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Abstract

We consider a class of two dimensional free boundary problems including the
heterogeneous dam, lubrication and aluminium electrolysis problems. We prove the
Lipschitz continuity of the solution and the continuity of the free boundary.

Introduction

Many free boundary problems are described by the following weak formulation

Find (u,x) € H(Q) x L*(Q2) such that :
(1) uw>0, 0<x<1, u(l—x)=0 ae in§
(P) (i) u=¢ only
(i) / (a(2)Vu + yH(2)).Vede < 0
Q
VEe HY ), £€=0onTy, £>0onTly

where  is a bounded domain, a(z) = (a;;(z)) is a 2-by-2 matrix, « = (21, 22), H(z) is
a vector function, I'; and I's are parts of the boundary 92 of .

Indeed if a(x) is the permeability of a porous medium  and if H(xz) = a(x)es, where
ez = (0,1), then (P) is the weak formulation of the heterogeneous dam problem with
Dirichlet boundary conditions (see [1], [11]).

When a(z) = h3(x)Iy and H(z) = h(x)eq, where I is the 2-by-2 identity matrix and h(x)
a scalar function related to the Reynolds equation, then we have the weak formulation

of the lubrication problem (see [4]).

A third model corresponds to a(x) = k(x)Iy and H(x) = h(z)ey, where e; = (1,0), k(x)
and h(z) are scalar functions. It corresponds to the aluminium electrolysis problem (see



[5]). In this case we obtain, after a suitable change of variables, a similar formulation to
(P) (see [7]).

In these problems we are interested to study the free boundary I'y = 9lu > 0] N Q
separating two different regions. In the case of the dam and lubrication problems, it
separates the region containing the fluid from the rest of the domain. In the case of the
aluminium electrolysis problem, the free boundary separates the regions containing liquid
and solid aluminium.

The regularity of I'y has been studied by many authors in different situations. In [2],
H.W. Alt proved that it is an analytic curve x5 = ®(x1) when a(x) = Iy and H(z) = es.

In [11], A. Lyaghfouri proved that I'y is a continuous curve xo = ®(x1) provided that

H(z) = a(r)ez, ajz2(z) = 0 and 88@

2 >0 in D'(€). Recently, this result was extended
T2

in [8] to the case where div(a(m)eg) > 0. I'y was shown to be locally represented by
continuous curves.

In [6], M. Chipot considered the case where H(x) = h(x)eq, h(z) € L>®(Q), and hy, >0
in D’(€2). Then under the following assumptions :

h . . .
e (Al) ag;— is Lipschitz continuous, nondecreasing in s,
aii

for any o > x1, the function

*/h
o (A2) 0,12/ (aTl)x (&, z2)d¢ is Lipschitz continuous and non-increasing in 1,
x1 2

[0

h
e (A3) agg/ (aTl)z (&, z2)d¢ is Lipschitz continuous and non-increasing in o,
x1 2

and for any a < x1, the function

T h
o (Ad) ay / (—) (&, x2)d€ is nonnegative, Lipschitz continuous and non-
« a1/ x2
increasing in x1,

T h
e (A5) a22/ (a—) (&, x2)d¢€ is Lipschitz continuous and non-increasing in xa,
Py 117y

he proved that I'; is a continuous curve z1 = ®(x2).

In this paper, we would like to consider the problem studied in [6] with the objective
of removing the technical assumptions (A4.1) — (A.5), that we believe impose unnecessary
relationships between h and the matrix a. We shall replace them by the two conditions
(2.8)-(2.9).

First we prove that any solution is locally Lipshitz continuous. Then by extending tech-
niques developed in [3], we establish the continuity of the corresponding free boundary.



1 Statement of the problem and reminder of some
results

Let © be the open bounded domain of R? defined by

Q= {(z1,22) €ER? / 25 € (ag, by), 71(x2) < 1 < y2(x2)}
where 71 and 72 are two Lipschitz continuous functions from (ag, bg) into R. We set
o I't = {(n(x2),22) / w2 € (ao, bo)}
o I'y = {(72(22),22) / w2 € (a0, bo)}
e I3 =00\ (' UTy).
Let a = (a;;) be a two-by-two matrix with

a;j € L=(Q), |a(z)] <M, forae z€Q, (1.1)
a(@)€.£ > NEP VEER?,  for ae z €1, (1.2)

where A and M are positive constants. -
Let i be a function satisfying for some positive constants A > h and p > 2

h<h(x)<h forae z€Q (1.3)
hiEl € Lfoc(Q)
hg () >0 for a.e. z € (. (1.5)

We are interested to study the following problem (see [6])
Find (u,x) € H' () x L*(£2) such that :
(1) u>0, 0<x<1, u(x—1)=0 ae in§
(i) /(a(m)Vu—l—xh(a:)el).Vfdx <0
Q
VSEHl(Q), €ZOOHF1UF37 fZOOHFQ.

