Cae®*+Caxe®+Cyz?e* +e37 (Cs cos (2x) + Cg sin (2z))+2€3® (C; cos (2x) + Cg sin (22))

(b) (5 points) Solve the following differential equation

"

Yy —y=0.

Sol: The auxiliary equation of this equation is m3> —1=0 = (m—1)(m?*+m+1) =0

1 V3

The roots are m =1, - £ —

2 2
The solution is y = Cie” + e 37 (Cz CoS <\/7§I> + C3sin (?m))

Q:3 (12 points) Use ANNIHILATOR approach to find the general solution of

y" — 2y + 5y = e” cosw + 2e” sin x.

Sol: Auxiliary equation of the associated homogeneous equation is
m?—2m+5=0 =m =14 2i.
The complementary function is y. = e* (C; cos (2x) + Cy sin (2x)) .
Given equation can be written in operator for as (D? — 2D +5)y = e cosx + 2¢e* sinx
Applying Annihilator (D? — 2D + 2) on both sides we get
(D* —2D +2)(D?> —2D +5)y = (D* — 2D + 2) (e" cosx + 2e"sinz) = 0
Auxiliary equation of this equation is (m? — 2m +2) (m* —2m +5) =0
—m=1441+2i

=y = e” (C} cos (2z) + Cysin (22)) + €* (C5 cos (x) + Cysin (z))
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Let y, = €* (Acos (z) + Bsin (z))
then y, = e* (Acos (v) + Bsin (z)) + e (—Asin (z) + B cos (7))

and y, = e* (Acos (z) + Bsin (x)) + e* (—Asin (x) + Bcos (z))
+e” (—Asin (z) + Beos(z)) + " (—Acos (z) — Bsin (x))

= 2¢” (—Asin (z) + Bcos (z))
Substituting in the given equation we get
2e” (—Asin (x) + Bcos (z)) — 2¢* (Acos (z) + Bsin ())

—2¢e” (—Asin (z) + Bcos (z)) + 5e” (Acos () + Bsin (z)) = e” cosz + 2e”sinx

1 2

= 3e"Acos () + 3e*Cysin () = e cosx + 2e”sinx = A = 3 and B = 3

1 2
The general solution is y = y.+y, = € (C; cos (2x) + Cy sin (2x))+-€” (§ cos + gex sin x>

Q:4 (10 points) Find the general solution of

1 3
?y" + xy + <x2 — é_l> Yy =12,

1
given that y; = £~ 2 cosx is a solution of the corresponding homogeneous equation.

N =

1 1
Sol: The given equation can be written as y” + Ey' + (1 — 4—x2) y=a

The second solution of the associated homogeneous equation is
e~ | P(z)dx 1 e—f%d:c 1 e~ Inz
r)=wy(r) | ———— =2 2cosr | ————— =ux 2cosx | ———dx
wlo) =) [ [ ="

1 x ! 1 1 1
=T 2COSX ————dr =2x"2cosx sec?xdr =x 2cosx tanx = x~ 2 sinz.
=1 cos? x

Now we find y, using variation of parameters method

1 1
T 2cCosx T 2sinx
W=| 1 s 1 1 3 1 =a!
——I 2COSx — X 2Sinx ——x 2SInT -+ 2COST
2 2
1
0 T 2sinx
Wi = 1 1 3 1 = —z lsinz
T 2 —§x_2sinx+x_2coszx
1
T 2coST 0
Wy = 1 3 1 =2 lcosx

N =

—535_5 cosT —x 2sinz x
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up (z) = %daz’ = [ —sinazdz = cosz and us (z) = %dx = [cosdx =sinx

W w

Yp =1 () y1 () + ug () y2 (x) = z7cos’z + w2 sin’x = 2~

VI

1 _1 1
The general solution is y = C1z~ 2 cosx + Cor™ 2 sinx + x ™ 2.

Q:5 (a) (8 points) Solve the following differential equation

2%y + Toy' + 3y = 22°.

Sol: To find y,, let y = 2™, then 3y = ma™ ! and vy’ =m (m — 1) 2™ 2

Substituting in the associated homogeneous equation, we get the auxiliary equation

3
2m(m —1)+™m+3=0 = 2m*+5m+3=0 = 2m+3)(m+1)=0 :>m:—1,—§.

_3
2.

Ye=Crzl + Cor 2. Let y; = 2! and yo =

x 1 73 1 0 23 1 1
W = 9 3 5 = ——‘/L'_%, Wl = 3 5 = —CC_§7 W2 — ‘ x . 0 ‘ = 1
—r7% ——x 2 2 T ——T 2 -
2 2
W- 1 W- 4
uy (z) = Wldx =2 [2*dx = §x4 and uy (x) = Wzd;v = -2 [gzds = —§x%

1 4 1
Yp = ur () y1 (v) +ug (2) y2 () = 51’3 - 5533 = 1_8353

1
The general solution is y = Cyz~! + Coz ™2 + Exg’.

(b) (4 points)Transform the equation in part (a) into an equation with constant coefficients.

