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Abstract

We consider a class of two dimensional free boundary problems of type div(a(X)Vu) =
—div(x(u)H (X)), where H is a Lipschitz vector function satisfying div(H (X)) > 0. We
prove that the free boundary 9[u > 0] N 2 is represented locally by a family of continuous
functions.
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Introduction

In [4], we studied the following problem :

Find (u,x) € H(2) x L*°(£) such that :
(1) wu>0, 0<x<1, u(lx—1)=0 ae in

(Fo) (ii) /Q (a(X)Vu + xb(X)).VEDX < 0

ngHl(Q), f:OonFlufg, EZOOHFQ,

where Q is the open set {X = (z,9) € R? / y € (ag,bo), 71(y) < < Y2(y)} with 71,72 €

C%ao,bo), Tt = {(11(y).y) / ¥ € (a0, b0)}, T2 = {(12(y),y) / y € (a0, bo)} and I's = 99\
(I'y UT2). The two-by-two matrix a = (a;;); j—1,2 satisfies the assumptions (1.1), (1.2), (4.1)
and (4.2). The function h : Q@ — R satisfies

0<h§h(X)§ﬁ fora.e. X € Q)
h,(X)eLl . p>2, hy(X) >0 forae X eQ.

loc?

Under these assumptions we proved that the free boundary d[u > 0] N is a continuous curve
z=2(y).

In this paper, we would like to consider the more general class of free boundary problems of
type div(a(X)Vu) = —div(x(u)H(X)), where H is a Lipschitz continuous vector function with



(divH)(X) > 0. Our objective is to prove that the free boundary can be parameterized by a
family of continuous functions.

In the study of the problem (P,), the monotonicity of x with respect to z, i.e. x, < 0 in
D'()), was essential to define the free boundary as a function z = ®(y). In the problem we
are considering, we shall prove a more general monotonicity result for y. For this purpose we
introduce, for each h € () and w € 7, (2 N [y = h]), the differential equation (E(w,h)):
X'(t) = H(X(¢t)) with the initial condition X (0) = (w,h). We show that the mappings T}, :
(t,w) — X(t,w) are C%! homeomorphisms from domains Dy, into T}, (D) and the family
(T1,(Dpr))n is a covering of Q. Using the change of variables T},, we prove that x is non-increasing
along the orbits of (E(w,h)). This allows us to define a local parameterization of the free
boundary by a family of functions (¢p)p.

In the first section, we state the problem. In the second section, we show the monotonicity of
X- In section 3, we define the free boundary and establish some properties. In section 4, we
construct a barrier function that will be used to establish a key lemma for the proof of the
continuity of the functions ¢y, which is done in section 5.

We end the paper with some remarks. First when H is C%!, T}, is a C! diffeomorphism and
the use of this change of variables leads to a problem of type (FPp) i.e.

div(A(t,w)V(uoTy)) = —(xoTh.h);

with A and h satisfying the assumptions of [4]. However when H is only C%!, the matrix A is
not necessarily C%®, and we are not in the framework of [4].

Finally, when H(X) = a(X)e, i.e. for the dam problem, we propose a proof for lemma 4.4 and
thus for Theorem 5.1 which does not require the assumptions (4.1)-(4.2).

1 Statement of the problem

Let Q be a Lipschitz bounded domain of R2. Set 9 = I';y UT, UT's, with 'y, 'y and I's relatively
open connected subsets of 0€2. We are concerned by the study of the following problem :

Find (u,x) € H'(2) x L*(2) such that :
(1) u>0, 0<x<1, u(lx—1)=0 ae. in
(P) () u=¢ onTeUT;
(i) / (a(X)Vu + YH(X)).VELX < 0
Q
VeEe HY (), ¢€>0onTly, ¢=0onTy

where a = (a;;)i,j=1,2 is a two-by-two matrix satisfying

a;j € L>®(Q), |a|l <M (1.1)
a(X)EE > NE?2 VEER?  forae X €9, (1.2)

with A and M positive constants. ¢ a nonnegative Lipschitz function such that ¢ = 0 on I’y
and ¢ > 0 on I's. The function H = (Hy, Hy) : Q — R? satisfies for positive constants h and
h:

0<h<HyX)< for a.e. X € Q (1.3)

[H1(X)] < I, h
€ L>(0), div(H(X)) >0 for ae. X € Q. (1.4)

div(H(X))



The existence of a solution of (P) is classical. We start by giving the following properties

Proposition 1.1. Let (u,x) be a solution of (P). We have

i)
div(a(X)Vu) = —div(xH (X)) in D' (Q). (1.5)

ii)
div(yH(X)) — x([u > O)div(H(X)) <0  in D'(%). (1.6)

iii) u € Crt(QUTLUTy) for all a € (0,1).
iv) [u> 0] is an open set.

v) IfaeCl¥(R), thenue CL*([u>0]).

loc loc

Proof. i) This is an immediate consequence of taking +¢, with £ € D(Q), as test functions for
(P).

it) Let £ € D(R2), € > 0 and let F,(s) = min (%7 1)7 e > 0. Taking +F.(u)¢ as test functions
for (P), we obtain

/ (a(X)Vu + xH(X)).V(F.(w)€)dX =0
Q
which can be written by taking into account (P)(7), (1.2) and the fact that F, is nondecreasing
/ [Fe(u)a(X)Vu.VE — (Fe(u)é)divH(X)]dX < 0.
Q

Letting € — 0, we obtain
/ [a(X)Vae.VE — y(fu > 0)divH(X)E]dX < 0,
Q

Combining the last inequality and (1.5), we get (1.6).

i74) This is a consequence of (P)(i¢), (1.5) and the regularity theory of elliptic problems (see
[5], Theorem 8.34 for example).

iv) This a consequence of 7).

v) Using (P)(i) and (1.5) we obtain div(a(X)Vu) = —div(H (X)) in D'([u > 0]). Hence the
result becomes a consequence of the regularity theory of elliptic problems (see [5], Corollary
8.36). O

2 A monotonicity property of yx

In all what follows, we shall assume that

H e % (Q). (2.1)



We consider the following differential system

X'(t,w,h) = H(X(t,w,h))
e { Xoon © 6
where h € m,(Q) and w € 7, (QN[y = h]). 7, and 7, are respectively the orthogonal projections
on the x and y axes.
By the classical theory of ordinary differential equations, there exists a unique maximal solution
X(.,,w,h) of E(w,h) defined on (a_(w,h),ay(w,h)) and continuous on the open set

{t,w,h)] a_(w,h) <t<ay(wh), her,(Q),wen(QN[y=nh])}

Since H is bounded and continuous on Q, X(.,w,h) is defined on [a_(w,h),ay (w,h)] (see
Lemma 2.1 p 16 [6]). Moreover by Corollary 7.7 p. 103 of [1], we know that X (a_(w, h),w, h) €
NNy < hl, X(ay(w,h),w, h) € 02N [y > h] (see Figure 1).

For simplicity we will denote in the sequel X (¢,w,h), a_(w,h) and ay(w,h) respectively by
X(t,w), a—(w) and a4 (w). We shall also denote by (w) the orbit of X(.,w).

Remark 2.1. Note that at and a_ are bounded. Indeed, we have by (1.3)

ay(w)
has (w) < /O Ha(X (s,w)ds = Xa(ay (w),w) — h

0
Xo(a_(w),w) —h = —/ ( )HQ(X(S,W)dS < ha_(w).

Hence

sup Yy — h).
yemy (Q)

Definition 2.1. For each h € m,(2) we define the set
Dy ={(t,w) /wem(QN[y=h]), t € (a(w),ar(w))}
and consider the mapping

Ty : Dy, — Ty(Dp,)
(t,w) — Th(t,w) = (T, TA)(t,w) = X (t,w).

Clearly each (z,y) € Q can be written as (z,y) = X (0,w) = T},(0,w) with w =z and h = y. So

Q= || Tu(Dw. (2.2)
hemy, (Q)

Moreover



Figure 1

Proposition 2.1.
Tn  is continuous and one to one.

