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Introduction

The steady state dam problem consists of studying the filtration of a fluid (say water)
through a porous medium €2 assuming an equilibrium has been reached. Then we look for
the saturated region S (see Figure 1) and the fluid pressure p inside 2. We are also concerned
with the regularity of the interface that separates wet and dry regions, called free boundary.

The Variational Inequalities Approach by Baiochi

The study of this problem goes back to the early seventies with the pioneering work of
Baiocchi [7], [8], who is probably the first one to solve this problem in the case of a rectangular

dam. By introducing the transformation u(x1,z2) = fOH p(x1,t)dt, where H is the height of
the dam, he showed that u is the unique solution of the variational inequality

Jo VuV((—u) > = [o(C—u) V(¢ € Ky,

where IK; = {¢ € HY(2) /¢ = g on 9Q,¢ > 0 in Q}, and g is a given Lipschitz continuous
function. He also proved that the free boundary is an analytic curve xs = ®(z1). In [9] and
[10], he generalized these results to dams with horizontal bottoms.

{ Find u € IK4 such that:

For heterogeneous dams, the first results where also established in the rectangular case
via the theory of variational inequalities. Indeed using the following generalized Baioc-
chi’s transformation wu(xq,xs) = f:j ka(s)p(z1, s)ds, allowed authors to handle the case
of a matrix permeability of the form k(x1,x2)Il, where I is the 2 X 2 unit matrix and
k(x1,22) = k1(x1)ke(x2). Hence Benci proved in [14] that u is the unique solution of the
following variational inequality

{ Find u € IK4 such that:

0 BEUTUV(C —u) > — [y k(1) —u) V(€ I,

where K, = {¢ € H'(2) /¢ = hon 0Q,( > 0in Q}, and h is a given function. He also
proved that the free boundary is a curve 1 = ¥(xz3). When k}(22) < 0, he proved that it is a
curve of a continuous decreasing function ®(x;). Baiocchi and Friedman [13] extended these

H
results assuming only that In ( / kg(t)dt> is concave. In [19], Caffarelli and Friedman

T2
proved that the free boundary is a curve x; = U(z3) provided that k(x1,x2) = ka(z2) is a
non-increasing step function.

Note that Baiocchi’s transformation was used locally by Alt in [3] to prove the regularity of
the free boundary.
The Weak Formulation of Alt and Brezis-Kinderlehrer-Stampacchia

Given that the variational approach is not possible for dams with general geometry, Brezis,
Kinderlehrer, and Stampacchia in [17] and independently Alt in [2] introduced the following
formulation:



Find (p, x) € HY(Q) x L>=(Q) such that :
(1) p=>0, 0<x<1, p(l—-x)=0 ae. in®
(Py) (ii) p=¢ onSyUS;
(iii) [, (Vp+ xe).Véde <0, e=(0,1)
VEe HY(), €=0o0onS3, &>0on Sy

where x is a bounded function characterizing the wet part of the dam, S; is the impervious
part of the dam, S5 is the part in contact with air and S5 is the part in contact with the
reservoirs, ¢ represents the exterior pressure.

Existence of a solution was proved by approaching x with an approximation of the Heaviside
graph. Regarding the the free boundary, Alt proved in [3], that it is an analytic surface
Zp = ®(21,...,2y—1) when € is a Lipschitz domain of IR" with n > 2. The uniqueness of the
so-called S3-connected or reservoirs-connected solution was proved by Carrillo and Chipot
in [21] and also by Alt and Gilardi in [6].

In [23], Carrillo and Lyaghfouri considered this problem, assuming the flow governed by the
following nonlinear Darcy law [33] [v|™ tv = —V(p + z2), m > 0. The authors formulated
the problem in terms of the hydrostatic head u = p 4+ x5 instead of the pressure, which led
to the following problem:

Find (u,g) € WH4(Q) x L>(Q) such that :
(i) u>xzy, 0<g<1, glu—x9)=0 ae. in
(P2) (1) u=p+y on SyUSs
(ii7)  [o (IVu|i™2Vu — ge).Védz < 0
VEe Whi(Q), £€=0o0nS;, &>0onS,.

Then they showed the existence of a solution, proved the continuity of the free boundary
x9 = ®(x1) and the uniqueness of the reservoirs-connected solution in dimension 2. For
dimension n > max(2, ¢), they proved the existence and uniqueness of a minimal solution.

The general heterogeneous dam with general geometry was formulated first in [2] by Alt.
In [30] and [43], the authors showed that for a permeability matrix a(z) = k(z1, z2)Il2 with
BBTIZ > 0 in D'(Q), the free boundary is a continuous curve xo = ®(z1) and the reservoirs-
connected solution is unique. These results were generalized by Lyaghfouri [37] to the case

where

a(z) = ( an() 0 ) and %“22 >0 in D'(Q).

az1(z) ag(z) T2

The model with leaky boundary condition i.e. when the flow through the reservoirs’ bottoms
is equal to a function of the difference between exterior and interior pressures,

v ==z, —p)



was considered first in [10] in the rectangular case. The general situation was considered in
[22], [41] and in [26] via the following formulation:

Find (p, x) € HY(Q) x L>=(Q) such that :
(i) p>0, 0<x<1, pl1—-x)=0 ae inQ
(P5)§ (i) p=¢ onS,
(iii) [, a(z)(Vp+ xe).Védr < sz Bz, p — p)édo(x)
VEe HY (), €>0on S,.

The continuity of the free boundary and the uniqueness of the reservoirs-connected solution
were established in [26] for the two dimensional and homogenous case. In [40], the continuity
of the free boundary was extended to heterogeneous media with linear or nonlinear Darcy’s
laws together with various uniqueness results including the situation corresponding to the
linear Darcy law with a diagonal permeability matrix.

The main difference between the model corresponding to Dirichlet condition and the one
with leaky condition is the fact that the region below the reservoirs is always saturated in
the first model while it is not necessarily the case for the second one. However we know [26],
[40], that if B(z, p) > azave on a connected subset T' of Sz, where v, is the second entry of
the outward unit normal vector v to 02, then the region below T is completely saturated
provided its lower boundary is impervious.

Differentiability of the free boundary is still an open problem for the heterogeneous case
even in dimension 2 except when the permeability does not depend on the variable x5 [26].
In dimension n > 3, the continuity of the free boundary is also an open problem except for
the homogeneous case with Dirichlet conditions.

Outline of the Chapter

In this study, we shall be concerned mainly with a two dimensional heterogeneous dam
with general geometry, assuming the flow governed by a nonlinear Darcy’s law. We refer
to [24] or [31] for the homogeneous case with flow obeying to the linear Darcy law. For
the variational inequalities approach, we refer to [11]. The paper is organized as follows:
in Section 1, we derive the weak formulations of the dam problem with Dirichlet Boundary
condition and with leaky boundary condition respectively. Then we prove the existence of
a solution (u,g,7) to a unified formulation of the problem. Moreover we show that w is
uniformly bounded and locally Hélder continuous in 2. Under additional assumptions on
the permeability, we also establish a monotonicity result for g, which with the continuity
of u allows us to define the free boundary as an xjxo—graph. In Section 2, we address the
case of Dirichlet condition. We prove the continuity of the free boundary and show that g
is the characteristic function of the dry part of the dam. Then we prove the uniqueness of
the reservoirs-connected solution. In Section 3, we consider the leaky condition case. We
give a sufficient condition for saturation under the reservoirs and prove the continuity of the
free boundary. As a consequence, we obtain the expression of g which unlike the previous
case is not equal to the characteristic function of the dry part. Finally, the uniqueness of
the reservoirs-connected solution is established in two situations.



Notation

A typical point in R? is @ = (x1,29) and |z| = /27 + 23.

S, Int(S) and OS are respectively the closure, the interior and the boundary of the set S.
x(S) is the characteristic function of S.

Q\S={zxeQ/z ¢S5}

|S| is the Lebesgue measure of S in R2.

B,.(x) is the open ball with center z and radius r.

If u is a real valued function, then u* = max(u,0), v~ = (—u)™, u;, = g:_ and Vu =

(Ugy, s, )-

C’loo’? () is the set of all functions u :  — R that are locally Holder continuous in 2.

CY*(Q U S), where S C 99, is the set of all functions u : QU S — R that possess an

loc

extension to C1:%(€') for some open set €' which contains Q U S.

Cl’a(Q U S), where S C 09, is the set of all functions v : QUS — R whose first partial

loc
derivatives are in C2%(Q U S).
C1(9Q) is the set of all continuously differentiable functions u : Q — R.
C1(Q) is the set of all functions u : @ — R that possess an extension to C1(R?).

D(Q) is the set of all indefinitely continuously differentiable functions v : @ — R with
compact support.

D'(€) is the set of distributions.

LP(Q) is the set of all Lebesgue measurable functions v : Q@ — R such that |u|, o < oo,
where |ulp.0 = (fﬂ |u(x)\1’da:) e if 1 <p<ooand |u|eo,o = ess supalul.

LP(Q) = (LP(Q))°.

LP'(2), where % + ; = 1, is the dual space of LP(Q).

WhP(Q) ={u:Q — R/u,uz,,uz, € LP(Q) }.

lul1,, = (|u|p7Q + |t ) o + |um2|§’g) /P is the norm of Whe(Q).

HY(Q) = W2(Q).




1 A Unified Formulation of the Dam Problem

1.1 Formulation of the Problem

A porous medium that we denote by  is supplied by several reservoirs of a fluid which
infiltrates through Q. We assume that Q is a bounded locally Lipschitz domain of IR?* with
boundary 9Q = 51U Sy U S3, where S; is the impervious part, S» is the part in contact with
air and S3 = Uij\[ S3; with S3; the part in contact with the bottom of the i‘" reservoir.
We assume that the flow in € has reached a steady state and we look for the fluid pressure
p and the saturated region S of the porous medium. The boundary of .S is divided into four
parts (see Figure 1):

e I'y C S : the impervious part,
e I's C Q: the free boundary,
e '3 C S5 : the part covered by fluid,
e I'y C S5 : the part where the fluid flows out of Q.
In the saturated region, the flow is governed by the following nonlinear Darcy law
v=—-A(x,V(p+x3)) = —A(z, Vu) (1.1.1)

where v is the fluid velocity, u = p + x5 is the hydrostatic head and A : Q x R?> — IR? is
a mapping that satisfies the following assumptions for some constants ¢ > 1 and 0 < A <
M < oo:

i)  x+— A(z,&) is measurable V¢ € IR?
i) & — A(z,€) is continuous for a.e. z € Q
iii) for all £ € IR* and for a.e. z € Q
A, )£ 2 Ag|? and  |A(z,§)] < M7~
iv) for all £,¢ € IR* and for a.e. z € Q
(A(,€) — A, Q)€ — ) > 0.

A first example of such an operator A corresponds to the classical Darcy law [18]
A(z,§) = a(z)¢,

where a(x) is the permeability matrix of the medium.
Another example corresponds to the nonlinear Darcy law [33]

A(z,€) = |a(2)€.£) T al(z)e.

In the following, we shall derive weak formulations of the problem with Dirichlet condition
on Sy U S5 and leaky condition on S3 respectively. Then we give a unified formulation that
covers both formulations. First due to the incompressibility of the fluid one has

div(v) =0 in S.

(1.1.2)




Figure 1

Thus for each sufficiently smooth function £ and assuming v and S smooth enough, one has

Oz/sdiv(v).fdx: —/Sv.vgdx+/ vvdo(z)

oS

where v is the outward unit normal vector to 9S. This reads by (1.1.1)

/A(x,Vu).Vfdx:/ —v.védo(z).
S s

Assuming that the exterior atmospheric pressure is normalized to 0 and extending p by 0 to
Q\ S, we obtain

/Q(.A(at7 Vu) — x(Q\ S)A(x,e)).Vidr = / —v.védo(x). (1.1.3)

a8

Note that we are looking for a p > 0 or equivalently

u>xo In



Thus x(©\ S) is a function, that we denote by g, such that
0<g<1l, g(u—z2)=0 in Q.

We assume that no fluid can flow through the part of S that is contained in 2 i.e. the free
boundary. This leads to
vw=0 on ISNQ.

It follows from (1.1.3) that for I' = 0Q

/(.A(z, Vu) — gA(z,€)).VEdx = / —v.védo(x). (1.1.4)
Q 19}

snr

Now if we assume that I'y is impervious and since there is overflow on I'y, we obtain for
&>0on Sy

/(A(:c,Vu) — gA(z,e)).Vdx §/ —v.védo(x). (1.1.5)
Q

I's

Finally, we denote by ¢ the exterior pressure on Sy U S3 which is equal to the atmospheric
pressure on Sy, and is equal to the fluid pressure on S3. A first model for the flow through
the reservoirs bottoms’ consists on assuming the continuity of the pressure i.e. that we have

u=1®Y=p+2xy ondSs. (1.1.6)

Now assuming that £ = 0 on Ss3, we get the following weak formulation (see for example [2],
[17], and [23])

Find (u,g) € WH4(Q) x L>(Q) such that :
(1) u>zy, 0<g<1, glu—x2)=0 ae. in
(Pp) (7i) u=1 onSyUS;
(iii) [ (A(z, Vu) — gA(z,e)).Védr < 0
VEeWhi(Q), ¢€=0onSs; £>0o0nS,.

A second model for the flow through S3 consists on prescribing the flux instead of the
pressure i.e.

—v.v = f(x,po—p) on Ss, (1.1.7)

where 3(x,v) is a function that is nondecreasing with respect to v. In this case, we obtain
from (1.1.5) and (1.1.7), for £ > 0 on Sy (see [22], [25] and [26]):

Find (u,g) € Wh4(Q) x L>(Q) such that :
(1) u>zy, 0<g<1l, glu—x2)=0 ae. in
(Pr) () uw=1 onSy
(ii5)  [fo (Alz, Vu) — gA(z,¢)).Védr < [g B(z,¢ —u)édo(z)
VE e WHi(Q), €>0on Ss.



Now we would like to replace the above boundary conditions by the following unified bound-
ary condition
—v.wv e B(z,o—p) onT, (1.1.8)

where for a.e. z € T', B(z,.) is a multi-valued monotone function.
Note that if B is given by

B(I, ) = { R x {0} for a.e. x € 51

1.1.9
{0} xR for a.e. z € Sy U S5, ( )

we obtain

vvr=0 onS; and p=¢ on SyUSs3,
which corresponds to (Pp).

If for a.e. © € S3, B(x,.) is a continuous nondecreasing function, and B is given by

R x {0} fora.e. z€S5
B(z,.) = {0} xR for a.e. x € Sy (1.1.10)
O(z,.) for a.e. x € Ss,

we obtain

vw=0 onS, p=¢ onSy and vw=-0F(z,0—p) onSs,
which corresponds to (Pr,).
For B, we assume that

for a.e. 2 € T, B(x,.) is a maximal monotone graph of R? (1.1.11)
fora.e. z €T, 0 € B(z,0) (1.1.12)
for a.e. x € ', D(B(x,.)) = [a(x),b(z)], —oo < a(z) <0< b(x) < 400.(1.1.13)

Taking into account the assumptions (1.1.11)-(1.1.13), there exist for a.e. = € T, two
maximal monotone graphs By (z,.) and Ba(x,.) in R? such that

D(By(z,.)) =R

Ba(x,.) = B(z,.) in (a(z),b(z))

Ba(x,s) = {(s,B%(z,a(x)))}, Vs<a(xr) ifa(x)>—-cc

Ba(z,s) = {(s,B%x,b(x)))}, Vs>b(x) ifb(z)<oo (1.1.14)

Bi(z,.) = in (a(x),b(x))
B=B;+ By in [a(x),b(z)],

where for a.e. € T', B%(z,.) is the minimal section of B(z,.) i.e. for each s € D(B(z,.)),

Bz,s)|= min |yl
|B™(, )| 'yEB(z,s)||



Moreover, we assume that:

VR>03Cr>0: forae xzelVse[-R,R]N[a(x),bx)] Ba(z,s)C{s}x[-Cr,Cg].
(1.1.15)

Taking into account (1.1.5) and (1.1.8), we obtain the following unified weak formulation
(see [4] and [39])

Find (u, g,v) € WH() x L=(Q) x LI (') such that :
(1) (x)—u(z) € D(B(z,.)) for a.e. z €T
(1) u>me, 0<g<1l, glu—z3)=0 ae. in
(Py) (15i) ~(z) € B(z,¥(x) —u(z)) for a.e. z €T

and v(z) <0 for a.e. z € I" such that ¢ (z) = 2
(iv) / (A, Vu) — gA(z,¢)). V(€ — u)da > / 7€ = w)do(z)

Q r

VE e K= {¢ e Whi(Q)/a(x) < (x) — &(x) < c(x) for ae. x €T},

where for a.e. € T, ¢(x) = b(x) if p(x) > 0 and ¢(z) = o0 if p(z) = 0.