(P)

Remark 1.1. i) For the existence of a solution of (P), we refer to [1].

ii) If for ¢ € D(Q), one takes £( as test functions in (P)ii), one gets div(a(z)Vu) =
—(hX)z, in D'(Q). Since hx € L}, () and due to (1.1)-(1.2), it follows (see [9] Theorem

8.24, p. 202) that u € C’ZOO’S(Q) for some a € (0,1). As a consequence the set [u > 0] is
open.

iii) Now we have div(a(x)Vu) = —hy, in D'([u > 0]). So ifa € CrMQ) (0 < a<1), we

loc

deduce (see [9] Corollary 8.36 and the Remark just after, p. 212 ) that u € CL%([u > 0]).

loc



In the following we recall some of the properties of the solutions of (P) established in
[6]. Actually the Propositions 1.1-1.3 are the equivalent of Propositions 2.1, Corollary 2.4
and Proposition 2.5 of [6] respectively. Proposition 1.4 is the equivalent of Propositions
3.1 and 3.2. Finally Lemma 1.1 is Lemma 3.4 of [6].

Proposition 1.1. Let (u,x) be a solution of (P). We have

Xay <0 in D). (1.6)

Remark 1.2. In [6], (1.6) is proved assuming that h € H'(Q)) and that h,, is nonnega-
tive. Actually one can verify easily that (1.6) remains valid if one assumes only that hy,
belongs to L} .(Q) and is nonnegative, which is ensured by (1.4)-(1.5). Indeed using only

loc

the fact that h,, € L}, (Q) and the nonnegativity of hy,, the author showed in [6] that

loc

/ (hé)ay >0 VE € D(Q), € 0.
Q

By approximation this inequality remains true for any nonnegative function & with com-
pact support in 0 and such that &, € L*(Q)). Therefore one can take & = % for any
¢ €D(Q), ¢ >0 and conclude as in [6].

Proposition 1.2. Let (u,x) be a solution of (P) and xg = (xo1,x02) € 2.
i) If wu(xo) >0, then there exists € > 0 such that

U(IEl,IQ) >0 V(Schl’g) c CE = B€(1'0) U {(56171’2) S Q/ |£C2 —To2| <€ T1 < 1’01}

where Be(xq) is the ball centered at xo with radius r.

i) If wu(xg) =0, then wu(zy,zo2)=0 VY > xo1.

We then define the function ® by

() = 1 (z2) if {z1/(r1,722) €Q, wu(r1,72) >0} =10
2 sup{z1 / (z1,22) € Q, u(z1,x2) >0} otherwise.

® is well defined and satisfies

Proposition 1.3. ® is lower semi-continuous on (ag,by) and

[w(z1,z2) > 0] = [11 < D(22)].



Proposition 1.4. Let (u,x) be a solution of (P). Let zo = (zo1,%02) € Q and r > 0
such that By(xo) C Q. Then we cannot have the following situations in By (xq)

(4) u(z)
(i) u(z)

=0
(i17) () >0  forxg >xo2 and wu(x)=

0 forza=uz92 and wu(z)>0 forxzy # xpo.
for xo > xo2  and u(x) >0  for xo < xo2.
0

for xo < xqo.

Lemma 1.1. Let (u,x) be a solution of (P). Let (zy,x12), (Z1,T22) € Q with x12 < Tao
and u(zy,z:2) =0 for i =1,2. Let D = ((z1,400) X (w12, 222)) N Q. Then we have
/ (a(z)Vu + xh(z)er).V{dz <0
D
V¢ € HY(D)NL®(D), ¢ >0, ((z;,22) =0 a.e. x5 € (212, T22).

From now on, we assume that

acCXQ), aec(0,1) (1.8)

loc

JepeR [/ Vye div(a(z)(x —y)) <co inD'(Q).