Proof. By the previous remarks on the regularity of X, we have T), € C°(Dj). Now let
(tl,wl), (t27UJ2) S Dh such that Th(tl,wl) = Th(t27w2) i.e. X(tl,wl) = X(tQ,UJQ). Then we
consider the following ordinary differential equation

{ Z'(t) = H(Z(t))
Z(O) = X(t1,w1).

Clearly we have

Z(t) = X(t+t1,w1) = X(t—‘rtz,(ﬂz)
Vt € [a,(wl) — tl,cu(wl) — tl] = [OZ,(L{}Q) — t2,C¥+(W2) — tg].

In particular to — ¢; € (a—(ws2), a4 (w2)). Indeed we have

a_(w1)—t1 =a_(wz) —ta and ay(wr) —t1 = ay(ws) — ta.



Then since a_(w1) < 0 and a4 (w1) > 0, we get
a_(we) < a_(we) —a—_(w1) =tz —t1 = ay(wa) — oy (w1) < ag(wa).

So we can write Z(—t1) = X(0,w1) = X(t2 — {1, ws), i.e

(w1, h) = (wa, h) —|—/0 o H(X(s,ws))ds.

Therefore
to—1t1
/ Hy(X(s,ws))ds =0
0

which leads by (1.3) to to = t;. We then deduce that w; = ws. O

Proposition 2.2.
T, and T,;l are O,

Proof. The proof is done in several steps. For the Lipschitz continuity of T}, we refer to [?],
Theorem 8.3 p 110.

Step 1. Extension.

Since H € C%1(Q), there exists by Kirszbraun’s theorem (see [2], Theorem 2.10.43 p.210) an
extension H € C%!(R?) of H with the same Lipschitz constant L. Then

H = (min(h, max(H,, —h)),

min ( , 1 (ﬁ%h))) 60071(R2)
with [Hy|<h and h<Hy<h.

Step 2. Regularization.
Let H. = p. * H, where p, is the usual mollifier function. Then, it is well known that H, €
C>°(R?) and satisfies

|HY(X)|<h, h<H}X)<h VX eR?

H. — H uniformly on each compact set of R2 ase— 0

||VH€||LO°(R2) < HVFHL“’(]R?) < L.

Now, for (w,h) € R? let X, and X be respectively the unique solutions of the differential
equations

{ Xi(tw) = H(X(tw) { X'(tw) = HX(t,w))
X (0,w) = (w, h) X(0,w) = (w, h).

X, and X are defined on the maximal interval (—oo, +-00). Moreover X, is C° with respect to
t € R and the initial value (w, h) € R2.

Step 8. Local uniform convergence.



Let K be a compact set of R%. There exists T > 0, wj,ws € R such that K cC [-T,T] x
[w1,ws] = K'. For each (t,w) € K, we have

X)Xt = [ (X o) - TR )i
< | [ (X 00) — R o]+ | [ (R 5) = TR 5.0
< | [ Pl = Kol + 1 =
By Gronwall’s Lemma (see [?], p 90), we obtain
Xc(t) = X (6.0)| < 1. ~ F. 0 ep(Lle).
So we have with C = T exp(LT)

| Xe = Xloo,x < ClHe = H| x5y — 0 when € — 0.

Step 4. X : R2 — R? is a C' diffeomorphism.

e X (R?) =R? : Indeed let (z9,y0) € R? and let Z = (Z1, Z3) be the unique maximal solution
of the following differential equation

Z(O) = (.1‘0, yo)
It is not difficult to see that Z is defined on (—oo, +00) and that . liIin Z5(t) = +00. Moreover

since Z4(t) = H2(Z(t)) > h > 0, we deduce that Z5 is bijective from R into R. Therefore there
exists tg € R such that Zs(tg) = h.

Let wg = Z1(to). Then Z(tg) = (wo, h) and it is easy to verify that X (¢t,wo) = Z(t + to). In
particular X(—to,wo) = Z(0) = (o, yo)-

{ Z'(t) = H(Z(1))

e Since X, is onto, it suffices then to verify that det(JX.) does not vanish. Here we denote by
JF the Jacobian matrix of the mapping F' and by det(JF)) the determinant of JF.
One can easily check that

V() = det(TX0) = HEX(0)) 20 2~ H2(X () 222,
P 1) = Vi (600X, ()
Therefore
Yi(t,w) = Y,f(O,w).exp(/O {div(H) }(Xc(s,w))ds). (2.3)

Since Y;f(0,w) = —H2(X.(0,w)) = —HZ(w, h) < 0, we get Y;{(t,w) < 0 V(t,w) € B2,



Step 5. We have :

_ 1 Lly—h -
X e < 3 (L) 1 h) ey er2
Indeed, we have for (t,w) = X (z,y)
8X26 aXle
-3 _ ey
1 Ow ( ,W) Ow ( 7(4))

TX M (z,y) =

—HX(X(t,w)) H!

¢ (Xe(t,w))
|H (X (t,w))| < h, H*(X(t,w))>h, and div(H.) > 0.
It follows that

1
Y (¢, w)]

= Hf(iu,h)exp(_/o {div(HE)}(Xe(S,w))ds) < %

0X.
We claim that ‘a—w‘ < exp(L]|t]). Indeed for w;, wa € R, we have

Xelt1) = Xeltswn)] = [(on —2,0) + [ (H(Xu(or0)) = X5, w2)))ds
<wp —wa| + L‘/OI | Xe(s,w1) — Xe(s,w2)|ds‘.

By Gronwall’s Lemma, we obtain
[ Xe(t,w1) = Xe(t,wa)| < |wr — wa| exp(L[t]).

Now we conclude that

—1 o L 8X2€ 2 L 8AXﬁle 1
|TX: (x,y)HoofmaX{|Ylf|<‘ - +|H60X€|),|Yhe|(‘ el aloX.]) btw)
< %(exp(L|t|) +h) < %(exp(M) + h)

since

== [ B2 is] 2 i

Step 6. X' is uniformly Lipschitz continuous on each compact set with a Lipschitz constant
independent of €.

Let K be a compact set of R? and (z1,y1), (22, y2) be two points in K. We denote by |(x,y)|c =
max(|z|, |y|). Then we have



1
d
X wnmn) = X azw)loe = | [ 52X onn) + (1= 7)o )i
0 [e%s)
1
= ‘/ le_l(T(xlvyl) + (1= 7)(z2,92)) (21 — w2, y1 — y2)dT
0 o)
1
< [ TX (@, 0n) + (1= 7)(@2,42)) oo (1, 41) — (22, y2)|0odT

< (5 ] (eI =+ 7 = hl) 4 W) or.) = (2,30
< c(K)|(z1,91) — (22,92)]00s

with ¢(K) = (exp(%[m + h]) 4+ h) and m = max{|y| /y € m,(K)}.

= =

Step 7. Conclusion.

-1

There exists a subsequence (X¢,)n,>0 such that (X7

X* € C%'(R?) on each compact set of R2.

loc

We claim that X* = Yﬁl. Indeed we have

) converges uniformly to an element

XeoXé_l(x,y) = (z,y) and Xﬁ_loXe(t,w) = (t,w) Y(z,y), (t,w) € R2.
Passing to the limit, we obtain

XoX*(z,y) = (v,y) and X*oX(t,w)= (t,w) Y(z,y), (t,w) € R2

1

Since X, =X =T}, we have nt =X 1T, (D,

) c CO’I(Th(Dh)). O

Now we have the following Proposition

Proposition 2.3. Let X(.,w) be the mazimal solution of E(w,h). We have

i)
(X (60) S5t 0w)
JT)y, = ox € L*>(Dp)
Hy(X(t,w) = (t.w)
Yi(t,w) = detJT, = Hi(X(t, w))%(t,w) - HQ(X(t,W))%(t’UJ) in L (Dy,).
i1) %(t,w) =Y, (t,w)(divH) (X (t,w)) a.e. in Dy,

i)  Yip(t,w) = —Hy(w,h)exp (/0 (divH)(X (s,w))ds) a.e. in Dy,

iw) h<-Y,(t,w) < Ch, C > 0.