1.2 Existence of a Solution

In this section, we establish the existence of a solution of the problem (Py).

Theorem 1.2.1. Assume that ¢ is a nonnegative Lipschitz continuous function, A satisfies
(1.1.2) and B satisfies (1.1.11)-(1.1.15). Then there exists a solution (u,g,) to the Problem
(Pu).

For € > 0, we introduce the following approximated problem:

Find u, € V = {& € WH9(Q)/ & € L7 (T') } such that :
/ e(Jue| " ?ue — 22| %22).£ + (A, Vue) — Ge(ue) Az, €)).Véd

+ 6(|ue|q,72ue - |I2|q,72$2).§d0(5€)
r

= /(Bi(m,w —ue) + BS(x, 9 — u.)).Edo(x) VE eV,

r

where G, : L1(Q) — L>®(Q) is defined for a.e. x € Q by G.(v(z)) =1 — H.(v(z) — x2) and
+

H.(s) = min (S—, 1). BS (i = 1,2), denotes the Yoshida approximation of B;. Note that B
€

is nondecreasing and uniformly Lipschitz continuous with respect to the second variable (see
[15], [16]), with Lipschitz constant equal to 1/e. Taking into account (1.1.12), we deduce
that Bf(x,0) =0 for a.e. € I'. By the monotonicity of BS(z,.), this leads to



B (z,u).u >0 forae z€el,VueR. (1.2.1)
We shall equip V' with the norm ||u|| = |u|1,4 + |ul|q -

Remark 1.2.1. The approzimation of (Py) by a similar problem to (P.) was first introduced
in [2] and [17] to solve the problem with Dirichlet condition and linear Darcy’s law. It was
extended in [22] to address the problem for leaky condition. Finally it was used in the form
given here in [39] and in [4] forq=2 .

We first establish the existence of a solution to (P.).

Theorem 1.2.2. Assume that ¢ is a nonnegative Lipschitz continuous function, that A
satisfies (1.1.2) and B satisfies (1.1.11)-(1.1.15). Then there exists a solution u. to (P.).

Proof. The proof is based on the Schauder fixed point theorem. First we consider for u € V/
the operator Au : V — R defined by

£ >< Au, > = / elu|?2u. + Az, Vu).Védr + / elul? ~2u.tdo(z)
Q r
- [ (Bt = )+ By(a, b~ w) o)
r
Clearly A defines a continuous operator from V to V’. Moreover A is monotone due to the

monotonicity of A(x,.), B(z,.) and the function u — |u|"~2u for r > 1.
We claim that A is also coercive. Indeed, we have for each u € V

< Au,u >=/6|u|q—|—A(x,Vu).Vudx+/e|u|q do(x Z/BE —u).udo(z).
Q

(1.2.2)
Using (1.2.1) and the Lipschitz continuity of 5{(z,.), we have

B (2, —u).u < Bi(x, ¢ —u).p < |w —ul Yl < - (\1/)\2 + [ul.[¢])

which leads by Hélder’s inequality, for some positive constants cg, ¢1, to

/B€ —u).udo(z) < co + c1lulg . (1.2.3)

Using (1.1.2)#4¢) and (1.2.2)-(1.2.3), we get for a positive constant ¢y

< Auyu>> ep[ul, + [ul? 1) — 2e1fulyr —2¢0 Yu e V. (1.2.4)
< Au,u >
Since ¢q,¢' > 1, we obtain  lim SanY +00.
llull =400 |yl

10



Now for v € L1(Q)), we consider the mapping F, : V' — R defined by

Fv(g):/Qe|x2|q72x2.§dx+/QGE(U)A(Jc,e).Vfd:U+/I‘e|x2|q/72xg.£da(m).

Given that F, is a continuous linear form on V, and A is continuous and coercive, there
exists, for each v € LI(Q), [35] a unique solution u, for the variational problem:

{“6 eV, (1.2.5)

< Aue,w >=< F,,w >, YweV.

This defines a mapping F. : L4(Q2) — V, v — u,, which satisfies

AR, > 0/ ||Fe(v)|| < Re Vv € LY(Q), (1.2.6)
Fe(Br.) C Br,, (1.2.7)
Fe: LI(Q) — L9(Q) is continuous, (1.2.8)

where Bp, is the closed ball of LI(2) of center 0 and radius R..
Indeed, using u. as a test function for (1.2.5) and taking into account (1.2.4), we get

’
C2(|ue|(f,q + |U€|3/,F) — 2c1|uelg,r — 2co < es(|uelig + |uelq.r)

which can be written

!’
uelf o + lueld + < c5fuelig + [uelqr) + co. (1.2.9)
We discuss three cases :

[te]1, <1 : In this case, we deduce from (1.2.9) that |u6|Z:’F < dyluelgr + ¢ + ¢, which
leads to |uc|y 1 < ¢4 for some constant ¢g. Thus |uel1,q + |te|gr < ca + 1.

Ul < 1 : In this case, we deduce from (1.2.9) that |u.|? < chlueli g + ch + ch, which
4, 1,9 3 gt C T3
leads to |uc|1,q4 < ¢5 for some constant c5. Thus |uclt,q + |uelq,r < c5 + 1.

’

|tel1,qs [te|gs » > 1+ Let r = min(g,¢’). Then we have

IN

’
2" (Juel g + Juely r) < 277 (luel] g + el )

CZ%QT_l(We 1,4t |uelgr) + 062T_1

(|ue|1,q + |ue‘q’,l‘)r

IN

which leads to |u|1,q + |ue|q,r < ¢6 for some constant cg.
Finally, we have proved (1.2.6). Now (1.2.7) is a consequence of (1.2.6) since |u¢|q.a < ||uell.

To prove (1.2.8), let (vg)i be a sequence of L(€2) which converges to v in L?(2). We denote
F.(vi) by u¥. Since u¥ — u, is a suitable test function for (1.2.5), we obtain by subtracting
the equations written for u* and u, respectively

11



/ (A(z, Vul) — A(z, Vue)).V(ul — ue)dz
0
+/ e(Juf972u — ue| T 2ue) . (uf — u)dx
Q
b [ 20— . o)
r

:/ (Ge(v) — Ge(v)) Az, €).V (uf — ue)da
+Z/ (BS(x — BS(x,9 — ue)).(uF — u)do(x)

which leads by the monotonicity of A(z,.), s — |s|9 ~2s, and BS(z,.) to

/ e(Juf 9720k — w7 2u,) . (uf — u)de < / (Ge(vi) — Ge(v)) Az, e).V (uF — u)da.
Q Q
(1.2.10)

Using (1.1.2)ii4), the fact that G is Lipschitz continuous with Lipschitz constant equal to
1 and the Hélder inequality, we obtain since ¢’ > 1 and |G (vy) — Ge(v)| < 1

/ (Gelv) — Gelv) Al ).V (ul — ue)de
Q
q
<M /|G V) |‘1dx /\Vu — U \qu> .
1/q’
SMHuf—uEH(/ \vk—v|daj) ’
Q€

M|QY/ /aqd’
= ‘1/|q [l —ue\l /Ivk—v\qu) : (1.2.11)

Combining (1.2.6), (1.2.10)-(1.2.11), we obtain for some constant C/(e)

72 = 0. = w)d < (6o = ol
Q

which leads to
lim [ (Juf|72uf — |uc |7 %) (uf — u)de = 0. (1.2.12)

k—o0 Q
Using the following inequalities for some p > 0:
i) if g=2, Yo,y € R? plz —yl? < (|29 %2 — |y|7%y).(z — y),
i) if 1<q¢<2, VoyeR? plr—yl® < (o] +|y))* 2. (|27 %z — [y]7%y).(z — y),
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we easily obtain from (1.2.12) that u* — wu. in L(Q). Hence the continuity of F, is
established. In particular F, : B(0,R.) — B(0, R.) is continuous. Moreover by (1.2.6),
F.(B(0,R,)) is relatively compact in L(2). Thus we can apply the Schauder fixed point
theorem to obtain a fixed point for F. which is a solution of (P).

Now we have the following estimates:

Lemma 1.2.1. Let H and € be two positive constants such that H > g + max (x).
EASY)
Then we have for all € € (0, €q):

o <u. < H ae in. (1.2.13)

Proof. i) Using (u.—xz2)~ as a test function for (P.) and taking into account that G¢(u.) =1
a.e. in [ue < xa|, we obtain

/ Az, Vue).V(ue — x2) " dz —|—/ e(|ue|T 2ue — || 220) . (ue — z2) " dx
Q Q

+/ (el " e — [wa| " 2 22). (e — 72) " dor(x)

r
= A A(z,e).V(ue — x2) " dx + ; /F B (z,% — ue).(ue — x2) do(x).
(1.2.14)

Using the fact that ¢ > x5, the monotonicity of Bf(x,.) and (1.2.1), one has for i = 1,2

/Bf(ac,w — Ue)-(Ue — x2) " do(x) > / B (z,x2 — uc).(x2 — ue)do(x) > 0. (1.2.15)
r r

Nue<z2]
Combining (1.2.14) and (1.2.15), we get
/ (A(z, Vue) — Az, V).V (ue — x2)dx
QN[ue<zs]
+/ e(|ue| 2ue — || 220) . (e — x2)dx
QN[u<wzs]

+/ e(Jue]? " 2ue — |z2| "2m9).(ue — 32)do(z) <0.  (1.2.16)
I'Nue<wzs]

Using the monotonicity of A(z,.) and u — |u|""2u for r = ¢,¢’, and (1.2.16), we obtain
Ue > X2 a.e. in .

i1) Note that for € € (0,€p) and for u.(x) > H, one has u.(x) > H > eg + 1 > € + x2, and
therefore G(uc(x)) = 0. It follows that

Ge(uc(x))A(z,e).V(ue — H)Y =0 for a.e. o €. (1.2.17)
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Using (1.2.1) and the monotonicity of Bf(z,.), one has
B (2, — ue)(ue — H)Y < B(z, H — ue)(ue — H)t <0 forae xeT. (1.2.18)

Using (u. — H)T as a test function for (P.) and taking into account (1.2.17)-(1.2.18), we
obtain

/QA(:C, Vue).V(ue — H) dr + /Q e(|ue|? 2 ue — |wa| 229).(ue — H) da
+/1“ e(|uel? 2ue — |za]? " 2a2).(ue — H)tdo(z) <0
which can be written since H > x5 for all z € Q
/Q.A(QZ,V(U6 — H)).V(ue — H)"dx + /Q e(|ue| " *ue — |H|"*H).(ue — H)Tdx

+/F e(|uel? 2uc — [H|Y 2H).(ue — H)Tdo(z) < 0.

Using the monotonicity of A(z,.) and u — |u|9 ~2u, we get
/Qe(|u6|q_2uE — |H|"2H).(uc — H)"dz < 0.

This clearly leads to u. < H a.e. in 2. O

Here we give an estimate for Vu,.

Lemma 1.2.2. Under the assumptions of Lemma 1.2.1, we have for some positive constant
C' independent of €

Ve € (0, €p) /Q |[Vu|idx < C. (1.2.19)
Proof. Using u. — 1 as a test function for (P.) and taking into account (1.2.1), we obtain
/Q.A(x, Vue).V(ue — )dx + /Q e(|ue| 2ue — || 220) . (e — ¥)dx
+ [ el 2 =l e). (1 =)o)
< A Ge(ue)A(z,e).V(u. — )dx

which can be written, for a positive constant Cy independent of ¢, by using (1.1.2), (1.2.13)
and the fact that |Ge(ue)| <1

/ [Vue|ldx < C'1—|—C'1/ |Vu€|q*1dx+/ |Vue|dz
Q Q Q
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al
Using Young’s inequality ab < — + —- for appropriate a and b, one gets for another positive

constant independent of € still denoted by C4

1
/ |Vue|%dx < Cy + f/ |Vuc|%dx
Q 2Ja

which is (1.2.19) with C' = 2C. O

Proof of Theorem 1.1. The proof consists in passing to the limit as ¢ — 0 in (P.). First
we have 0 < Gc(u.) < 1, ue is bounded in W14(Q) by (1.2.13) and (1.2.19). Also by
(1.1.2) and (1.2.19), A(z, Vu,) is bounded in LY (Q). It follows by the Relich theorem, the
complete continuity of the trace operator, and the reflexivity of the Lebesgue space L™ ()
for 7 > 1, that there exists a subsequence (., ) of (u.), functions v € W4(Q), g € LY (Q),
and Ay € L7 (Q) such that

Ge, (Ue,) = g in L7(Q) (1.2.20)
Ue, — U in WW(Q) (1.2.21)

Ue, — U in LYQ) and ae. in (1.2.22)

U, — U in LYT) and a.e. inT (1.2.23)
Az, Vue, ) = Ag in L7(Q). (1.2.24)

Moreover by (1.2.13) and the monotonicity of B5* (z,.), we have for some positive constant
Hy and for a.e. x €T

B3 (x, —Hy) < By (w,¢ — H) < By* (#,¢ — ue,)
B;k(.ﬁ,lb _ufk) < ng(l‘vw —332) B ( ) < B;k(x’Hl)'

Using (1.1.15), we deduce that we have for some positive constant Cpy,
B (2, = ue, )| < max(|BS(z, —Hh)|, |BS(w, Hy)|) < O,

from which follows that (B3 (z,9 — u,,)) is bounded in L*°(T"). Therefore, there exists a
subsequence of (u., ) still denoted by (u, ) and an element  of L7 (T') such that

B (2, —ue,) — vy in LI (T). (1.2.25)

We shall prove that (u,g,) is a solution of (Py).

Since the sets {v € Wh4(Q) /v > 25 ae. in Q} and {v € LI (Q) /0 < v < 1 a.e. in Q} are
weakly closed in W14(Q) and L7 () respectively, and contain respectively u, and G, (uc, ),
we obtain

u>ry and 0<g<1a.e. in . (1.2.26)
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Moreover we have for all s > 0, 0 < (l—min (2, 1))3 = (l—f)sx([o < s < ¢]) < e. Therefore

0< / o (e ) (1, — 22)dz < €[]
Q

which leads by letting e, — 0 and taking into account (1.2.20) and (1.2.22), to

/Qg.(u ~ w)dz = 0.

By (1.2.26), we obtain
g.(u—xz2) =0 ae. in Q. (1.2.27)

Now since we have for a.e. z € T" such that ¢ = xo, BS* (2,1 — ue,,) = Bs* (2,22 — u,,) <0,
we deduce that
v(x) <0 for a.e. €T such that ¢ = . (1.2.28)

Moreover, using (1.2.23) and (1.2.25), we obtain [15], Lemma 1.3, page 42
v(z) € Ba(x,9p(x) —u(z)) forae. zel. (1.2.29)

Using 9 — u,, as a test function for (P, ) and taking into account (1.2.1), (1.2.13) and
(1.2.19), we get for some constant C' independent of €,

0= [ B~ ) (6 - o )do(o) < €
r
which can be written, since for a.e. € I and for all u € D(B)

B () = —((w= 1)~ (a~u)")

0= / (6 =ty = B)* = (a— 6+ ug ) ). — g, )dor () < exC.