Note that (1.9) is satisfied in particular if a € C%! or simply if div(a(z)e1), div(a(z)ez) €
L>°(Q), where e; and es are the vectors defined in the introduction.

2 Lipschitz Continuity of u

Given the jump condition along the free boundary, the optimal regularity we can expect
for solutions w of (P) is the local Lipschitz continuity which was proved in [1] assuming a
and a~'(h(z)e1) in C2%(€2). Here we propose a different approach that extends the one
given in [3] for the homogeneous dam problem.

Theorem 2.1. Let (u,x) be a solution of (P). Then

ue ClH ).

loc

First, we prove two Lemmas



Lemma 2.1. Let g = (201, %02) and r,d > 0 such that B,(xg) C [u > 0], B.(x¢) C
By(zg) C Q and 0B, (x9) N Au > 0] # 0. Then we have for some positive constant C

depending only on A, h, cg and d, but not on r

min v = min u < Cr.
0B,./2(w0) B,./2(z0)

Proof. First note that we have x = 1 a.e. in B,(z¢) and then div(a(z)Vu) = —(hx)s, =
—h,, <0in H Y(B,(x)). Let now m = min wu and v = u—m. Then v satisfies v > 0
B,./2(x0)
in B, s(x0), v € H' (B, a(20)) and div(a(z)Vv) < 0 in H(B,/2(x¢)). Using the weak
Harnack inequality (see [10] Theorem 4.15 p. 83) for f = 0, one can see that either v =0
or v > 0in B, 3(zo). This means that either u = m or u > m in B, /5(x¢). In both cases

we have min w = min wu.
9B, /3(z0) B;./2(x0)

Let 6 > 0 such that B,1s(xo) C Q, and v defined by

v(z) = k(e*”p2 - 67”(””5)2)
where p? = (21 — 201)? + (v2 — w02)%, k = m/(e’“ﬁ/4 - 67”(”5)2), m= min wu and
9B, 2(z0)
K . 2¢co . .
p = — with £ > max (2, T) and ¢ is the constant in (1.9).
,

Then one can verify that v satisfies

div(a(x)Vv) >0 in D= Byys(x0) \ By/2(20)
v=m on 0B, /3(x0)

v=0 on  0Byis(zo)

|Vou| = 2kupe”‘92 decreases with respect to p.

Indeed we have for ¢ € D(D), ¢ >0

/a(:z:)Vv.VC:/ fZ,ukefl‘an(z)(zfxo).VC
D D
:fQ,uk/ a(x)(xfxo).V(ef“po)JrQuk/ C[72ue*“p2]a(aj)(a:f:co).(xfxo)
D D
< 2uk /g—ﬂﬂz—wer?/g—ﬂﬂ"’ by (1.2) and si |z — zo2 > r2/4
_ucoDe 1 4De y (1.2) and since |z — 2| > 7
= pk[2¢o — pAr? d
1ik[2co — pAr ]/DCe
260

= pk[2¢o — AA]/ Ce*“f <0 since k> BN (2.1)
D



Now since v < u on 9D, ¢ = (v —u)Tx(D) € H}(Q), where x(FE) denotes the character-
istic function of the set E. So £( are test functions for (P) and we have

/D(a(:v)Vu + xh(z)e1).V(v —u)Tdx = 0. (2.2)

Moreover clearly (2.1) can be extended by density to non-negative functions of Hg (D).
Since (v —u)* € H}(D) and is non-negative, we obtain

/ a(z)Vu.V(v —u)Tdx <0. (2.3)
D
Subtracting (2.2) from (2.3), we get

/ a(z)V(v—u).V(v—u)"dr — / xh(z)(v—u)f dz <0
D D

which can be written

/ a(z)V(v—u).V(v—u)Tdr — / (x — Dh(x)vy, dz
D

DnNu=0]

—/ h(z)(v —u)F dz < 0. (2.4)
D

Using (1.2), (P)i) and integrating by part the last term in (2.4), we obtain

)\/ V(v —u)"[*dx —/ (x — Dh(x)vy, dz < —/ he, (v —u)tda.
D DN[u=0] D

This leads by (1.3) and (1.5) to

h
/ V(0 = u) Pl < / Vol(2 ~ Vo) da.
DN[u>0] DN[u=0] A

We claim that / |V (v —u)"|2dz > 0. Otherwise we will have in particular
DnNlu>0]
/ |V (v — u)*|?dz = 0 which leads to V(v —u)™ = 0 in B, () \ B,/2(z0).
B, (z0)\B/2(z0)