Proof. i) Note that since T, € C%(Dy,), we have Tj, € W°°(D},) and therefore we can talk
about JT},. The formula is trivial.

ii) Given that H,T},, T}, ' are C%!, we can use the chain rule for H;0X (see [7]) to get

o g, THg

. (2.4)

¢
Moreover H, X, € C°°(R?) and X.(t,w) = (w, h) —|—/ H (X (s,w))ds. So we have
0

0X. b 10X, OH, 0Xoe OH.
() = (10)+ [ (T G () + 2 5,) (X))
0X.

0X 0
converge to B and VH respectively in LP(Dy) and LP(Q) for each p > 1, we obtain for a.e.
(t,w) € Dy, by letting e — 0

Since H, and X, converge uniformly to H and X respectively in © and Dy,

St = 1.0+ [ (e G (Xew) + R 5 (Xew)ds. (25)

Tt follows from (2.5) that

0?X 0X oOH 0Xo o0H

M(t,w) = %(t,w).%(X(t,w)) + —=— B (t,w). 3y — (X (t,w)) in L>(Dp). (2.6)
Now, since H;0X € W1°(Dy,) 8 (9 (Dp,), we obtain
( ) S (HioX).gt;ij. (2.7)
Using (2.4)-(2.7), we obtaln
Tte) = (H(e) G (X (w) + Ha(X(tw) G (X)) 52 )
(B X () T2 Ot 0) + HalX (1) G2 (X (1) )
FHL (X (1,0)) 02 () — Ha(X(1,0) S (0,0)

- (Hl(X(Lw))%(t,w) - HQ(X(Lw))a—w(t,w)).(% + %)(X(t,w))

= Y3 (t,w)(divH) (X (t,w)).

10



iii) By using the product formula and chain rule, we obtain

gt((yh(t,w).exp(—/o (divH)(X(s,w))ds)) :‘g’wxp(—/o (divH)(X (s, w))ds)

+Y7,(t,w).(—(divH) (X (t,w)) exp ( — /0 (divH)(X (s,w))ds) = 0.

¢
Then Yh(t,w).exp(f/ (divH)(X (s,w))ds = Cst = Yp(0,w) which exists because Y}, €
0

C%a_(w), g (w)). Since we have g—f(o,w) = (1,0), then ¥3(0,w) = —H3(X(0,w)) = —Ha(w, h).

t
iv) Since 0 < divH < L, it follows that ’/ (divH) (X (s,w))ds| < 2LJt| < 2L max(ay (w), —a_(w)) <
_J0 _
L'. We deduce, since h < Ha(w,h) < h, that h < =Y}, (t,w) < hexp(L'). O

Now we can prove the main result of this section.

Theorem 2.1. Let (u,x) be a solution of (P). We have for each h € m,(£2)

%(XOT}L) <0 in D'(Dy).

Proof. Let ¢ € D(Dy), ¢ > 0. By (1.6), we have
/ (= xH(X).V(oT; ') = x([u > 0))divH (X).poT;, ") dX < 0.
Th(Dh)
Since Tj, T), ' € C%!, we can use T}, as a change of variables (see [7]) to obtain

/D (— XoThaa—S;7 — x([uoTy, > 0])(divH)0Th.g0) (=Y (t,w))dtdw < 0.

Y,
Given that % =Y},.(divH)oT},, we obtain

—Y.
/ XOTthtdw = / XoThaﬁ(—Yh) + x0Ty (divH)oTy,..(—Yy,)dtdw
o ot o ot

> / (x0T — x([uoTy, > 0])).(divH)oTy.o.(—Yp)dtdw > 0.
Dy,

By approximation the last inequality remains valid for all nonnegative functions ¢ with compact
support and such that ; € L*(Dy,). Since Y, € L°°(Dj,) and does not vanish, one can choose

= —g, with ¢» € D(Dy,) and ¥ > 0. Thus we get the result. O
h

11



3 Definition of the Free Boundary and some Technical
Results

In this section, we use the monotonicity result of the previous section and the continuity of u
to define the free boundary. We also give some other results. First, we have the following key
proposition.

Proposition 3.1. Let (u, x) be a solution of (P) and Xo = (x0,v0) = Th(to,wo) € Th(Dp).
i) If wu(Xo)=uoTh(to,wo) >0, then there exists € > 0 such that

woTh(t,w) >0 V(t,w) € Ce ={(t,w) € Dy [ |w — wp| < €, t <ty + €}
it) If w(Xo) =wuoTh(to,wo) =0, then woTh(t,wp) =0 YVt > tg.

Proof. 1t suffices to verify 7). By continuity, there exists e > 0 such that
woTh (t,w) >0 V(t,w) € (to — €,t0 + €) X (wo — €,wo + €) = Q.

Then x0T}y (t,w) =1 for a.e. (t,w) € Q.. By Theorem 2.1 and since xoTy < 1, we get xoTy, =1
a.e. in C¢, i.e. x =1 a.e. in T,(C,).

From (1.4) and (1.5), we have div(a(X)Vu) = —div(H(X)) < 0 in D'(Ty(C,)). Then by the
strong maximum principle we deduce, since © > 0 in Q and u > 0 in T,(Q.) C T}(C.), that
u > 0 in Ty (C.) (see Figure 2). O

Thanks to Proposition 3.1, we can define for each h € m,(Q), the following function ¢, on
7@ [y = b)) by

sup{t/ (t,w) € Dy, woTh(t,w) > 0}
on(w) = if this set is not empty (3.1)
a_(w) otherwise.

Remark 3.1. Since u = ¢ > 0 on I's and u € C°(QUT3), we have u > 0 below T3 in the
following sense :

u(X(t,w)) >0 Vi€ o (w),ap(w)]  such that X(oy(w),w) € Ts.

Consequently, if X (to,wo) € Q and u(X (to,wo)) = 0, we have necessarily X (a4 (wo),wo)) €
Tl U fg,

Arguing as in [3], we have the following results

Proposition 3.2. ¢, is lower semi-continuous on each w € 7w, (Q N[y = h]) such that
Th(dn(w),w) € Q. Moreover

[woTh(t,w) > 0lN Dy = [t < pp(w)].

12



u > 0in Tp(C)

Th(a—(wo),wo)

Figure 2

The following important lemmas will be useful in Sections 4 and 5. Some of them are
extensions of lemmas in [3].

Lemma 3.1. Let h € my(Q), wi,w2 € (2N [y = h]) with w1 < wa, andy € 7, (). We denote

by ty(w) the unique t (if it exists) at which the orbit y(w) meets the line [y = y].

Assume that for i = 1,2, y(w;) N[y = y| # 0 and that [X(t,(w1),w1), X (t,(w2),ws2)] CC Q.
Then we have a

i) ywNy=yl#0 Yw€ [w,w)]
i) [X(ty(wi),w1), X (ty(w2),w2)] = {X(ty(w),w) /w € [wr1,w2]}.

Proof. i) First note that it is enough to prove the assertion for w € (w1, ws). Moreover if y = h,
then the assertion is trivial since in this case for all w € [wy,ws], yY(w) N[y =y] = {(w, h)}.
So we assume that y # h and discuss the two cases :

sy > h : For each w € (w1,w2), the half orbit v*(w) = y(w) N[t > 0] is enclosed between

13



T (w1) and 4 (w2). So if v (w)N[y = y] = 0, then 4 (w) will never reach €2, which contradicts
X(at(w),w) € 02Ny > hl.
*y < h : For each w € (w1,ws), the half orbit v~ (w) = y(w) N[t < 0] is enclosed between

7 (w1) and v~ (w2). So if v~ (w)N[y = y] = 0, then v~ (w) will never reach 982, which contradicts
X(a_(w),w) € 02N [y < h).

i1) First note that it is enough to show that
(X(ty(wr),w1), X (ty(w2), w2)) = {X(ty(w),w) /w € (w1, w2)},

where (X (t,(w1),w1), X (ty(w2),w2)) denotes the line segment without the extreme points.

o Let w € (wi,ws). Since the orbit vy(w) is strictly enclosed between the orbits ~(w;)
and 7y(wz), and meets the line [y = y] at the point X (ty(w),w), we have Xi(ty(w1),w1) <
Xi(ty(w),w) < X1(ty(w2),w2) and therefore X (ty(w),w) € (X (ty(w1),w1), X (ty(w2), w2)).

o Let (z.,y) € (X(ty(wi),wr), X(ty(w2),ws)). We consider X (., z,y) the maximal solution
of the differential equation X'(t) = H(X(t)), X (0) = (2., y).
Note that the orbit v(z.,y) of X(.,z.,y) has no intersection with v(w;), i = 1,2, because
otherwise we will have v(z.,y) = y(w1) or (., y) = v(ws), which is impossible since z, €
(X1 (ty(w1),w1), X1 (t,(we),ws)). Hence (w4, y) is strictly enclosed between ~(w;) and (ws).
Therefore it meets the line [y = h] at the point (w.,h), with w, € (wy,ws). It follows that
X(t, x4, y) = X(t+1ty(ws),ws, h) and in particular (z.,y) = X (0, z.,y) = X (ty(wi), ws, h). O

Lemma 3.2. Let (u,x) be a solution of (P). Let h € my(), wi,ws € m,(Q N[y = h]) with
wi < wy. Let y € my(Q) such that [y =yl Ny(ws) #0i=1,2.