Letting €, — 0, we obtain
/F (6 —u—bB)* — (a— 9+ u)*).(¢ — wdo(x) = 0.

Since a <0 <bae. in T, one has (Y —u—b)". (Y —u) >0and —(a— +u)T.(v —u) >0
for a.e. x € T. Tt follows that (¢ —u—0b)* —(a — ¢ +u)").(¢ —u) =0 for ae. z €T,
which leads to a <4 —u <ba.e. inI'. Hence ¢ —u € D(B(z,.)) for a.e. z € I'. We deduce
then from (1.2.29) and the definition of By that vy(z) € B(x, ¢¥(z) — u(x)) for a.e. z € T.

So far, we have proved (Py)i), i) and 4i). It remains to show (Py)iv). First remark that
because of (1.2.13), any element of W14(0Q) is a test function for (P, ). Next let £ € K and
note that

B (x, 9 —ue,).(§ —ue,) >0 ae inT. (1.2.30)
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Indeed one has first
—(a—htue, )T (E—ue,) = (a—Y+ue,) T (ue, —&) > (a—b+ue, )" .(ue, —+a) >0 a.e. inT.

To show that (¢ —ue, —b)".(€ —ue,) > 0 a.e. in ', we consider two cases:

*x1) > xo : In this case ¢ = b and ¥ — £ < b. Therefore

(W=, —b)T(E—ug) > (W —ug —b)T. (b —b—u,) >0 ae inl.

*1) = xo : In this case (¢ — u,
b>0a.e. inI.

., — 0t = (22 —u., —b)T =0 since u,, —xy > 0 and

Taking & — ue, as a test function for (P.,) and using (1.2.30), we get
/Q (A(z, Vue, ) — Ge, (ue, )A(z, €)). V(€ — u, )da
+ / el |7 2y, — |w2]222) (€ — e, )
[ e, = ol 2a2) €~ o)
> /Fng (2,9 — ug,)-(€ — ue, )do (). (1.2.31)

It remains to verify (Py)iv) by passing to the limit in (1.2.31), which we will be able to do
after proving the following Lemma:

Lemma 1.2.3. We have

/A(ﬂc,Vu).Vfdgc:/.Ao(ac).ng:lc7 Ve e Wh(Q). (1.2.32)
Q Q

klim .A(a:,Vuek).Vuekdx:/.A(ac,Vu).Vudx. (1.2.33)
—oo Jo Q

Proof. Choosing € = u in (1.2.31) and taking into account that u., is uniformly bounded,
one gets

Az, Vue, ). Vue, dr < Az, Vue,) . Vudx + | G, (ue,)A(z,€).V(ue, —u)dx
Q Q Q

—|—/F BS* (2,1 — ue,)-(ue, —u)do(z) + Cey. (1.2.34)

Using (1.2.23) and (1.2.25), we obtain

lim [ BS(x,% — ue,)-(ue, —u)do(z) = 0. (1.2.35)

k—o0 r
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By (1.2.24), we have

klim A(%Vue,c).Vudx:/Ao(x).Vudx. (1.2.36)
—00 Q [9)

Note that
| G019 e, = e = [ Gy ) A €).5 , — a2)i
7/9 G, (ue, ) A(z,e).V(u — z2)dx  (1.2.37)
Using (1.2.20) and taking into account (1.2.27), we have

klim G, (ue, ) A(x,€).V(u — z9)dx = / gA(x,e).V(u — z9)dz = 0. (1.2.38)

For the second integral in the right hand side of (1.2.37), we rewrite it as

/ G, (ue, ) A(x, €).V(ue, — x2)da = / A(z,e).Vopde =0
Q Q

uek — T2

where vy, = / (1 - H,(s))ds.

0
Since we have Vv, = (1 — H, (ue, —22)).V (e, —22), |vk(2)| < ¢ for a.e. z € Q, and |vg|1,4
is bounded in W14(Q), we deduce that v, — 0 weakly in W4(Q). Therefore

klim G, (ue, ) A(z, €).V(ue, —x2)dx = 0. (1.2.39)
00 JO)

Using (1.2.37)-(1.2.39), we get

klim G, (ue, ) A(z, €).V(ue, —u)dz = 0. (1.2.40)

Combining (1.2.34)-(1.2.36) and (1.2.40), we get
limsup/ A(z, Ve, ). Vue, dr < / Ao(x).Vudz. (1.2.41)
k—oo JQ Q

Let now v € Wh4(Q). By (1.1.2), we have

/ (A(z, Vue, ) — A(z,Vv)).V(ue, —v)dz >0, Vk
Q
or

/A(x,Vuek).Vuekdxf/A(I,Vuek).Vvdxf/A(x,VU).V(uEk —v)dx >0, Vk.
Q Q Q
(1.2.42)
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Passing to the limsup in (1.2.42) and taking into account (1.2.21), (1.2.24) and (1.2.41), we
obtain

/QAO(I).Vud:c - /Q.Ao(x).Vvd;z: - /QA(Q:, Vo).V (u — v)dz > 0

/ Ao (x).V(u—v)dz > / Az, Vv).V(u—v)dz. (1.2.43)
Q Q

Choosing v = u £ t£, with t € [0,1] and & € W14(Q), in (1.2.43), we obtain

/ Ao(z).Véde = / A(z, Vu £ tVE).Védz.
Q Q

Letting ¢ — 0 and using (1.1.2)i7) and the Lebesgue theorem, we obtain (1.2.32).
Using € = u in (1.2.32), and taking into account (1.2.41), we obtain

limsup/A(x,Vuek).Vuekdxg/A(x,Vu).Vudm. (1.2.44)
Q Q

k—o0

Now rewriting (1.2.42) for v = u, and passing to the liminf, we obtain

likm inf [ A(x,Vue,).Vue, dr > | Ao(x).Vudz = [ Az, Vu).Vudz. (1.2.45)
- Jo Q Q
Combining (1.2.44) and (1.2.45), we get (1.2.33). O

1.3 Regularity and Monotonicity of the Solutions

Throughout this section, we shall denote a solution of (Py) by (u,g,v). We show that u
is bounded and locally Holder continuous in 2. Under suitable assumptions on A, we also
give a monotonicity property for g which together with the continuity of u, allows to define
the free boundary as an x;xo—graph.

Proposition 1.3.1. We have for some positive constant hg

u<hg ae inQ. (1.3.1)

Proof. Let h be such that h > max(z). Note that £ = u — (u— h)™ is a test function for
zeQ)
(Py). Indeed

Ifu<h, then ¢Y—¢(=v—u+(u—h)" =9 —uclab] Cla,c
Ifu>h, then Yv—-E¢(=¢v—-—h>¢Y—-—u>a and Yv-h<0<ec

So we have
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/Q (A(z,Vu) — gA(z,€)).V(u—h)tde < /’}/(u — h)Tdo(z). (1.3.2)

r
Since h > 9(x) > x2, we have by (Py)ii) g.V(u—h)t =0 a.e. in Q. For the same reason,
we get by (1.1.12), (Py)#ii) and the monotonicity of B(z,.) that v.(u —h)T <0 a.e. inT.
Tt follows from (1.3.2) and (1.1.2)#4¢) that

/A|V(u—h)+\qu <0
Q

which leads to V(u — h)™ = 0 a.e. in Q. Therefore (u — h)™ = C for some positive constant
C. Hence u < h+C = hy a.e. in Q. O

Proposition 1.3.2. We have

div(A(z, Vu) — gA(z,€)) =0 in  D'(Q). (1.3.3)

If div(A(z,e)) >0, then div(A(z,Vu)) = div(gA(z,e)) >0 in D'(Q). (1.3.4)
Proof. i) (1.3.3) follows immediately by taking u £ £ as a test function for (Py), where
£ e D(Q).

ii) Let € € D(Q), € > 0 and € > 0. Using u + min (=

and taking into account (Py)ii), we get

— X9
€

,1)¢ as test functions for (Py),

/Q.A(.r, V).V (min (—2,1)¢)dz = 0. (1.3.5)
Since div(A(z,e)) > 0, we have
/QA(:L",S).V((I — min (=—=,1))¢)dz < 0. (1.3.6)

Adding (1.3.5) and (1.3.6), and using the fact that Vo = e, we obtain

/Qmin (“=22 1) (Al=, Vu) — A, Vi) Vida

€

+1 / §(A(x, Vu) — Az, Vi) . (Vu — Vag ) da
[u—z2<¢]

€
< — [ A(z,e).VE. (1.3.7)
Q
Letting ¢ — 0 in (1.3.7) and using the monotonicity of A(z,.), we get

/ Az, Vu).Vedz < 0.
Q
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Proposition 1.3.3. We have u € C*(Q) for some a € (0,1), and the set [u > x2] is open.
Proof. This is a consequence of (1.3.1) and (1.3.3) [29]. O
Remark 1.3.1. i) Assume that

A(z,e) =k(x)e forae xz€Q with k:Q— IR and g—k >04n D'(). (1.3.8)
£T2

Then we obtain from (1.3.4) that gk is nondecreasing in .

it) We also deduce from (1.8.8) and (Py)ii) that div(A(z, Vu)) =0 in D'([u > z2]) ie u
is A-harmonic in [u > x3]. Therefore if there exist nonnegative constants k, o and positive
constants o, oy with o <1 and a1 > o such that for all z,y € Q, ¢, € € IR?

> ac; (B Q&&= ok + C1772) ¢ (1.3.9)
ij o)
%(% C)‘ < ap(k+1¢77) (1.3.10)
j
|A(2,¢) = Aly, ) < ax (1 + <] ) (| — 9], (1.3.11)
then we have [28], u € CL°([u > x3]) for some § € (0,1).

Assumptions (1.8.9)-(1.3.11) are satisfied for example if A(z,() = |a(x)§.(\%a(a:)c with
a(z) a bounded 2 X 2 matrix satisfying a € C'lOOZ(Q) for some o € (0,1). In particular if
q =2, we have A(x,() = a(z)¢ and (1.3.9)-(1.3.11) are satisfied obviously.

In the rest of the Chapter, we shall assume that (1.3.8)-(1.3.11) are satisfied except when
A(x,¢) = a(z)¢. Moreover we assume that ) is vertically convex i.e.

v(xlvxz)v (xlvxé) € Q) {xl} X [1‘273:/2] c

We also define the functions s_ and s for x; € m,, (2) by:

s—(x1) = inf{xs : (x1,22) € Q}, sy(x1) = sup{za : (x1,22) € O}

and assume that s_ (resp. sy) is continuous except on a finite set S_ (resp.Sy).
Then we have:

Theorem 1.3.1. If xo = (xo1,%02) € [u > x2], then there exists € > 0 such that (see Figure

2):

u(xy, xe) > o V(x1,x0) € Ce = { (x1,22) € Q/|z1 — 01| < €, T2 < T02 —|—e}.
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Pu>wo

Figure 2

We need the following strong comparison principle proved in [27]

Lemma 1.3.1. Let D be a domain of R? and let uy,uy € C1(D) such that

div(A(z,Vuy)) > div(A(z,Vug)) in D'(D)
up <uy in D and S={x € D/Vui(x)=Vus(z)=0}=0.

Then we have
either w1 =us D or wuy >uy inD.

Proof of Theorem 1.3.1. By the continuity of u, there exists € > 0 such that

Q. = {(331,.%2) € Q/ |331 — 33‘01| <€, |$2 — $02| < 6} C [U > 332}.
From (Py)ii), we deduce that ¢ = 0 and then gk = 0 a.e. in Q.. But since gk is non-
decreasing in xs and gk > 0 a.e. in £, we obtain gk = 0 a.e. in C.. Using (1.3.3), we

obtain
div(A(z,Vu)) = 0 in D'(Cy).

Since u > x5 in C., div(A(z, Vag)) = % >0in D'(C.), u > x2 in Q. and Vg = e # 0,
2

we deduce from Lemma 1.3.1 that u(z) > zo Vz € C.. O

Corollary 1.3.1. If u(zo1,xo2) = To2, then wu(xe1,z2) =22 Vo € [To2,$+(T01))-
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Remark 1.3.2. Theorem 1.3.1 means that if a point (xo1,x02) is wet, then so are all the
points below. This is due to gravity and most likely to the fact that by (1.5.8), an important
component of the permeability is nondecreasing with respect to .

Now we are able to define a function ® that represents the free boundary:

: if thi t 1 t t
Va1 € m (), B(a1) = sup { xo ¢ (x1,m2) € [u > xa) } if this s.,e is not empty
s—(z1) otherwise,

where 7., is the projection on the x;—axis.
Then we have:

Proposition 1.3.4. ® is lower semi-continuous (1.s.c) on m,, () except perhaps on S_.
Moreover
[u>x2] = [x2 < D(xy)]. (1.3.12)

Proof. Let xo1 € 75, () \ S—. Since s_ is continuous on ., (2) \ S_ and ®(z1) > s_(z1),
it is clear that @ is l.s.c at zg1 if ®(x01) = s—(z01).

Now assume that ®(zg1) > s_(x01) and let € > 0 small enough. There exists zpo such that
xo = (To1,Z02) € [u > x2] and ®(zg1) > 202 > P(x01) — € > s_(x01). By continuity of u,
there exits 77 > 0 small enough such that u(z) > z2 in B, (z¢) C Q. Using Corollary 1.3.1, we
obtain u(z) > x5 in ((wo1—n, zo1+7) X (—00, 292))NQ. This leads to ®(z1) > w2 > P(z01)—¢
for all z1 € (zo1 — 1,201 + 7).

Let (z01,Z02) € [u > x2]. By Theorem 1.3.1, there exists ¢ > 0 small enough such that

u(xo1,e) > o for all xo € (s_(01),To2 + €). In particular ®(zg1) > wo2 + € > xg2 and
(o1, T02) € [T2 < P(21)].

Conversely, let (o1, z02) € [z2 < P(z1)]. If u(zo1, zo2) = T2, then by Corollary 1.3.1 we
would have u(xg1,z2) = 2 for all xo € [zg2, $4(z01)) and therefore ®(xg;) < g2, which
contradicts the assumption. O
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2 The Dam Problem with Dirichlet Boundary Condi-
tion

In this section, we assume that B is given by (1.1.9). In this case we obtain the problem

Find (u,g) € WH9(Q) x L>(Q) such that :
i) u=1 on SyUS;
(Pp) i) u>we, 0<g<1l, glu—x3)=0 ae. in{
i) / (A(z, Vu) — gA(z,e)).Védz < 0
Q
V¢ € WHe(Q) such that € =0on S3, and £ >0 on Ss.

2.1 Some Properties of the Solutions

Throughout this section, we shall denote a solution of (Pp) by (u,g). First we have the
following regularity result:

Proposition 2.1.1. v € C2*(QU S, US3) for some o € (0,1).

loc

Proof. This is a consequence of (1.3.1), (1.3.3) and (Pp)i) (see [29]). O

Corollary 2.1.1. The dam is saturated below Ss i.e. we have

u(xy, xe) > xa  V(x1,22) € Q, 1 € T4, (S3).

Proof. Let xg = (z01,%02) € Sz, for some i € {1,..., N}. Since u(xo1,%02) = Y (201, To2) >
Zo2, we deduce from Proposition 2.1.1 that for some € > 0 small enough one has u(z) > o
in Be(zg) N Q. Using Theorem 1.3.1, we deduce that u(x) > x2 below Bc(xg) N Q. O

Remark 2.1.1. By Corollary 2.1.1, we have
V1 € Int(mg, (S3)) P(x1) = s+ (z1).
It follows that ® is continuous on Int(mg, (S3)) \ St.

The following theorem will be used several times in this section.