Since v < w on 9B, /3(x0), we get v < u in By(xg) \ By /2(w0). By continuity one has
v < u on OB, (xg). Note that OB, (z¢) N d[u > 0] is not empty by assumption . Moreover
it is contained in [u = 0], since dB,(xg) NIu > 0] C QN Iu > 0] = (u>0]\ [u >
0)NQ =u>0N[u =0 C [u= 0] It follows that we have u(zy) = 0 for some
20 € 0B, (z0) N du > 0], which leads to v(zp) < 0. But this is impossible since v > 0 in

D = B, y5(x0) \ Byja(w0) D 0B, (o). Hence




h
/ V| (5 = |Vv])dz > 0. (2.5)
DN [u=0] A

h h
We claim now that |Vv| < 5 on 0Byr+5(0). Indeed, if not, we will have |Vov| > X i

D since |V is non-increasing with respect to p and get a contradiction with (2.5). We

h
deduce that Vvl I 2hp(r + §)e P+’ < T
rto (@

Letting § — 0, we get

h [
m < mﬂ — e = O

O

Lemma 2.2. Under the assumptions of Lemma 2.1, we have for a constant C' > 0
depending only on A\, M, h, co, p and d, but not on r

u(zg) < C'r.

Proof.

We define w(x) =
r
It is not difficult to check that

M for x € By, where B; is the open unit ball of center (0, 0).

div(a(z)Vw) = f(x) in By, (2.6)
with

a(z) = (ai;(x)), ay(x) = ay(wo +rz)
f(x) =r(=hg)(xo + r).

Since @ € L (By) is strictly elliptic, and f € LP(By), we can apply Theorem 4.17 p. 90
[10] (Moser’s Harnack inequality) to (2.6). If we denote by B/, the open ball of center
(0,0) and radius 1/2, we get for a positive constant Cy depending only on A\, M, and p

maxw < Cl<minw + |f|Lp(Bl))
By B2

Since p > 2 and due to (1.4), we have for some constant C] depending only on d

1/p rP 1/p
flensy = (/B PRE, (20 + ra)do ) :(/B SSRE, (y)dy)

= T(l_%)‘hxlhp(&.) < d(l_%)‘hwlhp(Bd) = Ci(d)'



We deduce by using Lemma 2.1

1 1 1
_ < - < C (7 . C,)
ru(xo) < Smax u(zo +rz) < Cy " glll/I; u(xo + 1) + C]

%Bgiao)u + C{) 201(% + Ci) < C.

:Cl<

O

Remark 2.1. If (1.4) is replaced by hy, € LP(QY), the constants in Lemmas 2.1 and 2.2
clearly will not depend on d.

Proof of Theorem 2.1. Let x, y € Q. Without loss of generality, one can choose z, y such
that
| —y| <d/2 and Bag(z), Bag(y) CQ for some d > 0.

(
Set r(z) = min(d, dist(z, [u = 0])), where dist(z, [u
and the set [u = 0]. Remark that we have B, (.)(2)
Indeed, if 2’ € B,(;)(z), we have

= 0]) denotes the distance between z
C [u > 0] whenever r(z) > 0.

dist(2',[u = 0]) > dist(z,[u=0]) — |z — 2| >r(z) — |z — 2'| > 0.

Now if u(z) = u(y) = 0, we have |u(z) —u(y)| =0 < |z —y|.

If u(z) > 0 and u(y) = 0, then y € B, () () C [u > 0].
So r(x) < |z —y| < d/2 < d and then 0B, ;) (x) N [u > 0] # 0.
By Lemma 2.2, we obtain u(z) < Cr(z). Therefore

u(e) — u(y)| = u(z) < Cr(z) < Clo —y.

If u(z) = 0 and u(y) > 0, we conclude as before.

Let us assume u(x) > 0 and u(y) > 0. We distinguish two cases :

i) 5 max(r(z), r(y)) <z~ |

Then we have r(z), 7(y) < d and 0B, (x) N Olu > 0] # 0, dB,(,(y) N Ou > 0] # 0.
Applying Lemma 2.2, we obtain

u(z) —u(y)] < u(z) +uly) < C(r(z) +r(y)) < 2Cmax(r(z),r(y)) < 4C|z —yl.

ii) %max(r(x)m(y)) >le—y|>0:




r(x)

1
Assume that r(z) > r(y). Then 3 max(r(x),r(y)) = Tx > |z — y|. We distinguish two
cases :

d
* () < 5
Let z € B;. We have for 2’ € [u = 0]

diz+r(x)z,[u=0]) < dx+r(z)z2) <dz+rx)zz)+dx,2)
r@)||z||+]|z—2||<r(@)+||z—2"| because z € By.