Set Dy = Th<{(t,w) € Dy, w € (wy,wq), t > tg(w)}) =Th([wr < w < wo]) Ny > y], and
assume that ﬁgﬂfg =0 (see Figure 3). Then if uoTy(ty(wi),w;) =0 fori=1,2, we have

—~

/ (a(X)Vu + YH(X)).V¢dX < 0
Dy
V(¢ € Hl(Dg), (>0, ((x,y)=0 fora.e. (x,y) Eﬁy.

Proof. First note that D, is well defined since by Lemma 3.1 ), ¢, (w) exists for each w € (w1, w2).
Next we claim that a

w2

/D (a(X)Vu + x([u > ) H(X)).VCdX < / (Vi CoTh) (dn(w), @) (3.2)

v w1

V¢ e H'(Dy)NC%(Dy), (>0, ((z,y)=0 forall (z,y) € D,

Indeed, we deduce from uoTh(tg(wi),wi) =0, ¢ = 1,2 and Proposition 3.1 4i) that uwoT}, (t, w;) =
0, for all ¢t > t,(w;), ¢ = 1,2. Therefore for ¢ > 0, x(D,). min (E,C) is a test function for (P)
Z < €

and we have
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Figure 3

/ a(X)Vu.V{dX +/ X([u>0))H(X).V{dX
DyN[u>e(] Dy

u

< / (> ) H(X). V(¢ — Y7 ax = I..

Dy €

Using the change of variables T}, and the second mean value theorem, we obtain

on(w) 5 u
I = / / = (€= 5 o) (~Yilt, w))dedo
J={we€(w1,w2) / dn(w)>ty(w)} Jty(w) €

- [ (Hon@.on{ /ti:()“) O (¢~ 2y om )ty

< / V(). 0) CoT (B () ), () € [ty(), ()],
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Then by letting € go to 0, the inequality (3.2) holds.
Now to prove the lemma, it suffices to do it for ¢ € H'(D,) N Co(ﬁg), ¢ >0, {(r,y) =
0 forall (z,y) € 5£ and conclude by density. So let € > 0 and he = 00T}, ', with 0. (w) =

_ + —_ )t
min (w, 1>.min (M, 1). Since x(Dy).C.h. is a test function for (P), we have
€ € <

/D (a(X)Vu+ xH(X)).V{dX < /D (a(X)Vu+ xH(X)).V((1 — he)()dX

= /D (a(X)Vu+ x(Ju > 0))H(X)).V((1 — he)()dX

+/‘W—MW>®MN@Vme%MX=E+ﬁ-
D

A

Using (3.2) and the fact that 6. —, b we obtain the lemma since we have

1

1< [ V000 CoTh (1)), (1~ 6.,
t

I’ = /7 (xoTh — x([uoTy, > O]))(—Yh(t,w)).g(CoTh).(l — 0 (w))dtdw.
T, ' (Dy) 9

h
O

Lemma 3.3. Let (u,x) be a solution of (P) and Xo = (z9,y0) = Tu(to,wo) be a point of
Tn(Dy). We denote by B,.(tg,wp) a ball with center (to,wo) and radius r contained in Dy,.
If uoT, =0 in B,(tg,wp), then

wolp, =0 inC, and x0T, =0 a.e. inC,

where C, = {(t,w) € Dy, |w—wo| <r, t>to}UB(to,wo). In other words if u = 0 in
Th(B,(to,wp)), thenu =0 and x =0 a.e. in Ty(C,.) (see Figure 4).

Proof. By Proposition 3.1, we have woT}, = 0 in C,.. Applying Lemma 3.2 with domains D, =
Th(lwr <w <wo]) N[y > y] C Th(Cy), (y € my(Q)) satisfying [y = y| N y(w) # 0 Vw € [wi,ws]
and taking ¢ = (y — y)x(D,), we obtain

/ YHy(X)dX < 0.
D

X

From (1.3), we deduce that x = 0 a.e in D,. This holds for all domains Dy in 7} (C;). Hence
x =0 a.ein Tp(C)). O

Lemma 3.4. Let (u,x) be a solution of (P), Xo = (z0,y0) = Th(to,wo) be a point of Q and
B, the open ball in Dy, with center (to,wo) and radius r. Then we cannot have the following
situations (see Figure 5)

16



ryurly

Ty (Br(to,wo))

Figure 4
@) woTh (t,wo) =0 Vit € (to —r,to+ 1)
uoTh(t,w) >0 V(t,w) € By \ S, S =(to—rto+r)x {wo},
(id) woTh(t,w) =0 V(t,w) € By N [w < wp]
uoTh(t,w) >0 V(t,w) € By N [w > wpl,
(i) woTy(t,w) =0 V(t,w) € By N w > wp]
woTy(t,w) >0 V(t,w) € By N w < wp]

Proof. Assume ii) holds. The proof of i) and iii) is based on the same arguments. Let { €
D(Tw(B)), ¢ > 0. Using the fact that, by Lemma 3.2, xoT, = 0 a.e on B, N [w < wp] and ¢
are tests functions for (P), we obtain after using the change of variables T},

g(—Yh(t, w))CoTprdtdw > 0.

/ a(X)Vu.V{dX =
Tw(B.) B, Nw>wo] Ot

17



T (B (to,wo))

Figure 5 (i)

We deduce that div(a(X)Vu) < 0 in D/(T(B;)). By the strong maximum principle, we have
either u > 0 or u = 0 in T} (B,), which contradicts the assumption. O

Lemma 3.5. Let (u,x) be a solution of (P), Xo = (x0,y0) = Th(to,wo) be a point of Q such
that woTy (to,wo) = 0. Then there exists p > 0 such that one of the following situations holds :

uoTh(t,w) >0 V(t,w) € B,(to,wo) N [w < wy),
(4) there ezists a sequence (t,,wn)n>1 C Bp(to,wo) N [w > wo]
such that  VYn>1 woTh(tn,wn) =0 and X(tn,wn) - - Xo

uoTh(t,w) >0 V(t,w) € B,(to,wo) N [w > wy),
(i) there ezists a sequence (t,,wn)n>1 C Bp(to,wo) N [w < wo]
such that  Vn>1 woTh(tn,wn) =0 and X(tn,wn) - - Xo

n—
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Ty (B (towo))

Figure 5 (ii)

There exists two sequences (tE,wr),>1 C B,(to,wo),
(144) such that Yn>1 w, <wy<w! woTy(t, w,)=uoTy(t  w)=0
and  X(t,,w,), —_ Xo, X(tF, wf{)n;ﬂooXo.