Theorem 2.1.1. Let C}, be a connected component of [u > 2] N [z2 > h] and Z, =
QN (72, (Ch) x (h, +00)). Assume that Z, N S3 = 0. Then we have

/Z (A(z, Vu) — gA(z, e)).edz < 0. (2.1.1)
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Proof. Let (a1, a2) = 7y, (Ch,) and let for ¢ > 0 small enough, a5 € D((a1,az2)) be a function
such that 0 < as(x1) <1 and as =1 in (a1 + d,a2 — 9).
First we have

/Z (A(z, Vu) — gA(z,e)).edzx = / (A(z, Vu) — gA(z,e)).V(as(ze — h))dz

Zh

+/ (A(z, Vu) — gA(z,€)).V((1 — as)(z2 — h))dz. (2.1.2)
Zn
Since Z, N S35 = 0, x(Zn)as(xs — h) is a test function for (Pp) and we have

/Z (A(z, Vu) — gA(z,€)).V(as(zz — h))dz < 0. (2.1.3)

U — T2

Set (s = (1 — as)(x2 — h) and remark that for e > 0, j:x(Zh).<
for (Pp). So we have by taking into account (Pp)ii)

/\Cg) are test functions

U — Io

Az, Vu).V( A Cg)da: =0 (2.1.4)

Zp

Using the monotonicity of A, we get from (2.1.4)

U — T2

/ (.A(x, Vu) — A(m,e)).VC(;dx < - Alz, e).V( A C(;)dx. (2.1.5)
ZpNu—z2>e(s]

Zn

Note that

€

/Zh X([u > o)) A(w,€).Visdr = /Z x> ) A ).V (¢ = “= “)*dx

U — T2

+ .A(x,e).V(

A g;)dx. (2.1.6)
Zn

Since k is nondecreasing in zo, we deduce by the second mean value theorem, that for a.e.
x1 € (a1, a2), there exists h*(z1) € [h, ®(z1)] such that

[ x> A v (-2 e ([T k(6 - 1), o)

€ ai h T2
az O (z1) _
S/ If($1,<b($1),)c(§((£1,(I)($1))d$1 (217)

where for a.e. x1 € (a1,a2), k(z1,®(x1)-) is the left limit of k(xz1,.) at ®(xq).
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Adding (2.1.5), (2.1.6) and using (2.1.7), we get

/ (A(z, Vu) — A(z,€)).Vsdx +/ X([u > 22])A(x, e).V(sdx
ZpNu—z2>els)

Zn

S /a2 k(Il, @(Il)_)c(;(l‘l, @(Ij))dl‘l

ay

which leads by letting ¢ — 0 to

/Z (A(z, Vu) — x([u = 22]) A(z, €)).Visdx < /az k(xy, ®(z1)-)(s(x1, P(z1))dz1. (2.1.8)

ai

Using (2.1.2)-(2.1.3) and (2.1.8), we obtain

/Z (A(z, Vu) — gA(z,e)).edz < / (x([u = z2]) — 9)k(z)(1 — )

Zn

+/a2 k($1, @(xl)_)((;(xl, (I)(Zﬁl))dl’l

Letting § go to 0, we get (2.1.1). O

Remark 2.1.2. Let Z), = ((a1,a2) X (h,+00)) NQ. If Z,NS3 =0 and for i = 1,2, we have
u(a;, x9) = xo Vg > h, then the inequality (2.1.1) holds for the domain Zj, also .

From now on, we assume that there is no impervious part above 2. Then we have:

Theorem 2.1.2. Let xo = (x01,202) € Q and B, = B,(xg) C Q. If u = x5 in B,, then we
have(see Figure 3):

g=1 a.e inD, = {(ml,xg) €N/ |ry —xo1| <7 and 2 <x2}UBr. (2.1.9)

Proof. Tt is clear by Theorem 1.3.1 that we have u = x5 in D,., and therefore m,, (B;) C
Tz, (S2). Applying Theorem 2.1.1 with domains Z;, C D, as in Remark 2.1.2, we obtain

0 S/Z k(z)(1 — g)dr = /Z (A(z, Vu) — gA(z,€)).edz < 0.

This leads to g =1 a.e. in Z. Thus g =1 a.e. in D,.. O

Now we prove a non-oscillation result.
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Figure 3

Theorem 2.1.3. Let xg = (xo1, To2) € Q such that B, = B,(xg) C Q. Then the following
situations (see Figure /) are impossible:

Z) u(ﬁﬁl,l‘g) = T2 V(l‘l,l‘g) € B, N [131 = $01]
u(xy, x2) > X2 V(z1,22) € B, w1 # Zo1.

”) U(Il,l‘g) > T9 V(xl,arg) S Br n [1‘1 < $01]
u(xl,xg) To V(l’l,wg) S BT n [171 > :]301].

ZZZ) u(xl,xQ) = I V(fﬂl,l‘g) € B, N [1?1 < $01]
’UJ(LEhiL’Q) > X9 V(xl,l'g) S BT N [251 > .’ﬂol].

Proof. i) From the assumption and (Pp)ii), we have g = 0 a.e. in B, and by (1.3.3) this
leads to div(A(z,Vu)) = 0 < div(A(x, Vzg)) in D'(B,). Since neither v > zo in B, nor
u = x5 in B,., we get a contradiction with the strong maximum principle(Lemma 1.3.1).

U = T2

U>To | U> Ty U>2To | U= Ty U=2T2 |U> Ty

i) 1) iii)
Figure 4

i1) From the assumption, (Pp)it), and (2.1.9), we have gA(z, e) = x(By N [x1 > zo1])k(z)e.
Then by using (1.3.3) and (1.3.8), we obtain in D’'(B,)

div(A(z, Vu)) = div(x(Br N [x1 > zo1])k(z)e) < div(k(x)e) = div(A(x, Vas)).
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Hence we get a contradiction with Lemma 1.3.1, as in the previous case.

i44) Similar to 7). O
2.2 Continuity of the Free Boundary

For the rest of this section, we assume that A is strictly monotone i.e.

(A(z,6) — A(2,0)).(€=¢) >0 VY, CeR? ¢#£(¢ ae e (2.2.1)

The main result of this section is the continuity of the function ®.
Theorem 2.2.1. ® is continuous at each point xgy € Int(my, (S2)) such that (xo1, P(x01)) €
Q.
Proof. Let xg; € Int(my, (S2)) such that xy = (zo1, P(z01)) € Q@ and let € > 0. Using the
continuity of u, there exists a ball B./(xg) (0 < € < ¢€) such that
Ty (Ber(20)) €S2 and u(x) < ax2+€ Vo € Bo(zg). (2.2.2)

By Theorem 2.1.3, we have for example

Jz = (21,25) € Be(xg) such that 2z <wzp1 and u(z) = z,. (2.2.3)

Then we set (see Figure 5) h = max(zy, ®(z01)), Z = ((z1,201) X (h,4+00)) N Q, v =
(e+h—22)T + 29 and € = (u—v)". Using (2.2.2)-(2.2.3), the fact that u(zg) = zg2, and
Corollary 1.3.1, it is clear that £ = 0 on 9Z and therefore +£ are test functions for (Pp).
So we have

/ (A(z, Vu) — gA(z,€)).V(u—v)tde = 0. (2.2.4)
z
A simple calculation shows that
/ (A(z, Vo) = x([v = z2]) A(z,€)).V(u — v)Tdz = 0. (2.2.5)
z
Since by (2.2.2) 0Z NS3 = @, we have by Theorem 2.1.1 and Remark 2.1.2
/ (A(z, Vu) — gA(z, €)).edz < 0. (2.2.6)
ZNv=z2]
Subtracting (2.2.5) from (2.2.4) and adding (2.2.6) to the result, we obtain
/ (A(z, Vu) — A(z, Vv)).V(u—v)Tdz + / Az, Vu).Vu — gA(z, e).edx < 0.
ZN[v>x2] ZNv=z2]
(2.2.7)
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Note that
/ Az, Vu).Vu — gA(z,e).ede = / A(z,Vu).Vu
ZN[v=z2] ZN[u>v=w3)
+ / (1= g)k(z)dz > 0.
ZNu=v=x2]
It follows then from (2.2.7) that
/ (A(z, Vu) — A(z, Vv)).V(u—v)Tde <0
ZNv>ws)

which leads by (2.2.1) to V(u —v)" =0 a.e. in Z N [v > x3]. By (2.2.2), we deduce that
(u—v)T=01in ZN[v > z3]. In particular, we obtain u(z1,h +€) = h + € V1 € (27, %01)
which leads by Corollary 1.3.1 to u = z3 in Z N [z2 > h + €.

e T

Tog = To + €

/? ro = J'_JQ
T2 =h+e K@Ben(zé)
X9 = h
£ [ 0oy Be’ (1‘0)

Figure 5

Let 2, = (o1, h+e€). Since u(x) = h+e, we deduce from the continuity of u that there exists
aball Be () (0 < €” <€) such that u(z) < xo+e¢ for all z € B.v(x(). Taking into account
this result and Theorem 2.1.3, there exists & = (Z1,Z2) € Ber(x)) such that: zg; < Z1,
h+e < Ty and u(Z) = T3. Set Z' = ((x01,£1) X (ig,—!—oo)) NQ, w= (e+Ty —x2)" + 25 and
¢ = (u—w)T. Then one can argue as in the previous step, to conclude that (u — w)* =0
in Z' N [w > z3] and then w = x5 in Z' N [z > To + €.
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Finally, we have proved that u = x5 in Z”, where Z” = ((z1,Z1) X (Z2 + €], +00)) N Q. This
leads to ®(z1) < Tg + € < P(x01) + 3€ Va1 € (z1,Z1). Hence ® is upper semi-continuous at
xp1. Taking into account Proposition 1.3.4, we obtain the continuity of ® at x¢; and the
theorem is proved. O

Remark 2.2.1. For each x1 € m,, (S2 N S3) such that {x1} X (s_(x1),s54+(z1)) C Q we
have ®(xz1) = sy(x1). Indeed otherwise we have ®(xp1) < sy(xo1) for some point xo1 €
Tz, (S2NS3), with {xo1} x (s—(x01), s+ (x01)) C Q. For clarity, we assume that the connected
component of Sy (resp. Ss) which contains (xo1, s+ (w01)) is located to the left (resp. right) of
the line x1 = xg1. So there exists n > 0 such that (xo1—n, xo1) C Int(my, (S2)) and (zo1, o1+
n) C Int(my, (S3)). Now from Corollary 2.1.1, we have u > x5 in Zy = ((wo1, o1 + 1) X
(P(z01), +oo)) N Q. Arguing as in the proof of Theorem 2.2.1, one can show that for some
€ > 0 small enough we have u = x5 in Z_ = ((wo1 — €,201) X (®(x01) + €, +00)) N Q. Thus
we get a contradiction with Theorem 2.1.3 iit).

Remark 2.2.2. ® is continuous at each point o1 € Int(my, (S2)) \ S— such that ®(xo1) =
s_(zo1). Indeed in this case, one has for each € > 0 small enough, (zo1, ®(z01) +¢€) € N and
u(zo1, ®(x01) + €) = ®(x01) + €. Therefore one can adapt the proof of Theorem 2.2.1 to get
u=wxy in ((xo1 — €,x01 + €) x (P(z01) + 3€,+00)) NQ (for some ¢ > 0) which means the
upper semi-continuity of ® at o1 .

As a consequence of the continuity of the function ®, we obtain the expression of g.

Corollary 2.2.1. We have
9= x(fu = 2]). (2.2.8)

Proof. First by (1.3.12) and (Pp)ii), we have
g=0 ae in[ze < P(xq)]. (2.2.9)

Now let g = (o1, %02) € [x2 > P(x1)]. We have necessarily si(xg1) > ®(zo1). Moreover
from Remarks 2.1.1 and 2.2.1, we deduce that xo; € Int(my, (S2)). By Theorem 2.2.1 and
Remark 2.2.2, ® is continuous in Int(my, (S2)) \ S—. Assume that xo; ¢ S_. By continuity,
there exists a ball B,.(zg) such that B,.(z¢) C [z2 > ®(21)]. From (2.1.9), we have g =1 a.e.
in By(z9). It follows that

g=1 ae. in[z2 > ®(z1)]. (2.2.10)

Finally because ® is continuous except on a finite set, the set [zo = ®(z1)] is of Lebegue’s
measure zero. Thus we get by (2.2.9)-(2.2.10)

9 = x([z2 > ®(21)])

which is (2.2.8). O
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2.3 Existence and Uniqueness of Minimal and Maximal Solutions

In this section, we show the existence and uniqueness of two solutions which minimize (resp.
maximize) a functional. Moreover one is minimal and the other one is maximal in the usual
sense among all solutions. First we establish a key result.

Theorem 2.3.1. Let (u1,g1) and (uz,gs) be two solutions of (Pp).
Set up, = min(uy,ug), uy = max(ui, ug), gm = min(g, g2), and gy = max(gi, ga). Then
we have for i = 1,2 and for all { € WH4(Q)

i) /Q ((A(z, Vug) — A(z, Vum)) = (9i — gur) Az, e)).Vidz = 0

i) /Q (A, Vi) — Az, Var)) — (g — g) Al €)).Vde = 0.

~ +
Proof. i) Let ¢ € C'(Q2), ¢ > 0. For d,e > 0, we consider as(z) = (1 - W) and

¢ = min (045(, M)7 where A, = [u;, > x2]. We have
€

/Q((A(:c, Vu;) — Alx, Vunm)) — (9: — gm ) Az, e)).V{dx
= [ (A Vi) = Al V) = (51 = g0) AGw.€))-9 a5C)d
+ /Q((A(:c, Vu;) — Alx, Vun)) — (9: — gm ) Alz, e)).V((l - a(;)C)dx. (2.3.1)
Since (1 — )¢ is a test function for (Pp), we have
/Q(A(:c, V) — 1Az, €)Y ((1 - ag)C)da < 0 (2.3.2)
Given that (1 — as)C = 0 on A,, and by (2.2.8) gar = 1 a.e. in [um = 2], we obtain

/Q(A(x, V) — guAlz, e)).V((l — ag)C)dx = / k(z)(1— gM)((l - ozg)C)mde =0

[um=z2]

(2.3.3)
Subtracting (2.3.3) from (2.3.2), we get
/Q (A, Var) — A, Vi) — (g5 — g20) A2, €)Y ((1 — ag)¢)de < 0 (2.3.4)
Now clearly £¢ are test functions for (Pp). So we have for 4, j = 1,2 with 4 # j
/Q (A2, Vus) — Az, Vuy)) — (g5 — g;) Az, €)).Védz =0 (2.3.5)
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Since £ = 0 on the set [u; = uy,], we have to integrate only on the set [u; — uy,, > 0] where
Um = uj. S0 (2.3.5) becomes

/Q((A(ZF7 Vu;) — Alx, Vuy)) — (9 — gm ) Az, e)).Védr =0

which can be written by the monotonicity of A

/ (A(z, Vu;) — A(z, Vuy,)).V(asC)de — / k(2)(g9; — gm)-(asC)z,dx
[w;—um >eC] Q

< [ k@)ors — g (0s¢ = H2) . (26)

Using (2.2.8), we have
Ui — Um \ T Ui — Uy \+
[ K@ 00 (s = ) e = / ko) s~ )
@ [wi > U =x2] € T2
zl) o n
/ dxl/ a5C L um) dry.  (2.3.7)
Tl) € T2

with
D, = {xl S (Q) [/ Pm(x1) < @i(xl)} 1=1,2 and @, = min(Py, Py).