Since this holds for arbitrary 2z’ € [u = 0], we obtain
d(z+r(x)z, [u=0]) < r(x) + d(z,[u=0]) = 2r(z) < d.

So r(x +r(x)z) < d and then 0B, (;4r(2)2) (x + 7(2)2) N O[u > 0] # 0. Applying Lemma
2.2, we get,

u(z +r(x)z) < Cr(z+r(x)z) < 20r(x).
We deduce that the function v defined by

_u(z +7(r)z2) ;
v(z) = 77”(:0) , € B

is uniformly bounded in By i.e. v(z) < 2C Vz € B;. Moreover, it satisfies
div(a(z)Vv) = f(z) in B
v e CH(By) (see [9], Corollary 8.36 p. 212 and the Remark after it)
where

a(z) = a(z +r(x)z2) and f(z) = —r(x)(he, ) (x + r(z)2).

Applying Theorem 8.32 p 210 of [9] and taking into account the Remark after Corollary
8.36, we get

V11,08, ,, < C(|v 0,B: + |f|p>Bl)7

where C depends only on dist(B, /2,0B1). In particular, |Vv|0’§1/2 is uniformly bounded.

Now, since (y — x)/r(z) € By, we have

[ (255) 0]

y—x‘
r(z)

from which we deduce that

lu(y) — u(z)] < Cly —z|.

10



N

* r(z) >

We consider, as above, the function v defined on B;. Remark that we have

ulo,Ba(z) _ 2
|’U|0,Bl > Tl“d) < g|U|O,Bd(x)-

Then ‘V’U|O,§1/2 < C(d) and we get by arguing as before

lu(y) — u(z)| < C(d)]y — x|,
O

Remark 2.2. Ifin (P)(it), h(x)ey is replaced by a vector function H(x) that satisfies

|H(z)| < h for a.e.z €
div(H) € LY (), p>2
>0

loc
div(H)(z) for a.e. x € Q,

then one can verify that the above proof can be easily extended to show that the solution
u 15 also locally Lipschitz continuous.

3 A Barrier Function

In this section, we construct a function that will be used to prove the continuity of ¢ by
comparing it to u near a free boundary point.

Let (zq,212), (21, 222) € Q such that z15 < z22. We assume that € = x93 — 12 is
small enough to guarantee that

(z1,27 + 2€) X (T12 — €, 722 +€) CC Q.

Let Z = (z1,2; +¢€) x (z12 — €, 722 + €). We denote by v the unique solution in H'(Z) of

{ div(a(z)Vv) = —hg, in Z (3.1)

v=op(r) =€z, +€—x1)" on dZ.

Remark 3.1. We deduce from (3.1) (see [9], Corollary 8.36 p. 212 and the Remark after
it) that v e CL° (ZU{z, + €} X (z12 — €, 722 + €)).

loc

First we have the following estimate

11



Proposition 3.1. There exists a positive constant C independent of € such that
O<ov< 062(17%) m  Z.

Proof. Since div(a(z)Vv) = —hz, < 0in Z and v > 0 on 0Z, we obtain by the weak

maximum principle (see [9], Theorem 8.1 p. 179) that v > 0 in Z.

Now because of the boundary condition, the strong maximum principle (see [9], Theorem
8.19 p. 198) leads to v > 0 in Z.

To prove the second inequality, we introduce the function

w : Y=(0,1)x(0,3) — RT

= (2, 7h) — w(@’) = v(z, +ex), T2 — € + exh).
Then it is not difficult to check that

{ div(Zi(:U’)Vw)/ = —62E; inY (3.2)
—

w=e€(1 ) on Y

where

a(2) = a(z, + ez, x12 — e+ exh), o () = hy, (zq + €2, T12 — € + €x)).
Note that we have by (1.1), (1.2) and (1.5)

a(z)e.€ > NEP, VEER?, Va'eY
[a(a')| < M, 0<hg(z), ae 2/ €Y.