Proof. Let n > 0 such that B, (to,wo) C Dj. By Proposition 3.1, we have uoT}(t,wy) = 0
Yt > to. Then for any p € (0,7), by Lemma 3.4, one of the following situations holds necessarily

a) 3(t;,wy) € By(to,wo) N[w < wp]  such that  woTj(t] ,w; ) =0
B) 3(tF,wi) € B,y(to,wo) N[w >wp] such that  woTy(tf,wi) =0
We discuss the following cases
e If &) and B) holds simultaneously for any p € (0,7), then we are in the situation #ii).

o If for example a does not hold for some p € (0,7). Then uoT}y, > 0in B, (t, wo)N[w < wo).
Moreover by Lemma 3.4, §) holds for any p’ € (0, p). In this case we are in the situation ).
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T (B (to,wo))

Figure 5 (iii)

e If for example 3 does not hold, then we show as in the previous case that we obtain the
situation 7). O

4 A Comparison Result

In all what follows, we assume that

aeClQ)  (0O<a<l) (4.1)

loc
JoeR / VY eQ :  divaX)(X-Y)) <ec inD(Q). (4.2)

Note that (4.2) is satisfied in particular if a € C%! or simply if div(a(X)e), div(a(X)es) €
L>(Q), where e; = (1,0) and ez = (0, 1). Moreover, one can adapt the proof in [4] (see Remark
2.2 of this reference) to verify that v € Clo o’i (€2). The main result of this section is the comparison
Lemma 4.4. First, we construct a barrier function and establish some of its properties.
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Lemma 4.1. Let k>0, (21,y), (22,y) € Q with x1 < 22 and 3 — x1 = 2ke, where € is small
enough so that
(r1 — €, 22 +€) X (y,y +2¢) CC Q.

Let Z = (z1 — €,x2 + €) X (y,y + €) and denote by v the unique solution in H'(Z) of
div(a(X)Vv) = —div(H(X)) inZ
v=ely+e—y)* on 87.

Then, there exists a positive constant C independent of € such that

i) O<v<Ce  in Z
i1) [Vu(X)] < Ce VX €T = [z1,22] x {y + €}

Proof. i) Since div(a(X)Vv) = —div(H(X)) < 0 in Z and due to the boundary condition, we
deduce by the weak and strong maximum principles (see [5]) that v > 0 in Z.

To prove the second inequality, we introduce the function
w : Z=(0,2k+2)x(0,1) — R*
X' =@ y) — wX') = v(@ —et+e,y+ey)
It is not difficult to check that
{ div(@(X')Vw) = —2divH  in Z
w=e(1—-y)" on 07
where
a(X') =a(xy —e+ex’,y+ey'), divH (X') = (divH)(z1 — € + ex’,y+ey).
Moreover we have
AXNEE> NP, VEER?, VX' eZ
@z <M, 0<diwH(X')<C=|divH|w, VX' €Z.
Applying Theorem 8.16 p. 191 of [5], we get

|62m\
La/2

supw < supw + C h\

A 0z

where g > 2 and C is a positive constant depending only on Y. So

supv = supw < €2 + Coe? = Ce>.
Z Z

i) Let S = (3,2k+2) x {1} and 7' = (1,2k+3)x (3,1). Since S is a C1* boundary portion of
0Z,w =0 on S, we deduce from (4.4) by applying Corollary 8.36 p. 212 [5] that w € Cl’“(EUS)
with the following estimate

Wl az < C(Iwly 7 + IEdivT], 5)
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where C' = C(\, M, K, d, S) is a constant independent of ¢, d’ = d(Z',0Z\S) and K = max(|aij|o,q)-
i
Taking into account the estimate in ), we obtain
IVwlg 3 < wl; 45 < Cé?
which, in particular, leads to
|Vw(2',1)| < Ce® Va' € [1,1+ 2k].

Therefore 1
|Vo(z,y +€)| = -

Vw(w,l)’ < Ce Va € [x1,x2].

€

Lemma 4.2. Let h € 1,(Q), wi,w2 € (XN [y = h]) with wi < ws.

Let y € my(Q) such that y(w;) N[y =yl #0i=1,2.

Set Dy = Tp([wr < w < wa]) N[y > y]. Assume that DyN[y <y+e€ C (z1,22) x (y,y+e) CZ
with Z defined in Lemma 4.1. Then after extending v by 0 to Dy, we obtain o

/ (a(X)Vo +x([v > ) H(X))VCAX >0 V¢ e HY(Dy), ¢ >0, ¢ =0 on 9Dy N Q.
; y y

Y

Proof. Set T" = [y = y + ¢fN Dy, C T and let v be the outward unit normal vector to T'. We
have by Lemma 4.1 i) a(X)Vv.v+ H(X).v = a(X)Vv.ey + Ho(X) > —Ce+h > 0 on T for €
small enough. Now, for ¢ € H'(D,), ¢ >0, { =0 on D, N Q, we have

/D (a(X)Vo+ x([v>0)H(X))V¢dX = [ (a(X)Vvw + H(X).v)(dX > 0.

Y I

The following lemma extends a lemma proved in [4] for H(X) = h(X)es.

Lemma 4.3. Let (u,X) be a solution of (P). Assume that the hypothesis of Lemma 4.2 hold,
DyNT3 =10 and (see Figure 6)

0T} (ty(w1),w1) = uoTh(ty(we),w2) =0
uwoTy(ty(w),w) <€ =v(ty(w),w)  Yw € (w1,w2),
then we have
Jim ~ a(X)V (1 — )"V (1 — v)*dX = 0.

§—00 DyN[v>0]N[0<u—v<d]
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X(ty(wl),wl)

Figure 6

Proof. For 6,1 > 0, let F5(s) be the function introduced in the proof of Proposition 1.1, d,(y) =
F,(y—y) and § = y+e. By applying Lemma 3.2 and Lemma 4.2 for ¢ = Fs(u—v)+d, (1—Hs(u))
and for ¢ = Fs(u — v) respectively, we get

/D (a(X)Vu + XH(X)).V(Fg(u —v))dX
<- /D (a(X)Vu+ xH(X)).V(dy(1 — F5(u)))dX. (4.5)

Y

/D (a(X)Vv + x([v > 0))H(X)).V(Fs(u —v))dX > 0. (4.6)

X

Using (4.5) and (4.6), we get since d, =0 on [v > 0]

/ Fj(u —v)a(X)V(u —v).V(u—v)dX
DyN[v>0]
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< _/ (1 — dy) (a(X) Vi + XH(X)).V (Fy(u))dX
Dyn[v=0]
—/ (1 — Fy(w)) (a(X)Vu + xH(X)).VdydX = 17 + 137,
DyN[v=0]
Since
< [ [(@(X)Vu + H(X)).V(F5(w))|dX,
yN[g<y<g+n]

we obtain lin%) " =0.
T]*}

As for I3", we have

0= — / XH(X).Vd,dX
D,Nu=v=0]

_/ (1 — Fy(u))(a(X)Vu + H(X)).VdydX = I3 + 157 < 177
DyN[u>0=v]

since
-1

I = —/ H(X).x.0yd,dX = —/ Hy(X)xdX < 0.
D,N[u=v=0] M JDynu=v=0]n[g<y<g+n]

. 0,1
Moreover since u € Cj..(€2), one has for some constant C

¢ (1 Fs(u))dX

1 < =
1 J DyNu>v=0]N[g<y<g+n]

min(¢p (w),tg+y(w))

“ S

1 ty (w)""h
< C/ f/ (1- Fg(uoTh))dt)dw,

(1 = Fs(uoTy))(t,w).(=Yr(t,w))dtdw

ty(w) }-

w)) is continuous, we obtain

/J(l — F5(uoTy(tz(w),w)))dw.

where J = {w € (w1, ws) / ép(w) >
Since the function ¢t — 1 — F5(uoT}(t,

limsup|IJ"| < C

n—0
Hence
/ 1a(X)V(u —v)".V(u—2v)TdX < C’/(l — F5(uoTy (tz(w),w)))dw.
Dy [v>0]N[0<u—v<d] O 7

But given that w € J, we have uoT} (t5(w),w) > 0. Thus ;in%)(l — Fs(uoTy (tz(w),w

the result follows.
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Lemma 4.4. Let (u,x) be a solution of (P). Assume that the hypothesis of Lemma 4.3 hold.
Then we have
u=0 in Dy N[y >y+e.