Since k is nondecreasing in zo, we deduce by the second mean-value theorem that for a.e.
x1 € D;, there exists . (1) € [Py, (x1), Pi(x1)] such that

@, (1) o +
(045( — um) dza
) € xo

/qﬁ(m k(x) (%C -2 ;“m);dm - k(xl’q%(xl)_)/

(bnz(wl) <I>*(w1

Then by (2.3.6)-(2.3.8), we get
/ (A(z,Vu;) — Az, Vuy)).V(asC)dr — / k(x)(gi — gm)-(asC) g d
[w;—um >eC] Q
< [ ban i) fasd) o, i)
D;
which leads by letting € go to zero to
/Q(A(x, Vu;) — Az, Vuy,) — (9 — gm ) Az, €)).V(as()d

< /D ke, ®i(e1)_)(0s) (1, s (1)) day < /D () (o, ). (239

i
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Using (2.3.1), (2.3.4) and (2.3.9), we get
/Q (A(w, Viig) — Az, Vi) — (gi — gur ) Al €)). Vda < / (kasC) (@)1 (2310)

Now since for each zg; € D;, we have (21, ®;(201)) € Am, we deduce that as(zo1, ®;(z01))
converges to 0 when ¢ goes to 0. Using the Lebesgue theorem, we obtain by letting § — 0
in (2.3.10)

/(A(:c, Vu;) — A(x, Vum) — (9: — gm) Az, €)).V{dz < 0.
Q
Remarking that the last inequality holds also for M — ¢ with M = maxg ¢ , we get
/(,A(%Vui) — A(x, Vuy,) — (9: — ga)A(z,e)).Vidz =0 V¢ e (), ¢>o.
Q

Since C*(Q) is dense in W4(Q) and since each function ¢ € W14(Q) can be written as
(=" (7, we get

/Q(A(x, Vu;) — A(z, Vuy,) — (9 — gm)A(x,€)).V{de =0 V¢ e Wh(Q).

i7) It is enough to establish the result for ¢ = 1 since it is similar for ¢ = 2. We have for

¢Cewhi(Q)
/Q(A(x7 Vur) = A, V) = (91 = gm) A, €)).Vida
B /[uQZul](A(x’ Vup) — Az, Vuz) — (g1 — g2)A(, e)).V(dx
B _/[uzzul](A(m’ Vuz) — Az, Vur) — (92 — g1) Al, €)).V(da

= —/Q(A(ar:7 Vug) — Az, Vup) — (92 — gm)A(z, €)).V{dz = 0.

As a consequence of Theorem 2.3.1, we obtain:

Corollary 2.3.1. Let (u1,91) and (uz,ge) be two solutions of (Pp). Then
(min(u, uz), max(g1, g2)) and (max(uy,us), min(gy, gs)) are also solutions of (Pp).
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Proof. We will only prove that (min(uy,us), max(gi, g2)) is a solution for (Pp). The proof
that (max(uy,us), min(gs,g2)) is a solution, is similar.

Indeed first it is clear that we have (upm,gn) € WH(Q) x L%°(2), uy, = min(ui,uz) > xo
and 0 < gpr = max(g1,g92) < 1 a.e. in Q. Moreover if u,, > x2, then u; > x5 and uy > o,
which leads to g1 = g2 = 0 and therefore gp; = 0.

Since u; = us = 1 on Sy U S3, we have u,, = on Sy U S3.

Finally let ¢ € W4(Q) such that ¢ =0 on S5 and ¢ > 0 on S3. Then we have by Theorem
2.3.1 and since (u;, g;) is a solution of (Pp)

/(.A(a:7 Vum) — guAlzx, €)).V{dr = /(.A(:z:7 Vu;) — gi Az, e)).V¢dx < 0.
Q Q

Consider now the set of all solutions of (Pp)
Sp = { (u,g) € WH1(Q) x L>=(Q) / (u, g) is a solution of (Pp) }.
We define the following mapping Zp on Sp by
1
Y(u, g) € Sp, Ip(u,g) = / A(z, Vu).Vudr — 5/ gA(z,e).edz.
Q Q

The main result of this section is the following theorem:

Theorem 2.3.2. There exist a unique minimal solution (um,,gn) and a unique maximal
solution (upr, gm) tn Sp in the following sense:

Ip(tm,gm) = min Ip(u,g), Ip(unr,gm) = max Ip(u,g)
(u,9)€SD (u,9)ESD
V(u,9) €Sp um <u<uy, gn<g<gm in Q.

We first prove a monotonicity result for Zp.
Lemma 2.3.1. Ip is strictly monotone i.e. for each (u1,g1), (uz2,92) € Sp:

i) uy<wu, g2<g1 in Q = Ip(u1,91) < ZIp(ug,g2).
1) wuy <uz, g2<g1 in Q and u; #us = Ip(ui,q1) < Ip(usz,gs2).

Proof. i) Let (u1,g1), (u2,g2) € Sp such that u; < uy and go < g1 a.e. in Q. Then we have
Ip(u1,g1) — Ip(ug, g2) = / (A(z, Vur).Vu, — g1 A(z, €).€)dx
Q

1
—/Q (A(z, Vuz).Vug — g2 A(z, €).€)dz + 7 /Q(g1 — g2)A(x, e).edx
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= /Q (A(z, Vur) — g1 A(z, €)).Vurda — / (A(z, Vuz) — goA(z, €)).Vugda

Q

1
+7/(91 — g2)A(z, e).edx
qa Ja

= /Q (_,4(957 Vui) — g1 A(w, e)).V(ul —)dx — / (A(x, Vug) — g2 A(z, e)).V(ug —)dx

Q

+$ /Q(gl — g2)A(z, e).edz —I—/Q ((.A(av7 Vup) — Az, Vug)) — (g1 — g2)A(z, 6)).V’L/)dl‘.

Using Theorem 2.3.1 i) and the fact that u; — ¢ (i = 1,2) are test functions for (Pp), we
get

1
Ip(u1,91) — Ip(ug, 92) = 7 / (91 — g2)k(z)dx <0
Q

which proves 7).
i1) Assume that u; < ug and g < g1 ae. in Q and Zp(ui,g1) = Ip(ua,g2). Then
/(91 — g2)k(z)dr = 0 and therefore g; = go a.e. in . Using Theorem 2.3.1 i) for £ =
u?— Uz, we get

(A(z, Vur) — Az, Vuz)).V(ug — ug)dz =0

Q
which leads by (2.2.1) to V(u; — uz) = 0 a.e. in . But since u; — uy = 0 on S2 U S5, we
obtain u; = ug and i) is proved. O

Proof of Theorem 2.3.2. First remark that for each (u,g) € Sp, we have
1 Q
Ip(ui,g1) > —7/ k(z)gdz > —uM.
a.Jq q

We deduce that there exists a minimizing sequence (ug, gx)remw for Zp i.e.

Vke IN (uk,gx) € Sp and lim Zp(uk,gx) =m= inf Zp(u,g). (2.3.11)
k—4o0 (u,9)€SD

Now we define another sequence (vg, fx)remnw by

{(Uo,fo) = (uo0, go)

(Uk41, feg1) = (min(ugyr, vp), max(geqr, fx)) k€ IN.

By Corollary 2.3.1 and Lemma 2.3.1, it is clear that for all kK € IN, (v, fr) € Sp and we
have
{wceJN v < s o < Ji

Vk e IN m < Ip(vk, fr) < Ip(uk, gk)-
This clearly leads to
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m= lim Zp(vg, fi)- (2.3.12)

k—-+o0

From the definition of (vy, fi)remw, we deduce that

Vk € IN V1 < v and  fir < fry1  ae. in Q.

But since vy, and fi are uniformly bounded (z2 < v < hg by Proposition 1.3.1) and 0 <
fr < 1ae. in, we obtain by Beppo-Levi’s theorem that there exists (v, f) € L(Q2)x LT (2)
such that

(2.3.13)

vy — v in  Li(Q) and a.e. in €
fo — f in  L7(Q) and a.e. in

Now since (v, — 1) are test functions for (Pp), we obtain by using (1.1.2)#1), (Pp)ii) and
the Holder inequality

/A(:L’,Vvk).Vvkda::/A(I,Vvk.).VzZ)d:rf/gA(:c,e).chdx
Q Q Q

gc(/ﬂwk|qu)1/q/+c

where C' is some positive constant. By (1.1.2) #ii), we deduce that (v)x is bounded in
Wh4(Q). So we have up to a subsequence

v, v in WHYQ) (2.3.14)
v, — v in  L9(S3) anda.e. in Ss. (2.3.15)

From the continuity of the trace operator and (2.3.15), we have v = ¢ on Sy U S3. From
(2.3.13), we obtain that

v > T, 0<f<, flo—ax2)=0 a.e. in .

We would like to prove that (v, f) € Sp. It suffices to verify that it satisfies (Pp)iii).
From the fact that (vy) is bounded in W4(Q2), we deduce that up to a subsequence still
denoted by (vy, ), one has

Az, Vo) =~ Ay in LT(Q). (2.3.16)
Let p, s € IN such that p < s. We have by Theorem 2.3.1 7)

/Q{(.A(J:, Voi,) — Az, Vog,)) = (fr, — fre.)A(z,€)}. Vo, dz =0

from which we deduce by letting respectively s — 400 and p — 400, and using (2.3.14) and
(2.3.16)
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lim A(z, Vo, ). Vo, de = | Ap.Vudz. (2.3.17)
p—too Jo Q

Using the monotonicity of A, (2.3.14), (2.3.16) and (2.3.17) , we easily obtain

Az, Vog,) = Az, Vo)  in L7(Q). (2.3.18)
Finally, let £ € W19(2) such that £ > 0 on Sy and £ = 0 on Ss. For any p € IN, we have

/ (A(z, Vog,) — fr, Az, €)).Védz < 0. (2.3.19)
Q
Using (2.3.13), (2.3.18), we get by letting p — +o0 in (2.3.19)
/ (A(z, Vo) — fA(z,e)).VEdz < 0.
Q

Thus (v, f) is a solution of (Pp).
Now, using (2.3.12)-(2.3.13) and (2.3.16)-(2.3.18), we obtain

m= lim Zp(vg,, fr,) = lim A(x,Vvkp).Vvkpdx—l/ Jr, Az, e).edx
Q qa.Ja

p—+o0 p—+o0

:/A(l',V’U).V’de—E/ fA(z,e).ede =TIp(v, f).
Q qJq

Let (u,g) € Sp. Since (min(u, v), max(g, f)) € Sp, we deduce that:

Ip(v, f) = Ip(min(u,v), max(g, f)) which leads by Lemma 2.3.1 to:

(v, f) = (min(u,v),max(g,f)) ie. v <wand g < f ae. in Q. The uniqueness of (v, f) is
clear. This achieves the proof of the first part of Theorem 2.3.2.

Let us prove the second part of the theorem. First remark that
1
Ip(u,g) = / A(z, Vu).Vudz — a/ gk(z)dx
Q Q

< | A(z,Vu).Vudr < M/ |Vu|dx.
Q Q

Moreover

/S; (A(‘T7 Vu) — gA(z, 6))-V(U —Y)dz =0

which leads by (1.1.2)i4) to

IN

A |Vullde / Az, Vu).Vudx
Q Q

/.A(x,Vu).Vz/)dx—/gA(a:,e).Vgpdz
Q Q
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< M(/ |Vu|qu)l/q,.(/ |v¢|de)l/q+c
Q Q

/ |Vulldx < C for some positive constant C.
Q

and then

Thus Zp(u, g) is bounded for all (u,g) € Sp. Let then (ux, gr)rew be a sequence in Sp
such that

lim Zp(uk,gx) = sup ZIp(u,g).
k—-oc0 (u,9)ESD

We consider the following sequence (wg, hi)remw defined by

{(w07h0) = (uo, go)

(Wrt1, hkt1) = (max(ukﬂ,wk),min(gkﬂ,hk)) Vk € IN.

By Corollary 2.3.1, we have (wg, hg) € Sp for each k € IN. By Lemma 2.3.1, we obtain

Vk € IN Ip(uk, gr) < Ip(w,he) < sup  Ip(u,g).
(u,9)€SD
Therefore
sup Ip(u,g) = lim Zp(wg,hg). (2.3.20)
(u,9)E€SD k—+oo
We have also
Vk € IN wp < wgy1  and  hgg < bk ae. in Q.

Using the monotonicity of (w, hi)remv, (2.3.20) and arguing as above, we prove that for a
subsequence (wg,, b, )pev, we have

Wy, — W in Wh(Q)
Wy, — W in L) anda.e. inQ
wy, — W in L%(S3) anda.e. in Sz

Az, Vwy,) = A(z, Vw) in  L7(Q)
hi, — h in L9(Q) andace. in Q.
Thus we obtain that (w, h) is a solution of (Pp) which satisfies Zp(w,h) = sup Zp(u,g).
(u,9)€SD

We also prove, as in the case of minimal solution, that for all (u,g) € Sp: u<w, h<g
a.e. in Q. O
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Figure 6

2.4 Reservoirs-Connected Solution

Assume that we are in the situation of Figure 6 with C and C’ denoting the regions shown
in the figure. Then it is not difficult to verify that

(0.g) = {(h, 0) inC

(z2,1) otherwise

and
(h,0) inC
(u,9) =< (W,0) inC’
(22,1) elsewhere,

are solutions of (Pp). Moreover we can obtain more solutions just by replacing h’ by any
0 < k < h/. This example is an extension of an example given in [24] in the case of linear
Darcy’s law. It shows that in general the solution of the problem (Pp) is not unique. The
first solution in the previous example is such that the only connected component of [u > x2]
is connected to the unique reservoir. It seems that it is the only solution that is relevant
from the physical point of view. This type of solution was introduced in [21] under the name
of S3—connected solution. Here we call it reservoirs-connected solution. Hence we have the
definition:

Definition 2.4.1. A solution (u,g) of (Pp) is called a reservoirs connected solution if for
each connected component C of [u > xa], we have C N Sz # (.

Remark 2.4.1. If C; is the connected component of [u > xa| that contains Ss; on its
boundary, then by continuity and thanks to Remark 2.1.1, C; contains the strip of Q below
S3..
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The following theorem characterizes the connected components of [u > 3] which are not
related to Ss.

Theorem 2.4.1. Let (u,g) be a solution of (Pp) and C a connected component of [u > xo]
such that C N S3 = 0. If we set h. = sup{ x2 / (z1,x2) € C'}. Then we have

C:{(xl,xg)GQ/xlewxl(C),x2<hc}7
u=2x9+ (he —22)".x(C), ¢g=1—x(C) in Z=QnN(m,(C)xR)

Proof. By assumption and Theorem 1.3.1, we have 7, (C) C 7., (S2). Then £x(Z)(u—x2) =
+x(C)(u — x2) are test functions of (Pp) and we have

/Z(A(m, Vu) — gA(z,e)).V(u— x2) = 0. (2.4.1)
Applying Theorem 2.1.1 to Z, we obtain
/Z(A(:m Vu) — gA(z,e)).e <O0. (2.4.2)
Adding (2.4.1) and (2.4.2), we get
/Z(A(x7 Vu).Vu — kg) <0

which leads by (1.1.2)i44) to

/ AVl +/ k(1 - g) 0.
ZN[u>x2] ZN[u=z2)

It follows that Vu =0 a.e. in ZNfu > a3 =Candg=1ae in ZNu=as]=2\C.
Hence we obtain u = x5 + (he — z2)".x(C) and g =1 — x(C) a.e. in Z. O

The result of Theorem 2.4.1 leads to the following definition (see [21] and also [23] for an
extension):

Definition 2.4.2. We call a pool in Q2 a pair of functions defined in Q by (p,x) = ((h —
z2) T, 1)x(C), where C is a connected component of QN [xz2 < h).

Remark 2.4.2. Thanks to this definition, Theorem 2.4.1 becomes:
For each solution (u,g) of (Pp) and each connected component C of [u > x2] such that
CNS3=0, (u—x2,1—g) agrees with a pool in the strip QN (7, (C) x R).

Now we have:
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Theorem 2.4.2. Each solution (u,g) of (Pp) can be written as

u=“7-+zpi and g:gr—ZXi

i€l i€l

where (ur, gr) is a reservoirs-connected solution and (p;, x;) are pools.