Applying Theorem 8.16 p. 191 of [9], we get

Cl —
supw < supw + 7|€2hz1 |Lq/2(y)
Y ay

where ¢ = 2p > 2 and (] is a positive constant depending only on Y. Moreover

— — 1/p 2p 1/p
€| parry = ( / hy," (@)aa') = ( / Sh2, @)dz) = 0Dy, |2,
Y z
Hence for € small enough
C C
supv = supw < €2 + —162(17%)|h11|m(z) <€+ i62(17%)|h11|m(2/) < cel=y)
z Y A A
where Z’ is a subset of Q that contains Z and which does not depend on . O

Now we have the following gradient estimate

12



Proposition 3.2. There exists a positive constant C independent of € such that

Vo(z)] < Ce™8) Vo e T ={z; + e} x [212, 722)].

Proof. Let S = {1} x (1, 4}) and Y = (,1) x (3, 3). Since S is a C'** boundary portion

of Y, w = 0 on S, we deduce from (3.2) by applying Corollary 8.36 p. 212 of [9] that
w € CH*(Y U S) with the following estimate
whayr < C(Iwloy + [ lpy)
where C = C(\, M, K,d’,S), d =dist(Y',0Y\S), K =max(|a;jlo,az). Clearly C
0]

is a constant independent of e.
Taking into account the estimate in Proposition 3.1 and the fact that |e*hy,|py =

62(17%)|h$1 lp.z < 62(17%)|h11|p7zz, we obtain for another constant independent of € still
denoted by C

IVwloy < |whay < CeA5)

which leads, in particular, to

IVw(1,ah)| < €0 3) Va4 € [1,2].

Therefore

1 _
|V’U(§1 + €,$2)| = E‘vw(lv %)‘ < 06(17%) Vao € [x127x22],
O
The main result of this section is the following Lemma
Lemma 3.1. For € small enough, we have
/ (al)Vo + x([ > O)h(2)er ).V > 0
D
V¢ e HY(D), (>0, ¢=00ndD\T, (3.3)

where v is extended by 0 to D = ((gl,Jroo) X (zlz,xgg)) N

Proof. Let v be the outward unit normal vector to D. First we have by Proposition 3.2
and (1.3) a(z)Vu.v + h(x)v,, > ~MC.e""%) 4+ h>0on T for e small enough. Next, for
(e HY(D), ¢>0, (=0o0ndD)\TIy, we have

13



S—

(a W+ x([v > 0)h(z)e 1).V(da:

/ U>O] )V + x([v > 0])h(x)e 1>.VCdx

- /Dm[v>o] (div(a(x)vv) + hﬂcl(x))CdJC + /T (a(a?)Vv.l/ + h(x)z/g;l)gdg > 0.

4 Continuity of The Free Boundary

This last section is devoted to the upper semi-continuity of ¢. The proof is based on
comparing u with respect to barrier functions introduced in the previous section.
Using the notations of Section 3, we first prove the following lemma

Lemma 4.1. Let v be the barrier function defined by (3.1). Let (u,x) be a solution of
(P). Assume that

u(zy, x2) < v(zy,22) Vag € (x12,222) and wu(zy,z2)=0 i=1,2.

Then we have
lim 1/ a(z)V(u —v)".V(u—v)Tdr = 0
=04 Jp,

where Ds =DNv>0N0<u—uv<d.

Proof. For 6,1 > 0, we consider

. /st _ _
Hs(s) = min (?,1), dp(z1) = Hy(z1 — Z1), Z1 =2, +e

Then ¢ = Hs(u—v)+d,(1—Hs(u)) € H'(D)NL*> (D) is a nonnegative function vanishing
on [z = z;]. So by Lemma 1.1, we have

/D (a(x)Vu + Xh(x)61> N(Hs(u —v))dz
<= [, (o) xhiwer)- Va1 Hio) i (1)

14



Given that u(z;, z;2) = 0 for i = 1, 2, we deduce from Proposition 1.2 i7) that u(z1, x:2) =
0 Va; > xy,¢ = 1,2. This leads to u(x1,zi2) = 0 < v(xy,242) Vo > 21,1 = 1,2
Moreover we have u(z,, z2) < v(zq,22) Vra € (212, T22). It follows that u < v on DN,
and therefore since H;(s) = 0 for s <0, we obtain Hs(u —v) =0 on 0D NQ = 9D\ I's.
Hence we have by (3.3)