Proof. Let

DY =D,Nv>0l=D,N[y<y<y+e
A=T,({tw) €Dy /we (w,w2), a_(w) <t < tgﬂ(w)})
[ (w=v)* in D*F
1o in A\D".
We have w € H'(A\) since by assumption u < v on AN [y = y].
Let ¢ € D(A). We have

/ o(X)Vw.VedX = / a(X)V (1 — o)t VCdX
A D+
= lim Fs(u —v)a(X)V(u—v)T.V{dX = lim I;.
0—0 Jp+ 6—0
Note that

Iy = /D+ a(X)V (1 — o)V (Fy(u — v)¢)dX

1
! / Ca(X)V (1 = v).V(u - v)dX = I} — I2.
d DTN[0<u—v<4]

By Lemma 4.3, }ir% Ig = 0, since we have
1
12| < sup [c| . = / o(X)V (1 — 0).V (1 — v)dX.
A 4 DTN[0<u—v<4]
Moreover, we have since (Fs(u —v)¢) € H(DV),

o= /D XV (Fyu—0)dX = [ a(X)VeV(Fyu - v)0)ax

_ /D XHX)V(Flu=0)QdX + [ ). (Fu = v)0dx
=0 since x =1 ae in [u>0].
It follows that
/ a(X)Vw.VCdX =0 ¢ e D).
A

Since w = 0 in A\ D+, we obtain by the strong maximum principle : w = 0 in A. Consequently,
u < v in DT and then uoTy (ty1(w),w) = 0 Vw € [wy,ws]. Therefore

woTh(t,w) =0 VE 2> tyqe(w) Yw € [wr,wa].
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Combining Lemma 3.5 and Lemma 4.4, we obtain the following useful lemma

Lemma 4.5. Let Xo = Ty(to,wo) = (20,y0) € Q, woi,wo2 € my(Q N [y = h]) such that
u(Xo) =0, wor < wo < woz and y(woi) N[y =yo] #0, i =1,2.

Let € > 0 and Dy, = Th(jwor < w < wo2]) N[y > yo]. We assume that for some k > 0,
Dy, Ny < yo + € C (o — 2ke, zo + 2ke) X (yo,yo + 26) CC Q, and for all w € (wo1,wo2)
0Ty (ty, (w),w) < €2. Then the following situations cannot hold :

There exits a sequence (tn,wn)n>1 C Bp,(to,wo) N [w < wo] satisfying
w0 (tn,wn) =0 ¥Yn>1, X(tn,wn), . Xos

Vn>1, X(at(wn),wn) does not belong to the connected component of I'y UT'y
which contains X (a4 (wo),wo)

There exits a sequence (tn,wn)n>1 C By, (to,wo) N [w > wo)] satisfying
woTh(tn,wn) =0 Vn>1, X (tn,wn),— Xo

n—

Vn>1, X(ai(wn),wn) does not belong to the connected component of Ty UT

which contains X (s (wo),wo)-

Proof. We will consider only the first situation. The second one can be treated similarly.

Let (z*,y*) € M such that y* > yo+¢, where M is the domain enclosed between v(wo1), v(wo),
[y = yo] and 9. Consider the maximal solution X (.,z*,y*) of X'(t) = H(X(t)), X(0) =
(z*,y*). The orbit v(z*,y*) of X(.,x*,y*) leaves M from the top at a point of 9Q and from
the bottom at a point (z.,yo) of [y = vo).

From Lemma 3.1 i9), we know that (z.,y0) = X(ty,(ws),ws, h) for some w, € (wo1,wp). It
follows that the two orbits v(z*,y*) and v(ws, h) coincide. Therefore we have X (¢,z*,y*) =
X(t+t*, ws, h), where t* = t,- (w,) is defined by (z*,y*) = X (t*, w4, h).

We have Xi(ty-(wo1),wo1,h) < x* < Xq(ty~(wo),wo,h) and Xy (ty~(wo),wn,h) converges to
X1 (ty~(wo),wo, h) when n — co. So there exists ny > 1 such that z* < Xy, (ty- (wo), Wn, , ).
We deduce that (z*,y*) € M, : the domain enclosed between y(wo1), Y(wn, ), [y = yo] and Q.
It follows, by Lemma 4.4, that u = 0 in M,,, N[y > yo+¢€]. In particular, we obtain u(z*, y*) = 0.
This holds for any point of M. Then u = 0 in M N[y > yo + €]. But (see Remark 3.1), this
contradicts M NT3 # () and u > 0 on T's. O

Remark 4.1. Lemma 4.5 becomes trivial if ay is continuous. However we know only that oy
is lower semi-continuous (see Lemma 10.5 p. 125, [1]). Of course one can have more regularity
for ay if one assumes more regularity on H and the boundary of Q. Actually one can verify
that oy is C1 if H € C1(Q), 9Q is C' and H(X).v does not vanish on 0Q (see Proposition

2.1, [3)).
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5 Continuity of the Free Boundary

The main result of this section is the continuity of the functions ¢; representing the free
boundary. Note that by Remark 3.1, if X (¢n(w),w) € ©, then X (a4 (w),w) € 02\ T'3. Here we
will consider the case where X (a4 (w),w) € 002\ I's.

Theorem 5.1. For each h € 7,(S2), the function ¢y, is continuous at each w € 7,(LN [y = h))
such that X (¢p(w),w) € Q and X (ay(w),w) € 002\ T's.

Proof. Let wy € m,(2 N[y = h]) such that X(¢n(wo),wo) = Th(pn(wo),wo) = Th(to,wo) =
(z0,y0) = Xo € Q and X (a4 (wo),wo) € 92\ I's.

h h
Let 0 < € < min (g(our(wo) —tp), g(to - a_(wo))).
Since u(Xy) = 0 and w continuous, there exists p* € (0, ¢) such that

u(X) < € VX € B, (Xo) C Th(Dp). (5.1)
Since (to,wp) belongs to the open set T, ' (B,+(Xo)), there exists 11 € (0, p*) such that
By, (to,wo) CC Ty ' (Byp+ (X0)) with ¢ = h/4h. (5.2)
By Theorem 3.4 p 24 [6], Inz € (0,71) such that

X(t,w) exists for all (t,w) € [a—(wo), a4+ (wo)] X (Wo — N2, wo + 12) (5.3)

and (t,w)+— X(t,w) is continuous.
So there exists 13 € (0,72) such that
| X (t,w) — X (to,wo)| < € V(t,w) € By, (to,wo)- (5.4)
Set p =n3 < e. By Lemma 3.4, one of the following situations is true :

i) 3(t1,w1) € Bp(to,wo) such that w; <wy and woTh(t1,w1) =0
1) 3I(t2,ws) € By(to,wo) suchthat wy >wy and woTh(ts, ws) = 0.

We will consider only the case where ) holds (see Figure 7). The other case can obviously be
treated in a similar way. Note that X (¢1,w1) is at the left hand side of the orbit v(wp) since
X(0,w1) = (w1,h), X(0,wp) = (wo, h) and w1 < wp.

Set y = max(Xs(to,wo), Xa(t1,w1)). Then

0T (ty(wi), wi) =0 i=0,1 (5.5)
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T T
y=y+e
y=y
Xo = Th(to,wo)
T=x1 —€ T1 =z — ke Th(B,(to,wo)) To =20+ ke T =x9+¢

Figure 7
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Consider the set
O ={(v,y) = X(t,w) € Th(Dp)/ |w—wo| < p} N[y <y <y+e.

Then we have

Lemma 5.1. For all w in (wg — p,wo + p), we have
Yw)Ny=yl#0 and Xo(a_(wo),w) <y <y+e< Xao(ay(wo),w).

Moreover the open set O can be written

o= Th({(t,w) € Di/ |w—wo| < p, ty(w) <t< tw(w)}).

Proof. i) First we show that
Xo(a—(wo),w) <y <y+e< Xo(ag(wo),w) Yw € (wo — pywo + p).

Indeed we have for w € (wg — p,wo + p)

+(wo)
Xa(at(wo),w) — Xa(tg,w) = / Hy(X (s,w))ds > h(ay(wo) — to)

to
to

Xo(a—(wp),w) — Xa(to,w) = 7/ Hy(X(s,w))ds < —h(to — a—(wp)).

a_(wo)

Using (5.4), we get

Xo (g (wo), w) > Xo(to,wo) — € + h(at(wo) — to)
Xz(a,(wo),w) S Xz(to,u)()) +€— ﬁ(to — a,(wo)).