Proof. Let (C;);cr be the family of all connected components of [u > z3] such that C;NS; =

(. Set
(W', g') = (u,9) = > (X(Ci)(u — x2), —x(C4)).
iel
Since each connected component C' of [u' > x5] is such that C' N S3 # 0, it follows that if
(u,¢') is a solution of (Pp), it will be a reservoirs-connected solution. Let us then verify
that (v, g’) is a solution of (Pp).

i) (u',g') € WHe(Q) x L>=(Q):
Since we have
(u—22)x(C;) € WH(Q), and V(x(Ci)(u — x2)) = x(Ci)V(u—z2) Viel [21],
we deduce that
Vu' =Vu — Zx(Ci)V(u —x9) € LI(Q).
i€l
Moreover since 0 < ¢’ <1 a.e. in Q, we have ¢’ € L>®(0Q).

i1) Clearly we have v’ > x5 and ¢'(v' — x2) = 0 a.e. in Q.

iii) Let £ € W14(2) such that £ > 0 on Sy and € = 0 on S3. Using Theorem 2.4.1, we have

[ (A T0) ~ g A, 0).VE = [ (Al F0) - gA(w,€)).6 < 0

Q Q

Thus the Theorem is proved. O
We deduce immediately from Theorem 2.4.2:

Corollary 2.4.1. The minimal solution (um,, gar) is a reservoirs-connected solution.

2.5 Uniqueness of the Reservoirs-Connected Solution

In this section, we address the question of uniqueness of the reservoirs-connected solution.
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2.5.1 The case of Linear Darcy’s Law

Here we assume that:

Az, &) = a(z).£ VE€ R ae x€Q, a(r) = (a;(z)) is a 2 x 2 matrix. ( )
INM>0: MNP <a(z)ée < MIE]? VE € R?, ae z€Q. (2.5.2)
a12(z) =0 for a.e. x € Q. ( )

%22 >0 inD'(Q). (2.5.4)

Theorem 2.5.1. Assume that (2.5.1)-(2.5.4) are satisfied. Then there is one and only one
reservoirs-connected solution.

Proof. Let (u,g) be a reservoirs-connected solution of (Pp). Let C; (resp. C,, ;) be the
connected component of [u > ] (resp. [u, > x2]) such that C;NSs,; # 0 (vesp. Cp,iNSs,; #
(). Using Remark 2.1.1, we know that C; and C,, ; contain S5 ; on their boundaries as well
as the strip below it.

Consider ( € D(Cy,,; U By(x;)), where z; € Ss; and r is a small positive number. Then
from Theorem 2.3.1 %), we have since g = gps = 0 in Cy, ;

/C | a(x)V(u — up).V¢dx = 0. (2.5.5)

Define w in Q; = Cy,; U By (z;) by w = x(Chyi)(w — uy,). Since u = u,, = 1 on Ss, it is
clear that w € H'(£;) and if one extends a by I> into B,.(z;) \ Cp,. i, we obtain from (2.5.5)

/ a(z)Vw.V{dr =0 V(e D). (2.5.6)

Using the strict ellipticity of a, the fact that w > 0 in Q;, w = 0 in B,(z;) \ Cp; and the
strong maximum principle, we get from (2.5.6) that w = 0 in €; which leads to u = u,,
in C,, ;. Now we prove that C; = C,, ;. Indeed since C,, ; is a nonempty open set in the
connected set C;, it suffices to prove that Cy, ; is also closed relative to C;. Indeed let ()
be a sequence of points in Cy,; which converges to an element z in C;. By continuity of
u and U, we obtain u(z) = um(z). Since u(x) > x2, we obtain u,,(x) > x2 which means
that = € Cm,i~

Hence u = u,, in  and from Corollary 2.2.1, we get g = gps in Q. O

2.5.2 The case of a Nonlinear Darcy’s Law

In this section, we prove the uniqueness of the reservoirs-connected solution for a Darcy’s
law corresponding to:

Az, §) = |a(x)£.§|q752a(x)§,q >1,q# 2 and a(z) = (a;;(x)) is a 2 X 2 matrix.  (2.5.7)
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Moreover, we assume that:

a(x) is symmetric and belongs to C%(9). (2.5.8)

INM >0: MNEP? <a(z)ée < MIE]?VE € R?, ae. z€Q. (2.5.9)

For each i € {1,..., N}, = h; — x2 on Ss ;. (2.5.10)

Jr; > 0,3z; € 34,3 € (0,1) 1 S3'; = S5, N By (i) is chei, (2.5.11)

a12(z) =0 for ae. z € Q. (2.5.12)
2

5;% >0 inD(). (2.5.13)

Then we have:

Theorem 2.5.2. Assume that (2.5.7)-(2.5.13) are satisfied. Then there is one and only
one reservoirs-connected solution.

To prove Theorem 2.5.2, we need three lemmas. We shall denote by (u,g) a reservoirs-
connected solution of (Pp) and for each i € {1,..., N}, we shall denote by C; (resp. Ci, ;)
the connected component of [u > xa] (resp. [t > x2]) which contains S ; on its boundary.

Lemma 2.5.1. For each i € {1,..., N}, we have the following alternatives:

i) either 3x; € S, 3r; € (0,r3) : Vo€ B(x),r)NQ Vu(z) #0,

17"

i) or uw = h; in C;.

Proof. First note that u satisfies

div(A(z,Vu)) =0 in  B(z;,r) N
u=vy=h; on B(z;r;) NoN.

We deduce that for all r € (0,7;), we have u € C1% (B(x;,7) N Q) [34]. So either 4) is true
or we must have Vu(z) = 0 Vo € S3’;. Assume that we are in the second case and set

wo(x) = u(x) —h; for x € Bz, r;) NQ
wo(z) =0 for x € B(x;,m;) \ S

Since u—h; = 0 on Sy';, we have wg € W4 (B(xi,7;)). Moreover because u € CHi (B(z;,7;)N
Q) and Vu = 0 on Sy, we deduce that div(A(x, Vwe)) = 0 in D'(B(z4,74)).

Now since Vwy = 0 in B(x;,r;) \ © and since the zeros of the gradient of a nonconstant
A-Harmonic function, under the conditions (2.5.7)-(2.5.9) are isolated [5], we conclude that
wo = 0in B(zy, ) NQ ie. u=h; in B(a;,r;) N Q.

Arguing as before, u — h; is an A-Harmonic function in C; such that v — h; = 0 and
V(u—h;) =0in B(z;,r;) N C;. We conclude that w — h; =0 in C;. O
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Lemma 2.5.2. If u and u,, are not both constant in C; and C,, ; respectively, then there
exists x, € B(x;,7;) N Sz, 75 € (0,75), 0 < Ag, A1 < +00 such that

Ve e B@hr)NQ, Ao < Ax) < A, (2.5.14)

1
where A(z) = / |Vw (x)|72dt and wy = tu+ (1 — ).
0

Proof. We will consider only the case where w is not constant in C;. So the situation i)
of Lemma 2.5.1 holds. Since u and u,, are of class C! in B(z;,7;) N, there exists z/,
ri € (0,7;), ¢, ¢; > 0 such that

ci < |Vu(x)| < ¢, Vre K, =B, r)nQ. (2.5.15)
[Vup,(2)] <cpn Vo e K. (2.5.16)
We distinguish two cases:
Casel: q> 2:
Using (2.5.15)-(2.5.16), we obtain
Az) = /01 |V (@)|dt < (em + )92 =X\ VzeK,. (2.5.17)

Now clearly A(x) is continuous on Kj;. Let us denote by Ag the minimum value of A(z) on
K;. There exists x, € K; such that \g = A\(z,). We claim that Ay > 0. Indeed otherwise we
will have since ¢ > 2, Vwy(z,) = 0 for all ¢ € [0,1]. This leads to Vu(z.) = Vun,(z.) =0
which is impossible.

Case2: 1<qg<2:
Using (2.5.15)-(2.5.16), we obtain

1
M) = / Vwy(2)[dt > (em + )T = Ny Va € K.
0

We would like to show that A(z) < A\; < oo in K;.

If Vw;(z) does not vanish for each (t,z) € [0,1] x K;, then |Vw,(x)|972 is continuous in
[0,1] x K; and therefore A(z) is continuous in K;. If we denote by A; the maximum value
of A(z) on K;. Then we have A\(z) < \; < oo in K;.

If Vw(z) = 0 for some (¢,x) € [0,1] x K;, then ¢ € [0,1). Otherwise we will have Vu(x) = 0.
Moreover if there exists two values ¢1 # to € [0,1] such that Vw,(z) = 0, then Vu(z) =
Vi, (z) = 0. Therefore for each z € K, there exists at most one value t(z) € [0,1) such

that Vwy(,y(x) = 0. In this case, we have Vu,,(x) = 1:2((:”1)) Vu(z) and

w(x)]12 !
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— (x))2~ 4 12
— 7(1 qt(_ )1) [(1 — t(nlc))q*1 + tqfl(:c)} \Vu(:r)\q*2 < 72(] ’_ T
O

Lemma 2.5.3. For each i € {1,..., N}, there exists x}, € B(x;,r;) N S35, 75 € (0,7;) such
that
U= Up, in B(x},7})NQ.

Proof. If u is constant in C; and w,, is constant in C,, ;, then the result is trivial by Lemma
2.5.1.
In the following, we assume that either u is not constant in C; or u,, is not constant in C,, ;.
By Lemma 2.5.2, we know that there exists x; € Sy';, r; € (0,7;), and Ag, A1 > 0 such that

Vo € Bz}, r))NQ Ao < AMx) < A1 < Ho0. (2.5.18)

Since B(z},m)NQ C C; NCy,; and g = gy = 0 ace. in C; N C,y, 4, we obtain from Theorem
2.3.1 1)

/ (A(z,Vu) — A(x, Vu,y,)).V{dz =0 V¢ € D(B(x),1})). (2.5.19)
B(x],r)NQ
Note that for each « € B(x},r}) N, we have
Yd
Az, Vu) — A(z, Vuy,)) = @A(% Vuw,(x))dt. (2.5.20)
0

Writing w = u — up,, A(z) = (A;j(x)), with 4;;(z) = fol %Ai(m,th(x))dt, we deduce
form (2.5.19)-(2.5.20) that

/ A(z)(Vw).V¢dz =0 V¢ € D(B(x},1})). (2.5.21)
B(z},r;)NQ

If we denote %Ai(x,th(x)) by A;;(t,x) and set A(t,z) = (A;;(t,x)), then a simple
calculation shows that

k=2 k=2
Ajj(t,x) = aij\a(m)th.Vwﬂ% +(q-2) ( Z aikwtmk> (Z ajkwmk) \a(x)th.th\q%
k=1 k=1

k=2 k=2
Zk:l Qi Wi, Z}czl Ak Way, )

|a(z)Vw,. Vw7 (aij +(qg—2) PR

This means that

%) (a(x)Vwy) ® (a(a:)VwQ)

Alt, 2) = |a(z) Vi V| = (a(x) U |a(z) Vw. V|
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where for h = (hq,h2),k = (k1,k2) € R?, h ® k denotes the matrix (h;k;). Moreover since
a is symmetric, we can write

A(t,x) _ |(L(£L’)thth|%_2 /a(x) (12 + (q _ 2)(\/ a(x)th) & (\/ a(x)V'ZUt)) /a(x)

|a(2) Vw. V|

where y/a(x) is the symmetric definite positive matrix satisfying \/a(x)+/a(z) = a(x).
Let y = (y1,v2) € R2. We have

A(t,x).y.y = |la(z)Vw. Vwg| %ZB(t, x).(va(x)y).(vVa(x)y) (2.5.22)

with

We claim that
min(1,q — 1)|y|* < B(t,z).y.y < max(1,q— 1)|y%. (2.5.23)

Indeed if \/a(z) = (b;;), then (2.5.23) is an immediate consequence of
k=2 k=2 )

0 < (Va(z)Vwy) @ (Va(z)Vw).y.y = (yl Z b1k Wiy, + Y2 Z bzkwmk) < Jy|V a(z) V.
k=1 k=1

It follows from (2.5.22)-(2.5.23) that V¢ € [0,1], Vo € B(x},r) N Q

1)1
min(1,q — D)Ala(z) V. Vuy| T |y|> < A(t,2).y.y < max(1,q — 1) M|a(z) V. Vo | “Z [y[>
which leads for some positive constant C7, Co depending only on ¢ , A and M, to

CiA(@)|y]? < A(z).y.y < CoX(z)|y|?> Vo € B, )N Q.
Using (2.5.18), we obtain for some other positive constants XO, M depending only on g, A,
M, )\0 and )\1, _ _
Xolyl? < A(z).yy < Myl Vo € Bz, r) N (2.5.24)

Finally, we extend w by 0 to B(z},r}) \ Q. Since w = 0 on B(x},r}) N S5, the obtained

(R 1

function belongs to W14(B(x,71)). Moreover, we extend A(z) by Aols to B(z,r]) \ Q.

(2N 1)

Thanks to (2.5.24), the obtained matrix remains bounded and strictly elliptic in B(z},7}).
Now thanks to (2.5.21), w satisfies div(A(z)Vw) = 0in Wb4 (B2}, ), w > 0, and w = 0
in B(zi, )\ Q. We conclude by the strong maximum principle that w = 0 in B(af,r%),

17"

which means that u = w,, in B(a},r;) N Q. O

Proof of Theorem 2.5.2. First note that since u,, < u in Q, we have C,, ; C C;. Moreover u
and u,, are A—Harmonic in C,, ; and by Lemma 2.5.3, u = u,, in B(z},r;) N Q. It follows
from [5] Theorem 4.1, that u = uy, in Cy, ;.

As in the linear case, one can prove that C; = Cy, ;. Thus u = u,, in Cp,,; = C; Vi €
{1,..., N} and u = u,, in Q. From Corollary 2.2.1, we deduce that g = gas in Q. O
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3 The Dam Problem with Leaky Boundary Condition

In this section, we assume that B is given by (1.1.10) and we study the problem:

Find (u,g) € WhH4(Q) x L>(Q) such that :

(1)) w=1 on Sy

(Pr) (i) w>xe, 0<g<1, glu—z2)=0 ae. in

(iv) / (A(J:,Vu) —gA(x,e)).nga: < / B(xz,v — u)édo(x)
Q Ss

vé € WHe(Q) such that &€ >0 on Ss.

The main difference between the model we are considering here and the one we studied in
Section 2, is the fact that the region below a reservoir is not necessarily completely saturated
if the flux through the bottom is not strong enough, which makes it possible to have a free
boundary there. Moreover, as we shall prove it, the function g is not a characteristic function
of the wet part of the dam.

For §: 53 x R — R, we assume that

p(0) =0
for a.e. x€S;3, [(x,.) isnondecreasing
VseR 30, >0: forae z€Ss |Bx,s) < Cs.

3.1 Properties of the Solutions

Throughout this section, we shall denote a solution of (Pr) by (u,g). First we give a
regularity result.

Proposition 3.1.1. u € C;2%(QU Sy) for some a € (0,1).
Proof. This is a consequence of (1.3.1), (1.3.3) and (Pr)i) (see [29]). O
From now on, we assume that the function « — §(z, ¢(x)) extends to Sz so that

Blx,p(x)) =0 a.e. x €S,

The following theorem will play the same role as Theorem 2.1.1 of the previous section.