- /D (a(@)Vo + x([v > 0D h(w)er ) ¥ (Hs(u — v))dz < 0. (4.2)

Adding (4.1) and (4.2), we get

/ a(2)V (4 — ).V (Hs(u — v))de < / h(@)(x([o > 0]) — x)er.V (Hy(u — v))dz
D D
_ /D (a(x)Vu + Xh(x)q) V(d,(1 — Hs(u)))dx

which can be written since d,, =0 on [v > 0]

/ Hy(u —v)a(z)V(u—v).V(u—v)dz
DnNv>0]
< /Dm[vo] Hj(u)a(r)Vu.Vu — /Dﬁ[vo] xh(z)e1.V(Hs(u))dx

+ /Dm[v_o] (a(x)Vu + xh(a:)el).V((l —d,)(1 — Hs(w)))dzx

+/ (a(x)Vu + Xh(x)el) V(Hs(u))dz
DnN[v=0]
=0+ +15+ 15

Note that I{ + IS + I3 = 0. Moreover
- / (1~ d) (a(2)Vu -+ xh(w)er ).V (Hs(w)d
DnNv=0]
7/ umem@mvwwmmﬂv%ng+@
DnNv=0]
Since d,, — 1 a.e. in D N [v = 0] when n — 0, we obtain by the Lebesgue theorem in

Dwmwzmﬂmh%gzu
'I’]—)

Now we have
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I = —/ xh(z)e1.Vd,dz
DNu=v=0]

- / (1 — Hs(u)) (a(x)Vu + h(x)q) Vd,dx
DN[u>v=0]
=0+ 1.

Note that

-1
I = 7/ xh(z).0p, dpdr = — xh(z)dz <0.
DN[u=v=0] N JDNu=v=0]N[z1 <z1<Z1+n]

Since u € Cpi}(9), one has for some constant C

c
Rl <~

=/ (1~ Hy(u))de
DN[u>v=0]N[Z1<z1<ZT1+7n)]

min(6(w2).21-+)

= —/ / (1 - Hs(u))dzx
T1+n

< c/ / 1- Hg(u))dxl)dacg,

where J = {z2 € (212, 222) / ¢(x2) > T1 }.
Since the function x1 — 1 — Hs(u(x1,x2)) is continuous, we have

%ILI%) fn<x2) =1- H(;(u(.’i‘l,fg)) Vo € (3712,.%‘22)

1 T1+n
where f,(z2) = f/ (1 — Hs(u(z1,22)))dz1. Moreover |f,(xz2)] < 1 for all zo €
n T1

(212, 722). Then we obtain by using the Lebesgue theorem in L(J)

fim [ fy(eades = [ (1= Hyfu(ar, 2o

n—0

So

lim sup|I3| < C’/(l — Hs(u))(Z1, x2)dxs.
J

n—0

Hence

/ 1a(m)V(u —0)T.V(u—v)Tdr < C/(l — Hs(u(Z1,x2)))dxs.
DAf>0jn[0<u—v<3] O 7
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But for x5 € J, we have u(Z1,z2) > 0 and then %irr(l)l — Hs(u(Z1,22)) = 0. Letting 6 — 0
in the above inequality, we get the result by the Lebesgue theorem in L(.J). O

Theorem 4.1.

¢ s continuous at each xo € (ag,by) such that (¢(x2),x2) € Q.

Proof. Let € > 0 small enough. Let 292 € (ap, bp). Set zo = (d(zo2), To2) = (zo1, To2) and
assume that zy € Q. Since u(zg) = 0 and w is continuous, there exists 1, € (0, €) such
that

u(zy, 3) < € V(z1,22) € By, (z0). (4.3)

By Proposition 1.4, one of the following situations is true

i) Iz, T12

) S BTIl (IQ) such that  x19 < xp2 and u(xn,xlg) =0
1)  I(wa1,x22) € By, (o) such that x99 > 02 and  u(xar,222) = 0.

Let us assume that i) holds.
Set z; = max(¢(xo2),x11) and assume that e is small enough so that
(y — €, +2¢) X (x12 — €, 212 + 2¢) CC Q.