Since | Xo(to,wo) —y

S |X2(t0,w0) — Xg(tl,w1)| < p<e (by (54)), we get

Xa(og(wo),w) = y — 2€ + h(ay (wo) — to)
Xo(a—(wo),w) <y +2e—h(to — a_(wo)).

To conclude it is enough to verify that
—2€ + h(ay (wo) —tg) > € and 2¢ — h(to — a_(wp)) <0

which is assured by the choice of €.

As a consequence of (5.6), we obtain by the intermediate value theorem that v(w) N[y =

for all w € (wg — p,wo + p).

]
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i1) Clearly O' = T}, ({(t,w) € Dy, |w—wo| < p, ty(w) <t < tg+5(w)}) C O. To prove that

O C O, it is enough to show that

V(w,y) € (wo = pywo +p) X [y, y + ] Fty(w) € (a-(wo), ar(wo)) : Xa(ty(w),w) =y

which is a consequence of (5.6) and the continuity of the function t — X5 (t, w).
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Lemma 5.2. We have

2e
[ty(w) —to| < " Yw € (wo — p,wo + p). (5.7)

Proof. Let w € (wo — p,wo + p). We have

tg(‘-”)
Y — Xalto,w) = Xa(t, (@),w) — Xa(to,w) = / Hy (X (s,w))ds.

Y "
If y = Xo(to,wo), then by (5.4), |y — Xa(to,w)| <e.
If y = Xo(t1,w1), then we have

ly — Xa(to, w)| < | Xa(t1,wr) — Xa(to,wo)| + [Xa(to,wo) — Xa(to,w)|.

Using (5.4) and the fact that (t1,w:) € B,(to,wo), we deduce that [y — Xo(to,w)| < 2e.
We conclude by distinguishing the cases t,(w) > to, t,(w) < to and use (1.3) to conclude. [

We claim that

Lemma 5.3.

2
O C (wg — ke, xo + ke) x (y,y +¢€), k:co(l—kﬁ)—&—

|1 =

Proof. Indeed, let X (t,w) € O. By definition of O, we have y < X5(t,w) < y + €. So we only
need to verify that | X (¢, w) — zo| < ke.
Note that, since T}, € C%1(D},), we have

| X1 (ty(w),w) — X1 (to,wo)| < collty(w) —to| + |w — wol).

Using (5.7), we get for all w in (wyg — p,wo + p)

| X1 (ty(w),w) — Xi(to,wo)| < Co(% +p) <co(l+ %)6 (5.8)

We also have for w € (wo — p,wo + p) and ty(w) <t =1, (W) < tyre(w)

e>y—y=Xo(t,w) — Xo(ty(w),w) = » )HQ(X(S,W))dS > h(t —ty(w))

€. (5.9)

= =

X1 (1, w) — X1 (ty (w),w)| = ‘ g )Hl(X(s,w))ds‘ <Rt —ty(w)) <
Combining (5.8) and (5.9), we obtain i
[ X1(t,w) — X1 (o, wo)| < [X1(t,w) — Xu(ty(w), w)| + | X1 (ty(w), w) — Xi(to, wo)

<(co(1+*)+ )6=ke VX (t,w) € O.



From now on, we assume that € is small enough to ensure that

(xo — (k+1)e,mo + (kK + 1)e) x (y,y +2¢) CC Q.

We set

r1 = xg — ke, To = x0 + ke

Z = (x1—€x34€) X (y,y+e)

D, = Th<{(t,w) € Dy, w € (w1,wp), t> tg(w)}).
We have

Lemma 5.4. The line segment S = [X (t,(w1),w1), X (ty(wo),wo)] C By (Xo).

Proof. Since B+ (X)) is convex, it suffices to prove that X (¢, (w1),w1) , X (ty(wo),wo) € By« (Xo).

First, we have (t1,w1) € B,(to,wo), and by (5.2), we are led to X (t1,w1) € Bgp+(Xo). Using
the definition of y, we get
ly — Xa(to, wo)| < gp* < p*/4,

In the same way we have
ly — Xa(t1,w1)| < |Xa(to,wo) — Xa(t1,w1)| < gp* < p*/4.
Now, for ¢ = 0,1, we have

ty(w;)
Xilty () = Xaltw) = [ H(X(s,0)ds

i

tg(wi)
y — Xo(ti, wi) = Xo(ty(ws),w;) — Xo(ts,w;) = / Hy(X(s,w;))ds >0,
= ¢

i

from which we deduce that

| X1 (ty (wi),wi) — Xa(ti,wi)| < -y — Xo(ti,wi)| < p /4.

= =

Hence
|X1(ty(wo),wo) — Xi(to,wo)| < p*/4
|X1(t2(w1),W1) — Xy (to,wo)| < |X1(tg(w1),w1) — X1 (t1,w1)] + | X1 (t1, w1) — X1 (to, wo)|
< pf/Ad+gpt <p'/2.
We conclude that [ X (t,(w;),wi) — X (to,wo)| < VI T2+ (p7/2)° < p*. L)

End of the Proof of Theorem 5.1. As a consequence of Lemma 3.1 i7) and Lemma 5.4, we have

uoTh(ty(w),w) < € Yw € (w1, wo)- (5.10)
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Moreover by Lemma 5.3, we have D, N[y <y <y + €| C (z1,22) X (y,y +¢€).
We discuss the following cases : a

1% case: Dy, NT3 =0

Applying Lemma 4.4, we deduce that u=0in D, N[y >y + .

Set X = X(ty,wy) = X (ty+e(wo),wo). Arguing as before, one can find (t2,w2) € By (ty,wp) N
[w > wo] such that uoT}(t2,w2) = 0. We define y' = max(Xa(ty,wp), Xao(t2,w2)) and Dy =
Th(wo <w <w2) N[y >y

o IfD,yNT3=0,then u=0in Tj(wo <w <w2) N[y >y + €. So for all w € (w1, ws),
we have B

3

Pn(w) <tyrpe(w) <ty (w) + % <th+ f
€ 3€ B € 467 6¢
T - 2* -_— = _—
<t2(w°)+h+@<t0+ P %(WO)JFQ

which is the upper semi-continuity (u.s.c) of ¢, at wy.

e If D,yNI's # 0, then X (oy (w2),ws) does not belong to the same connected component
of T'; UT'y containing X (a4 (wp),wo). Moreover we are now in the situation iii) of Lemma 3.5. So
there exists (t,},w,i) € By (tg, wo)N[w > wo] satisfying uoTy (¢}, w;l) = 0 and X (), w;l) - X,
By Lemma 4.5, there exists ng > 1 such that X (a4 (wn, ), wn,) belongs to the same connected
component of I'; UT's which is containing X (a4 (wp), wo). Necessarily, the set { X (o (w),w), w €
[wo,w;t ]} is contained in this connected component. Then, by considering D,/ N[w; < w < w;f ],

we can argue as in the previous case, since Dy N w1 < w < wy,] N T3 = (), to show that ¢y, is
u.s.c at wp.

2" cgse: ﬁgﬂ T3 #0

From Lemma 3.5, we can have a sequence (t;,,w; )n>1 in By(to, wo) N [w < wp] or a sequence
(t,wi)p>1 in B,(to, wo) N [w > wp] or both of them, converging to Xy and such that uoT},

vanishes on each point of the sequences. By Lemma 4.5, we can find w,, < wo or wTTQ > wo
such that X (o (wy,, ), wy,,) or X (o (wyh ),w;t,) or both of them belong to the same connected
component of I'y U Ty which is containing X (a4 (wo),wn). We conclude for the last case by

considering D,/ N [w,, <w < w; ]. For the other cases, we are back to the 1°* one. O

6 Some Remarks

In this section we first propose a different proof for Theorem 5.1 when H is more regular. Then
we show that conditions (4.1)-(4.2) are not sharp. Finally we show that in condition (3.1), one
can replace the direction e = (0,1) by any other direction.