Theorem 3.1.1. Let Cj, be a connected component of [u > x3] N [xe > h] and Z, =
QN (7, (Ch) x (h,+00)). Then we have for each nonnegative function f € W'(Zy)
depending only on xs
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/ (A(z,Vu) — gA(z,e)). fedx S/ YA(z,€e).fedr (3.1.1)
Zn

Zp,

where ’7(!17) _ ﬂ(m’@) _ ﬂ((xl,8+(xl)),g0($1,S+($1)))'

k(x)vs k(x)ve(z1, 54 (21))

Proof. Let (a1, a2) = 1y, (Ch) and let for ¢ > 0 small enough, as € D((a1,a2)) be a function
such that 0 < as(z1) <1 and as =1 in (a1 + J,a2 — ). First we have

/zh, (A(z, Vu) — gA(,e)).f (z2)eds = /

Zn

(A(z, Vu) — gA(z, e)).V(a(g /:2 f(s)ds) dx

+ /Z (A(z, Vi) = gA(2,)).V ((1 = a5) [ f(s)ds)da. (3.1.2)

h
T2

Since X(Zh)a(;/ f(s)ds is a test function for (Pr), we have with SZ" = S35 1 dZ,
h

x

/Zh (A(%Vu)—gA(x,e)).V(a(; ) f(s)ds)dx < /th ﬁ(x,w—u).(aé /h‘“+(x1) f(s)ds)da(x),
(3.1.3)

Set (s =(1— 015)/ f(s)ds and remark that for ¢ > 0, :I:x(Zh).(u T2 (5) are test
h €

h

functions for (Pr). So we have by taking into account (Py,)ii)

u —

A(a:,Vu).V( exg /\C,;)dx = /S'Zh ﬁ(:c,qlz—u)(

U — T2

A C,s)do(x)

Zp,
which leads by the monotonicity of A to

/ (A(z, Vu) — Az, €)).Vsdz < /Z Bz, — u)(
ZpNu—xz2>€ls) Sy h

u —

. T2 5 C5> do(x)

U — To

- .A(x,e).V(

A g;)dx. (3.1.4)
Zp

Note that

/Zh, x([u > x2))A(z,e).Visdr = /Zh x([u > xz])A(z,e).V<C5 X ;m2)+dx

U — I9

+ A(x,e).V(

Zp,

A g;)dx. (3.1.5)

Since k is nondecreasing in x5, we deduce by using the second mean value theorem, that for
a.e. 1 € (a1,as), there exists h*(z1) € [h, ®(x1)] such that

[ > a0 9 (6 - 2) a= [ k) (- 122 o)

Z2
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— /:2 k(x1, @(xl)_)</:((:l)) (Cé L u ;x2>; (:cl,xg)dxz)dm
< /a2 k(xy, @(21)-)Cs(w1, P(21))day (3.1.6)

Adding 3.1.4) and (3.1.5) and taking into account (3.1.6), we get

/ (A(z, Vu) — A(z,€)).Vsdz + / x([u > z2)) Az, €).Vsdx
ZpNu—xz2>els)

Zn
U — T2

S/ngh ﬁ(x,¢—u).( . A§5>da(a:)+/: k(z1, ®(x1)-)Cs (21, ®(21))day

which leads by letting ¢ — 0 to
| (@0 = xu = 22D Al ) Vesda
) P O R A CR ENB I E e
Using (3.1.2)-(3.1.3) and (3.1.7), we obtain
s4 (1)
/Zh (A(x,Vu) — gA(x,e)).f(xg)edx < /th Bz, — u)(/h f(s)ds)da(x)
+ [ Gallu = ) = h(a)(1 = as)ao
s [ R ) oot Bl (319

Letting 6 go to 0 in (3.1.8), we get

IN

/Zh (A(z, Vu) — gA(z,e)).fedx /gfiz Bz, v — u)(/}LS+(zl) f(s)ds)do(a:)

/th B, cp)(/hsml) f(S)ds) do(z)

= / vA(z, e). fedz
Zp,

VAN

and the lemma is proved. O

Remark 3.1.1. If Z; = ((a1,a2) X (h,400)) NQ and for i = 1,2, we have u(a;, v2) = =2
Vao > h, then the inequality (3.1.1) holds for the domain Z, also.
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As a consequence of Theorem 3.1.1, we obtain a characterization of the unsaturated set.

Theorem 3.1.2. Let xg = (201, %02) such that B, = By(xg) C Q. If B, CQ and u = x5 in
B,., then we have

g=1—v ae inD,={(z1,22) €Q/ |1 — 21| <7 and wzp2 <22} UB,. (3.1.9)

Proof. By Corollary 1.3.1, we have u = x5 in D,.. Moreover it is clear that it is enough to
prove (3.1.9) in the following two cases: 7, (B;) C g, (S2) or 7y, (B,) C my, (S3).

i) mg (By) C ey (S2)

Applying Theorem 3.1.1 with f = 1 and domains Z;, C D, of type as in Remark 3.1.1, we
obtain

0 S/Z k(z)(1 - g)dr = /Z (A(z, Vu) — gA(z,e)).edz < 0

from which we deduce that g =1 a.e. in Z. Thus g =1 a.e. in D,..
1) Ty, (Br) C 7y (S3) -

Let £ € WH4(D,) such that £ = 0 on 9D, N Q. Then +x(D,)¢ are test functions for (Pr)
and we have

/D k(2)(1 = g)enyda = / B(z, p)€do(x) (3.1.10)

aD,NSs
Using (1.3.3), we get in the distributional sense (k(z)(1 — g))z, = 0 in D,, which leads by

applying Green’s formula in (3.1.10) to k(z)(1 — g)va = B(z,¢) a.e. on 9D, N S3. Hence
we get

glx) = 1— =1-—~(x) ae. in D,.

Now we have a non-oscillation result.

Theorem 3.1.3. Let xg = (xo1, To2) € Q such that B, = B,(xg) C Q. Then the following
situations are impossible

Z) U(ifl,l'g) = X9 V(l’l,xg) S Br n [(El = xOl]
u(xy,xa) > T2 V(z1,22) € By, X1 # To1.

i) u(xy, x2) > T2 V(z1,22) € By N [x1 < 201]
U(xl,l‘g) = I V(ﬂ?l,l‘g) S BT n [1‘1 > .1'01].

i) w(x1,x2) = T2 V(z1,22) € By N [z1 < xo1]
’LL(LC17$2) > X9 V(ifl,l'g) S BT N [CEl > LEQl].
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Proof. i) By the assumption and (P)ii), we have ¢ = 0 a.e. in B,. By (1.3.3), this leads
to div(A(z,Vu)) = 0 < div(A(x, Vi) in D'(B;). Using the strong maximum principle
(Lemma 1.3.1) applied for u; = x2 and us = u, we deduce that either v > x5 in B, or
u = xo in B,.. This contradicts the assumption.

it) Let £ € D(B,.), £ > 0. Setting B;" = B, N [z1 > x01], we have by (3.1.9)

/A(:c,Vu).VEd:E = /gA(x,e).Vfdz:/ k(x)g€s,dx
B, B,

By

B(z1, 54 (21)), p(z1, 54 (21)))
/Br k(m)(l— +01)), P, 5+ ){mdx

k(x)va(wy, 54 (21))

/ kfwzdx:/ k€qy,dx — kfmdxz/ k&g, dx.
Bt By By B

It follows that div(A(z, Vu)) < div(A(x, Vag)) in D'(B,). Applying Lemma 1.3.1, we get
a contradiction with the assumption 7).

i44) Similar to 7). O

Assuming that the dam is a rectangular domain supplied by a unique reservoir located on
its top (see Figure 7) and that A(x, &) = &, Carrillo and Chipot showed in [22] that the dam

is unsaturated above the line x5 = %, / % provided that S(h) < %.

In [36], the author showed that if S(h) > 1, then the dam is completely saturated. The
following theorem is an extension of that simple result which gives a sufficient condition to
get total saturation in a more general framework.

Theorem 3.1.4. We have

0<g<p(r)=1-—min(1l,v) a.e in Q. (3.1.11)

We first prove a lemma.

Lemma 3.1.1. Leti € {1,...,N} and Z = ((ay,az) x (h, +00)) NQ with 74, (Z) C 74, (S3,)
and (a1, a2) X {h} C Q (see Figure 8). Then we have

/ k(x)(g —p)T€pdr <0 VEC HYR?), €>0, and £€=0 on 9ZNQ. (3.1.12)
zZ

Proof. Let § as in the Lemma. For € > 0, &(H(u — z2) — 1)§ are test functions for (Pr)
and then we have with S = S3N Z

/Z (A(z, Vu) — gA(z,€)) .V ((He(u— z2) — 1)§)dw = . Bz, —u)(He(u — z2) — 1)édo(x)
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$2:D+h

So Q So
ro = O
xr1 = 0 Sl xrp = L
Figure 7

from which we deduce that
/ng§z2dx = /Zg.A(;v,e).Vde
= / (1 — H(u— x2))A(z, Vu).Védr — / H!(u — x2)¢A(z, Vu).(Vu — Vag)dx
z z
+ /Z gA(x,e).V(H(u— 22)§) + /SZ B(x, ¥ —u)(He(u — x2) — 1)&do ()
< /Z(l — H.(u — z2))A(z, Vu).V&dzr — /Z H!(u—22)¢A(z,€).V(u — x2)dx
+ » Bz, —u)(He(u — 22) — 1)édo(z)
= /Z (1 — He(u— x2)) (A(z, Vu) — A(z, €)).Véda + / (He(u — x2) — 1)Eky,dx

Z
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(al, h) (a27 h)

Figure 8

| s (Ho (= 2) — 1) + /Sz Bl — u) (Ho( — 25) — Dédo(x).  (3.1.13)

8§

Now set a(z) = min(1,v(z)). Then p(r) =1 — a(z) and since (ak),, > 0, we have
—pkéy,dr = | ky,&dx — kvoéd kvoédo( k) g dx
| ktesde = [ hu,gis / Edo(z) + /‘a s6do(o)— [ el
/ ky,&dx —I—/ a(x) — 1)kvaldo (z). (3.1.14)
Adding (3.1.13) and (3.1.14), we get
/(g — )k, dr < /(1 — H(u— xg))(A(x, Vu) — Az, e)).Vfdw
z z
—l—/ H (u— x9)ky,&dx + / (1= He(u—z2)) (kvo — Bz, ¢ — w)) + (o — 1) ko] &do(x).
z sz

(3.1.15)
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The last integral in (3.1.15) can be written as

/S (1= H,(u— 22)) Bz, ) — Blz, & — u))edo(z)
Bz, p)

kl/g

+/SZ [(1 — H(u—x3))(1 - ) + (o = 1)}ku2£do(w)

< [0 = Hluma)(6(o.0) = 8ot = w)tdole) = . (3116)
We get from (3.1.15)-(3.1.16)
/(gfu)kfmdx < / (1—H(u—x2))(A(z, Vu) — A(z, e)).Vfder/ H (u—x2)ky,Edx+ J5.
z z z
Moreover we have
tig Jf = [ = 228 0) = Bl — ma))édo(a) 0. (3017
Therefore we get by letting ¢ — 0 and taking into account (3.1.17)

/(g — k& dr < / xX([u > ) kp,édr VE € HY(R?), € =0 on 0ZNQ and £ > 0.
Z Z

(3.1.18)
In what follows, we extend the functions k, (g — 1) and x([u > x2])k,, by 0 and we denote
the extensions respectively by k, (¢ — 1) and 6. Note that (3.1.18) holds in particular for
functions with compact support in Z U SZ. Let then ¢ € H'(R?), ¢ > 0 with ¢ having
a compact support in Z U SZ. Set ¢g = d(suppé,dZ N Q) and let € € (0,¢9/2). For each
y € B(0), the function z — &(z + y) is nonnegative, belongs to H'(R?) and has a compact
support in Z U SZ. Therefore it can be used in (3.1.18) to get

/ (9(2) — (@) k(@)eny (z + y)dz < / 6(@)E(x + y)de
R2

R2
from which we deduce that
Lo o= meutetnas)ay< [ o) [ o+ vdc)ay
where g = gk, i = pk and p. is a smooth function satisfying p. > 0, suppp. C B(0) and
pe = 1. Writing f. = p. x f for a function f, we get

R2

/ (Ge — fie)eunde < / bbde Ve H'(R?), €20, supp(€) C ZU SZ.
R2 R2
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_
In particular, we obtain for the function ¢ = min (1, M)(, with § > 0, ¢ € HY(R?),

¢ >0, supp(¢) € ZU ST

+ —

- = oy
/R2(§E —ﬁe)(min (1’%)0@6& < . 6. min (1,%)Cd$.
As § — 0, we get

o — i)t
* /]R2 min (1’(96%)(@6 _Iae>Cw2 - /R2(§€ _lje)+<x2
] = : (ge 7ﬂ6)+ C _ _ _ B
* e — e)C | min (1, —— = 2(Ge — i) (Ge — fie)m,
/}RQ(g fi )C( ( 5 ))m /R2I’1[O<§Eﬂ5<6] 2 (Ge — i) (ge — fic)
- /R 35 (im0, 6= 10")") =55 [ (min(5, (3~ 1)) Ges = 0

5 _ o)t
% §, min (1,(955“6))g§/Rz 0.C.

B2
/Rg(ge — i) T Cay < /R 0.¢

which leads by letting ¢ — 0, to

/Z(g — ) ke, < /Zx([u > 29])Cka, -

It follows that

Now it is not difficult to extend this inequality to functions as in the lemma. Hence if we
write it for ¢ = (1 — He(u — 22))¢, with € € HY(R?), £ = 0 on 9Z N Q, £ > 0, we obtain
since g(u —x2) =0

/@fuﬁ%mg/&ﬂu>mM17mwfxmmg.
7

Z

Letting € — 0, the lemma follows. O

Proof of Theorem 3.1.4. We give the proof only below S3, since below Sy, onehas u=12>g
a.e. Solet i € {1,...,N} and let Z be a domain below S3; such that Z = ((al,ag) X
(h, +00)) NS and such that (a1, az)x{h} C Q. Using Lemma 3.1.1 for £ = k(x1).(x2—h)x(Z)
with x(x1) = (x1 — a1)(az — x1), we obtain

L/M@w—uﬁdmﬂwZO
A

which leads to (g—p)™ = 0 a.e. in Z and g < p a.e. in Z. Hence the theorem is proved. [

Corollary 3.1.1. Let T be a domain contained in subset of Sz \ Sy. If B(x,p) > k(z)va
a.e. on T, then the subset Zp of Q located below T is totally saturated.
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Proof. We deduce from Theorem 3.1.4 and the assumption, that g = 0 a.e. in Zp. From
(1.3.3) we then get div(A(x,Vu)) = 0 in D'(Zr). This leads by Lemma 1.3.1 to u = x5
in Zr or u > x5 in Z7p. Suppose that u = x5 in Z7 and let £ € WH9(Z7) with € = 0 on
0Zr N Q. Using £ as test functions for (Pr) and the fact that w = x5 and g = 0 in Zr, we

obtain
/ Ky = / B(z, o)¢do(x)
Zr T

/ kfygda(x):/ﬁ(x,go)fda(x).
TU(0Z7rNS1) T

It follows that B(z,¢) = 0 on T and we get a contradiction with 5(z,¢) > k(z)vs > 0.
Hence u > x5 in Zp. O

which leads to

3.2 Continuity of the Free Boundary

From now on, we assume that A is strictly monotone in the sense of (2.2.1). We first give a
theorem dealing with the continuity of the free boundary below Ss.

Theorem 3.2.1. @ is continuous at each point xgy € Int(n;, (S2)) such that (xo1, P(z01)) €
Q (resp. xp1 € S— and ®(xg1) = s_(x01))-

Proof. Since for test functions vanishing on Ss, the problem (Py) behaves exactly as the
problem (Pp), the proof is exactly the same as the one of Theorem 2.2.1 by taking into
account Remark 2.2.2. O

In the following theorem, we prove the continuity of the free boundary below S3. For this
purpose, we need the following assumptions which will be assumed in the sequel:

A(z,te) =t ' A(z,e) for all = below Ss, Vt> 0. (3.2.1)
v is continuous at each z below Ss such that ~(x) < 1. (3.2.2)
Jup > 0 such that kg, (z) < po  for all = below Ss. (3.2.3)

Then we have.
Theorem 3.2.2. ® is continuous at each xo1 € Int(my, (S3)) such that xo = (xo1, P(x01)) €
Q and v(zo) € [0,1).