Let v1 be the barrier function defined by (3.1) in the set Z; = (2,2, +€) X (x12—€, 212+
2¢). We consider the extension by 0 of vy to Dy = (@p +00) X (1’12,5602)) N Q which

clearly satisfies (3.3).
Now since {z,} X (212, 202) C By, (x0), we have

u(zy,x2) < e = v1(zq, T2) Vao € (z12,Zo2). (4.4)

Moreover since u(zq, 212) = u(x1,zg2) = 0, we get by Proposition 1.2 i7)

u(zy, 12) = u(xy,T02) =0 YV, > xy. (4.5)

Let Dj = (24,2, +¢€) x (212, 202) and Ay = (z; — €, 2, + €) X (12, T2). Due to (4.4)
one can extend (u —v1)* by 0 to Ay \ Di so that (u —v1)* € H'(A;). Then we have
for ¢ € D(A1) by the Lebesgue theorem in L!(D])

/ a(z)V(u—v)".V¢dr = / . a(x)V(u —v1)".V{dx
Aq Dy

= ;ii% - Hs(u—v1)a(z)V(u—v1)".Vidr = ;i_{% Is.
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Note that

I — /D+ (@)Y (1 — v1) "V (H(u — v1)¢)dx

1
—= Ca(x)V(u —v1).V(u —vy)dz
0 JpFAo<u—v,<s]

= I} - 1I%.
By Lemma 4.1, gix% I? =0, since

1
RS (@) V(1 — 1), (u — vy )da
DYF 0 D n[0<u—v1 <]

We claim that I} = 0. Indeed, first because Hs(u — v1) = 0 whenever u < vy, we have
V(u—v1)t.V(Hs(u —v1)¢) = V(u—v1).V(Hs(u — v1)¢) a.e. in Di". Therefore

I} = / . a(x)Vu.V(Hs(u —v1)¢)dz — / . a(z)Vvy.V(Hs(u — v1)¢)d.
D7 Dy
Since u < vy on dD \ [x1 = z; + €], we have Hs(u —vy) = 0 on D] \ [z = z; + €.

Moreover ¢ = 0 on [v; = 2, + ¢]. So Hs(u — v1)¢ € HY(D]") and therefore from the
definition of vy, we obtain

/D a(2)Vor V (Hs(u — )0z = — [ h(@).(Hs(u - 11)C), da.

+ +
1 Dl

Now +Hs(u — v1)¢x(Dy") are test functions for (P), x = 1 a.e. in DI N [u > 0] and
Hs(u — v1) = 0 whenever v = 0. So we obtain

/ () (Hy (o — 1)) = / k(@) (Hy( — 01)C)
DY Dy

= —/ h(z).(Hs(u — v1)() g, dx = — h(zx).(Hs(u — v1)()q, de.
D N[u>0]

DY
Hence I} = 0. Consequently
/ a(x)V(u—v1)T.V{dz =0 V(€ D(A)
Ay

which leads by (4.4) and the strong maximum principle to (v — v;)™ =0 in A;. Conse-
quently u < vy in Df' and in particular u(z; +€,22) =0 Vaa € (212,%02). Therefore

u(fbl,l‘g) =0 Vo, > X, +€=171, Vg € [5812,:602].
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Now, by continuity of u there exists 72 € (0, z92 — x12) such that

u(zy, x0) < €2 V(z1,22) € By, (T1,T02).
By Proposition 1.4, there exists (221, x22) € By, (Z1, Zo2) such that
xo1 > X1, o9 > X02 and ’u(ngl,:L‘QQ) =0.
Set x] = x21 and assume that € is small enough so that
(1’1,@1 + 26) X (122 — 2€, 790 + E) cc Q.
Let vo be the barrier function defined by (3.1) in the set Zo = (2,2 + €) X (292 —
2¢, x99 +€). Clearly the extension by 0 of vy to Dy = ((g’l, +00) X (xo2, m22)> N satisfies

(3.3).
Then, since {z}} X (zo2, x22) C By, (Z1, To2), we have

u(zh,z2) < € = va(2f,x2) Vg € (w02, T22).

Arguing as above, we deduce that (u —vg)™ =0 in Dy N [vg > 0]. Then

u(l’l,llfg) =0 le > g’l + ¢, V:ZZQ € [SCOQ,LIEQQ].

Hence

w(zy,m2) =0 Vo >z + €, Vo € [T12, T22].

Note that if 4i) holds, we argue similarly to obtain the same conclusion. Finally we have
proved for all xo € (z12,x22)

¢(SC2)Slll+6<f1+772+€:£1+6+7]2+6<$01+T]1+172+2€<¢(I02)+46

which is the upper semi-continuity of ¢ at zgs. O
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