Remark 6.1. When H € CH1(Q), it is possible to give another proof for Theorem 5.1 much
simpler than the above one. It consists on using the change of variables T}, which is now a C*!
diffeomorphism, to reduce the problem to a problem of type (Py).
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Prof of Theorem 5.1 when H € C*1(). Indeed let h € 7,(2), £ € H'(Dy,), € = 0 on (9D, N
T, 1(T3)) U (0D, N Q) and & > 0 on 9Dy, NT, ' (T2). Then £0T;, *x(Th(Dy)) is a test function
for (P) and we have

/ (a(X)Vu+ xH(X)).V(¢oT; 1)dX <0
Th(Dr)
which can be written using the change of variables T},

/ (A(t, w)V(uoTh) + xoTp.h(t, w)er). VEdtdw < 0
Dy

where the matrix A and the function h are given by

h(t,w) = |Ya(t,w)], er = (1,0)
At w) = [Yi(t,0) [ P(t,w) a(X (1)) P(t,)
0X,
1 aT(t7w) _HQ(X(tvw))

with P =('JT,)""' = AT
09 | ox,
U S m )

Note that from Proposition 2.3, the function h satisfies

0 <h <h(t,w) <Ch forae (t,w) € Dy
0 <h(t,w) <Ch for a.e (t,w) € Dy,

0
From the proof of Proposition 2.3, = U(t,w) satisfies the following differential equation
w

U'(t,w) = DH(X (t,w)).U(t,w)
{ U(0,w) = (1,0).

— X
Arguing as in the proof of Proposition 2.3, we deduce, since DH € C%'(Q), that g— €
w

1 1 ¢
C%Y(Dy). M =— —/d'HX ds) clearly belongs to C%'(Dj,).
(Dp,). Moreover Vilto) AR exp ( ; (divH)(X (s,w))ds) clearly belongs to (Dp)

Hence the matrix A satisfies

A€ CY(Dy) and A(t,w)| < C

where C'is a positive constant. To conclude, it remains to verify the following ellipticity condition

A(t,w)e.€ > plé]? VEER?,  for ae. (t,w) € Dy, for some positive constant p.
So, let & € R%. We have
A(t,w)E.€ = |Yy|. < aoTy.PE, PE > > MNY,||PEI? = MY| <! PPE,E > .

Denote by @ the matrix ! PP. Since () is symmetric, its eigenvalues x; and ko are real numbers.
Moreover, we have
1

K1.ky = det@Q = (detP)? = v (6.1)
h
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wr+ = trQ = o (2 3+ (202 4 (2222, (6.2)

Y2 Ow Ow
Then k1 > 0 and k9 > 0. Assume for example that k1 < ko and set m = ( i?fD K1(t,w).
t,w)eDy,
Suppose m = 0. There exists a sequence (t,,w,) € Dy, such that m = lim k;(t,,w,) = 0.
n—oo

X
Since H and 2— are bounded, we deduce from (6.2) that the sequence kg (ty,wy,) is bounded in
w

RT. So there exists a subsequence (ny)>1 such that klirn K2(tn, ,wWn, ) = K with 0 < k* < 0.
—00

Now, letting k& — oo in (6.1), we get lim ———— = 0 which is a contradiction with
k—oo Yh (tnk,wnk)

Proposition 2.3 iv). So m > 0.

Now since @ is symmetric, there exists an orthogonal matrix O (i.e O'O =t OO = I) such
that Q = ODO™!, D is a diagonal matrix with diagonal coefficients equal to the eigenvalues of
Q. Then we have

< QE,E >=< DO 06 >=< D'0OE} O¢ >> m[' O¢* = ml¢]>.
Hence
<AL € >> Mm|Yy|€)2 > Amhl¢)? VE e R
We conclude (see [4]) that the free boundary O[uoT}, > 0] N Dy, is a continuous curve [t =

on(w)]- O

Remark 6.2. The conditions under which Theorem 5.1 is proved are not sharp. Indeed we
present below a proof when H(X) = a(X)e, that is to say when (P) is the weak formulation of
the dam problem with Dirichlet boundary conditions, with a(X) satisfying (1.1)-(1.2), a(X)e €
CY1(Q), but not the assumptions (4.1)-(4.2). Note that only the proof of Lemma 4.4. requires
the last assumptions. Actually the proof given in section 4 is based on the comparison of u
with respect to the barrier function defined by (4.3). It uses the local Lipschitz continuity of u
which requires the assumptions (4.1)-(4.2). For this special case, we propose another proof using
an explicit barrier function. Moreover the assumption “uoTy(t,(w),w) < €2 Yw € (wi,w2)” in
Lemma 4.3, will be modified by changing € to e.

Proof of lemma 4.4 when H(X) = a(X)e. Let v(y) = (e+y—y)" and {(x,y) = x(Dy)(u—v)*.
Since v > 0 = w on (9D, \ ([y = y])) N R, we have { = 0 on (0D, \ ([y = y|)) N Q2. Moreover

v(y) = € > u(z,y) and then {(z,y) = 0. It follows that { = 0 on (0D, N Q) U (9D, NI'7), and
+¢ are test functions for (P). So we have

/ (a(X)Vu+ xa(X)e).V(u—v)tdX <0. (6.3)
Dl

We also have
/D (a(X)Vv + x([v > 0))a(X)e).V(u—v)TdX = 0. (6.4)

X

Subtracting (6.4) from (6.3), we obtain

/ a(X)V(u —v).V(u—v)TdX
DyN[v>0]
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—l—/ a(X)(Vu + xe).VudX < 0. (6.5)
DyN[v=0]
By Lemma 3.2, we have for Dyt =[y>y+e/NDy=D,N[v=00and ( =y — (y +¢)

/ a(X)(Vu + ye).edX < 0. (6.6)
D,N[v=0]

Adding (6.5) and (6.6), we get by taking into account (P)i)
/ a(X)V(u—v).V(u—v)tdX
DyN[v>0]

+ / a(X)(Vu+e).(Vu+e)dX
D,N[u>v=0]

+/ xa(X)e.edX <0.
D,Nu=v=0]

or by (1.2)

/ |V(u—v)+|2dX—|—/ \Vu+e\2dx+/ xdX <0.
D,N[v>0] DyN[u>v=0] DyN[u=v=0]

Since the three integrals in the left hand side of the above inequality are all nonnegative, we
obtain V(u —v)* =0 a.e. in D, N [v > 0] and then, since (u —v)" =0 on 9D, N[y = y|, we
get u < v in D, N [v > 0]. This leads to u(x,y+¢€) =0Ve € m.(Dy Ny :g+e]j. Hence u =0
in D, N[y >y+e. N O

Remark 6.3. The assumption (1.3) can be replaced by the more general one
|Hi(X)|<h, O0<h<HX)v<h a.e. X €Q (6.7)

where v # 0 is a constant vector.

Proof of Remark 6.5 Indeed, set v = (v1,13), n = (—v2,v1). We can assume that [v| = v¥ +13 =
1. Clearly (n,v) is an orthonormal basis of R2.

For a point M € 2, we denote by X (resp. Y) its coordinates in the canonical (resp. new) basis
(e1,e2) (resp. (n,v)). We have

—lVy 11
X=RY with R=R'=

V1 V2

Consider the change of variables 6 : Y — X = RY from §~(€) = Q into Q. Let £ € HY(Q),
E€=0o0nT3, £>0o0nTly, where I'; = 0~ 1(T;) for i = 1,2, 3. Using €00~ ! as a test function for
(P), we obtain
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/Q(a(X)Vu + xH(X)).V (€0~ 1)dX

= / (R.a08.RVy (uob) + xo R.Hob).Vy£dY
0-1()

- /ﬁ (@(Y)Vi+ YH(Y))VEAY.

where @(Y) = R.aof(Y).R, & = uofl, X = xof, and H(Y) = R.Hof(Y). Note that Hof =

Hyofe; + Hyofes = Hi(Y)n + ﬁg(Y)u

R.H(Y). Then

I =

H\(Y) = vy Hio0(Y) + 1 Hy00(Y) and  Hy(Y) = vy Hyo0(Y) + vy Hy00(Y) = HoB(Y ).
We deduce that

|Hi(Y)[ <2k, O0<h<Hy(Y)<h aeYef ' (Q)
Finally, one can check easily that (divy H)(Y) = (divx H)(X) from which we deduce that
divyH € L®(071(Q)) and (dioyH(Y)) >0  ae. Y €071(9).

Similarly one can check that a(Y") satisfies the assumptions (1.1)-(1.2) and (4.1)-(4.2). O
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