Sol: Let ¢t = Inx, then using chain rule we can write

dy dydt 1dy

dr  dtdr  xdt

d2y_d dy\ d (1dy\  1dy 1d2ydt_ 1dy 1d%*y1
dr?2  dx \dx) dex\xdt)  22dt adti?dc  22dt zd?zx
Substituting in the equation 2z2y” + Txy’ + 3y = 223, we get

1 d? 1d 1d
222 (__y — __y) +7e="Y 4 3y = e

r2dt2  x2dt T dt
Py dy dy
=92 _97d L 7TY | 3y — 9Bt
az car T g T e

Py _dy
9= 2 4 577 4 3y = 9¢3t
= dt2+5dt+ Y e
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Q:6 (12 points) Use POWER SERIES method to solve the initial value problem

y'—2xy'+8y =0, y(0)=3, y(0)=0.

Sol: Let y = Z cpz™, then ¢ = Z ne,z" ! and v = Z n(n—1)c,z" 2
n=0 n=1 n=2

in(n — 1) cpa™ 2 — Qincnx” + Sicn:ﬂ” =0
n=2 n=1 n=0

202—|—§:n(n— 1) cpa™? —Qincnx"—i-ééco—i-é%icnx” =0

n=3 n=1 n=1
202+800+Z(k+2)(k:+1)ck+2xk—2Zk‘ckxk+820kazk:0
k=1 k=1 k=1
202+8CO+Z [(k+2)(k+1)cppox® + (8 —2k) ] 2F =0
k=1
(2k—8)ck
2¢o +8cog =0 = 9 = —4cg and cpy9 = , k=1,2,3,..
2 0 2 0 k+2 EIE
—6
kzl, 03:3'—201:—C1
—4 —1 400
=g g ()=
-2 1
]{523, 05:5-_403:E01
0
k=4, cﬁzﬁq:O. So c9,, = 0 for m = 3,4, ...

4 1
y = coterxtcor? +esadeyrttesa® et = ¢ <1 — 422 + §x4) +cp ((IJ — a3+ Eaﬁ + )

16 1
Y = ¢ <—8x + §x3) + (1 — 322 + §x4 + )

y(0)=3 =¢=3andy (0)=0 = ¢, =0.

4
The solution is y = 3 (1 — 42% + §x4) =3 — 1222 + 42
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>restart: with(DEtools):

Q:1

> 0del:=difF(y(x),x$2)-5*di fFF(y(x) ,x$1)+6*y(X)= 3*exp(4*x)
Odel: [dzy(x)] [ dXy(x)j+6y(x) 3¢

> dsolve(Odel);

y(x)=e(2X)_C2+e(3x) Cl+ 2 @9

Q:2(b)

> 0de2:=diff(y(x),x$3)-y(x)=0;
3
Ode2:=[§x3 y(x)} -y(x)=0

> dsolve(Ode2);

y(x)=_Cle +_C2e[;) sir{ﬁxj +_03e(Zj co{ﬁxj

2 2

Q:3
> 0de3:=diff(y(x),x$2)-
2*diFF(y(X) ,x$1)+5*y (xX)=exp(xX)*cos(xX)+2*exp(X)*sin(x) ;

Ode3: zey(x)J [ y(x)j+5y(x) e* cogx) +2€e*sinx)

> dsolve(0de3);
y(x) =€*sin2x) _C2+€e*coy2x) _C1+é e* (cogx) +2sin(x))

Q:4
> 0ded :=x"2*diTF(y(X) ,x$2)+x*diTF(y(X) ,x$1)+(x"2-
1/4)*y(x)=x"(3/2);

Oded:=x’ (;XZZ Y(X)j +X (:x y(X)j +(x2 —LlJ y() =x""

_sinx) —C2+ cogx) —C1+ 1

N

> dsolve(0Oded);




Q:5(a)

> 0deb - =2*xM2*di FF(y (X)) , x$2)+7*x*di FF(y (X) , x$1)+3*y(X)=2*x"3;
2
Ode5:=2x* ze y(x)] +7X G‘X y(x)j +3y(x) =2x°

> dsolve(0Ode5);

@ g

Q:6
> 0de6:=diFF(y(x),x$2)-2*x*di FF(y(x) ,x$1)+8*y(x)=0;
2

Ode6::((;jx2 y(x)j —ZX(:X y(x)) +8y(x)=0

> dsolve({0de6,y(0)=3,D(y)(0)=0});
y(X) =3-12%° +4x'