Proof. Without loss of generality, we may assume that ug > 1. Since v(zg) < 1, v is
continuous at xg and k is nondecreasing with respect to xs, there exists v € (0,1) and a
ball B(zg,€p) C Q such that

V(@) <vp <1 Vo e Z = (my, (B(xo,€0)) X (B(z01), +00)) NQ.
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Since ®(xo1) < s+(z01) and v4 < 1, there exists § > 0 small enough such that

) §
D(z01) < s (xo1) — 3 and  7y(z) < v4 < exp( — %) Vo € Z. (3.2.4)

Because 0 < y(xp) < 1, we have necessarily s; continuous at zg;. So there exists €, € (0, €)
small enough such that

/ /
Vr, € [1‘01 — €9, To1 + 60].

N |

S+ (zo1) — g < sp(mr) < sq(mor) +
Setting hg = s4(zg1) — 6/2, we obtain
D(x01) < ho < s4(x1) <ho+3d Va1 € [x01 — €0, To1 + €0)- (3.2.5)
Let now € > 0 small enough such that
e<e, and ho+3e < sy(z1) Vz1 € [o1 — €, To1 + €p)- (3.2.6)

Since u(zo1, ho) = ho and w is continuous at (xo1, ho), there exists € € (0,¢€) such that

u(z) < a9 —|—/ (1 —exp(—svy))ds Vz € Beg(%h ho) (3.2.7)
0

Ho

Ag—1)
Using Theorem 3.1.3, we are in one of the following situations:

where vy =

i) Jzo = (Zo1,Z92) € Bey(wo1,ho) such that zg; <z and  u(zy) = 2y
ZZ) dzy = (f()l,fog) € Big($01, h()) such that Tg1 > o1 and U(To) = Zp2.
Assume for example that i) holds and set hf, = max(zgs, ko), Zo = ((Zgy, To1) X (hf, +00)) N
Q, go(t) =1 — exp(—vo(t — h{)), and
h,a—l-e

o + t)dt if hj <z < hj+e
wo(z) = 4 %2 /x go(t) 0 < w2 < hy

2

T if x> h{+e

Note that

hf)-i-e

wo(z1, hy) = hy +/ (1 — exp(—vo(t — hy)))dt = hg + /06(1 — exp(—svp))ds.

ho
This leads by (3.2.7) to

w(xy, hy) < wol(x1,hy) Vo € [z, To1)- (3.2.8)
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Given that u(zg) = zo2 and u(zy) = 24y, we obtain by Corollary 1.3.1 that
w(wor,z2) = u(xyy, T2) = 2 Yoy > hy). (3.2.9)

Using (3.2.8)-(3.2.9), we obtain (u—wo)™ = 0 on 0Zy N Q. It follows that +x(Zg)(u—we)™
are test functions for (Pr) and we have

/ (A(z, Vu) — gA(z,€e)).V(u— wo)tde = /Z Bz, —u).(u—wo)tdo(z). (3.2.10)
Zo 570
Moreover, one has for Zg = ((zg;, 01) x (hf, hi +€)) N Q

/Z (.A(;C,Vwo)—x([wo = xg])A(:E,e)).V(u—wo)+dx = /+(1—go(xg))q_lk(x).(u—wo);gdas.

ZO
(3.2.11)
Remarking that

/ (1- go(xg))q_lk(x).(u — wo);gdx = —/ ((1 — go(xg))q_lk(x))m.(u —wo) T dw
Zo Zo

" /Szo (1= golw2))" "k(x).(u — wo) " vodo(z)

3

we obtain for Z§ = ((zg1,zo1) X (hf + €,+00)) N Q

[ 0= a2 b (u— wn)fde == [ (1= gola)" k() - 22)da
ZO

74
—/ (1 = go(@2))* k() -(u—wo) Fdx + /Z (1= go(2))™ e().(u — wo) Fvado ().
Zo SSD

(3.2.12)

Subtracting (3.2.11) from (3.2.10) and taking into account (3.2.12), we get

/z* (A(z, Vu) — Az, Vwy)).V(u — wo) T dzx + / (A(z, Vu) — gA(z,e)).V(u — x2)dz

z
.

+ /Z (B, —u) — (1 — go(22)) k() v2).(u — wo) Tdo (). (3.2.13)
so

(1= go(22))* k(x).(u = 22)a,do + /Z (1= go(@2))" k(x)) ., -(u — wo) " dz

Note that by (3.2.1)

/ZU (A(z, Vu) — gA(z,e)).V(u — 22)dz

0
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(A(z, Vu) — gA(z,e)).(Vu — (1 — go)e)dx — / (A(z, Vu) — gA(z, e)).goedx

0 0
0 ZO

(A(z, Vu) — Az, (1 — go)e)).(Vu — (1 — go)e)da

0
0

+

(1= g0)*™" = k() ((u = 22)a, + go)dz — / (A(z, Vu) — gA(z, €)).goed

z3

[=l=}

(A(z, Vu) — A(z, (1 — go)e)).(Vu — (1 — go)e)dz + /0(1 —90) 1 k(x) (u — z2) 4, du

0
0 ZO

—|—/ (1 —g0)?"* — g)k(z)godx —/ (A(z,Vu) — gA(z, €)).goedx (3.2.14)
79 79
Using (3.2.13)-(3.2.14), we obtain

(A(z, Vu) — A(z, Vwg)).V(u — wo) T da
zf

+/ (A(z, Vu) — A(z, (1 — go)e)).(Vu — (1 — go)e)dx

z8
+/ZO((1 —90)7 ! — g)k(x)godx < /ZO (A(z, Vu) — gA(z,e)).goedx
+/Z ((1 = go(@2))""k(a)),.(u — wo)*da

+ o k(x)va(y — (1 = go(22))7™1).(u — z2)do (). (3.2.15)

By (3.1.1), we have for f = go and Z), = Z{
/ (A(z, Vu) — gA(z, e)).goedz < / ~vkgodz. (3.2.16)
z9 zg

Moreover by (3.2.5) and since hg < hy,, one has for all x; € [xo1 —€(, To1+¢€(], s+ (z1)—h{ < I
which leads by (3.2.4) to

v <9 < eap( = E(s o) = 1)) = ean( = vola — V(s (1) — ) = (1 = gols (e0)))"
so that

o E(z)va(y — (1 — go(22))9™ ). (u — 29)do(z) < 0. (3.2.17)

Now since Akg, < kpo a.e. in Zp, we have

/Z ((1 = go(@2))" k() .(u — wo)*da

59



= /z ((1 —90)7 Yk + (1 — go)q_l)mzk).(u —wg) Tdw

= / (1—90)7 " (kay — M).(u —wp)Tdr <0. (3.2.18)
Zo A

Then (3.2.15) becomes by (3.2.16)-(3.2.18)
/+ (A(z, Vu) — A(z, V).V (u — wo) T da
ZO

+/ (1= go)"" = y)kgodx + / (1—g—)kgodx
ZiN[u>zs]

Zgﬂ[u:a:g]

+/ (A(z, Vu) — Az, (1 — go)e)).(Vu — (1 — go)e)dz < 0. (3.2.19)
ZiN[u>z2]

By (3.2.4)-(3.2.5), we have

1) < 7s < eap(“5) < eap(—voles — ) = (1 - gol2))™ Ve € 2,

Indeed for z € Z§, we have hg < h{y < x5 < hg + §, so that xo — h{, < 6. Since ug > 0, we
obtain

5
cop(— ) < eap( B2y — 1) = (1~ gu(e2))
So
/ (1= go)*" = )kgoda > 0. (3.2.20)
Z3N[u>zs]

Using (3.2.19)-(3.2.20) and (3.1.11), we get
/+ (A(z, Vu) — Az, Vwy)).V(u — we) tdz < 0.
ZD

This leads by (2.2.1) to V(u — wg)* = 0 a.e. in Z; and then by (3.2.8) to u < wg in Zg
which gives in particular u(z1,h( + €) = h{ + €, Va1 € (2y,%01). By Corollary 1.3.1, we
obtain u(z) = xy Vr € Z{.
Using Theorem 3.1.3 once again, we deduce that there exists To = (To1, To2) € 2 such that
Zo1 < To1 < To1 + €], h{y + € < Toz < h + 2¢€ and u(Ty) = Toz. Arguing as above, we prove
that

u(z) = 9 Va € ((zo1,To1) X (h + 2€,+00)).
Hence

u(z) =x2  Va € ((zgy,To1) X (h + 2¢,+00)).

Now we consider a subdivision (k;)o<;<n of the interval [®(xo1)+2€, h(+2€] with k; —kip1 =

W < ¢/2. Repeating the above step, we can prove successively that u = x5 in
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Zi N [xg > k1], Zo N [xg > kal,..., Zy N [x2 > ky], where Z; are domains of type Z; such
that 7y, (Zi+1) C 7y, (Z;). Thus we obtain

P(x1) < P(zo1) + 26 Vay € (z5,T1n)

and the upper semi-continuity of ® at x(; follows. Taking into account Proposition 1.3.4,
the theorem is proved. O

Remark 3.2.1. ® is continuous at each point o1 € Int(my, (S3)) \ S— such that ®(xo1) =
s_(zo1) and y(xo1,22) € [0,1) for all zo2 € (s_(x01),S+(x01)). Indeed in this case, one
has for each € > 0 small enough, x{, = (xo1,P(z01) + €) € Q, u(x)) = P(xo1) + € and v
is continuous at x(,. Therefore one can adapt the proof of Theorem 3.2.2 to get u = xo
in ((wor — €, 201 + €') X (®(x01) + 3¢ + 00)) N Q for some € > 0, which means the upper
semi-continuity and thus the continuity of ® at xo1.

As a consequence of the continuity of ®, we obtain the expression of g which is not a
characteristic function of the dry region.

Corollary 3.2.1. Under the assumptions of Theorem 3.2.2, we have
9= (1= x([u==)). (3.2.21)

Proof. First note that since v = 0 below Sy, the formula (3.2.21) can be obtained below Sy
in the same way we obtained (2.2.8).
Next by (3.1.11), we have g = 0 a.e. in QN [y > 1] and then

g9=gx([y <1]). (3.2.22)
By Proposition 1.3.4, we have [u > x| = [z2 < ®(x1)]. So
g=0 ae in[ze < ®(z1)]. (3.2.23)

Let 9 = (zo1,%02) € [z2 > ®(z1)] such that xy is located below S3 and v(zo) < 1. By
continuity of v, there exists a ball B,.(z¢) contained in [y < 1] such that zgs —r > ®(z01).
Since ~y is non-increasing with respect to zo, we have Z = ((acm — 5,201 + 5) X (To2 —
55 +oo)) NQ C [y < 1]. Moreover u(xo1,22) = 22 V2o > o2 — 5. Then one can adapt the
proof of Theorem 3.2.2 to show that u(x1,z2) = x3 V(21,22) € Z' = ((xm — 71 xo1 +1') X
(zo2 — 7', +00)) N for some 7’ € (0,7/2). By (3.1.9), we obtain g = 1 — v a.e. in Z’. We
deduce that
g=1—7 ae in[ze > ®(x1)] N[y <1].

Now the set [z2 = ®(z1)] N[y < 1] being of measure zero (since ® is continuous at any point
x1 such that (z1,®(z1)) € Q and vy(z1, ®(z1)) < 1), we get by (3.2.22)-(3.2.23)

g =1 —y)x([z2 > ®(x1)]).x([y < 1])
which is (3.2.21). O
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3.3 Existence and Uniqueness of Minimal and Maximal Solutions

In this section, we show the existence and uniqueness of two solutions which minimize (resp.
maximize) a functional. Moreover one is minimal and the other one is maximal in the usual
sense among all solutions. From now on, we assume that:

B(z,u) >0 Yu>0, ae z€Ss. (3.3.1)

We first prove a result similar to Theorem 2.3.1.

Theorem 3.3.1. Let (u1,91) and (ug, g2) be two solutions of (Pr). Set ty, = min(uy, us),
upr = max(ug, usz), gm = min(gi, g2), and gy = max(g1, g2). Then we have fori=1,2 and
for all ¢ € Wha(Q)

D (AT = Ale V) = (01— 920) Ale.)- 9z =0
i) [ (A, Tu) = A, Tuar)) = (05 = gm) A, ) Vo =0

1) Bz, —up) =Bz, —uz) ae x€Ss.

Proof. i) Let ¢ € C1(Q), ¢ > 0. For §,¢ > 0, we consider ag(x) =

Ap = [t > x2) Uy > 1] and € = min (a(;(, ti 7um>. We have
€

| (G V) = Al Vi) = (91 = ga1) Al )il =
= [ (A Vi) = Al V) = (31 = 930) A, €))- 9 05 d
+/Q((A(x, Vu;) — Az, Vun)) — (9; — gm) Az, €)).V((1 — as)¢)dz. (3.3.2)
Since (1 — a)C is a test function for (Pp), we have
/Q(A(x, Vu;) — giAlz, e)).V((l — ag)C)dx < N Bz, —u;)((1 — as))do(x). (3.3.3)
Since (1 — as)¢ = 0 on A, we have
| (4G Vun) = 920 A,0)-9 (1 = ap)C) o

:/ k(@)(1 — gan)((1 — a5)C) , do
[um=z2]N[y<1]

B /[“m—ﬁz]m[wl] </B(i’2w) (1= a(;)g) Ide

62




(P20 a0) ar = [ P20 asgnadota)

V3 a0 1)

x?
= [ B —ascdo@ + [ P22 0 aimdozy (3.3

Ss sy V2
where S} = UiZN Sy 4, S1i = {(w1,5_(71)) / #1 € 7, (S3,) }, and ny denotes the second
entry of the outward unit normal vector n to S7.
We claim that

M(l — ag)Cnado(z) = 0.
sy 2

Indeed first remark that

6(1‘,@0)(1 — a5)Cnado(x) :/ Blx, o)

S1 V2 SI\A,, V2

(1 — ag)Cnado(x).

Next let 29 = (zo1,5_(z01)) € 57 \ A such that ﬂ((xm,8+($01)),<p(:1:017s+(x01))) > 0.
Without loss of generality, we assume that s_ and sy are continuous at xo;.

Since zg ¢ A, there exists ¢y > 0 such that B, (7¢) N A,, = () which means that B, (z¢) N
Q C [um = x2] N[y < 1]. Note that we can choose ¢y small enough to ensure that s_ and
sy are continuous in (zg; — €9, To1 + €9). Moreover, using the continuity of v in [y < 1], one
can also assume that B((z1, s1 (1)), @(21, s4(x1))) > 0 in (zo1 — €0, To1 + €0).

By Corollary 1.3.1 and the fact that -y is non-increasing with respect to zo, we get for some
e € (0,€)

Up =22 and y<1 in DE:((xm—e,xm—i—e)xB)ﬂQ.

By Theorem 3.2.2, we know that ®; and @ are continuous in (zg1 — €, To1 + €).
Now we distinguish three cases :

*xVry € (xo1 — €, 201 + €) Pr(x1) = s_(21) :

In this case, we have uj(z) = 22 Vo € D.. Let £ € W14(Q2) such that £ = 0 on 9D, N Q.
Since +x(D.)¢ are test functions for (Pr), we have

/Df(l — g1k, dr = / Bz, p)edo ().

OD.NS3

Using Corollary 3.2.1, we get
D. D. V2

- / B(z, p)édo(z) + / B@.9), edo(a).
8D.NSs aD.Ns]

%)

This leads to

/ Blz,¢) naédo(z) =0 Ve e WH(Q) suchthat €=0 ondD. N
ap.ns; V2
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We obtain 3(z,¢) = 0 on 9D, N S3 which contradicts (3.3.1) .

*Va1 € (o1 — €, 01 +€) Pi(x1) = s4(x1) :

In this case, we have uj () > 2o V& € D, and then us(z) = up(z) = 22 Vo € D.. This leads
to @o(x1) = s—(x1) Vo1 € (o1 — €, 201 + €). Then we get a contradiction as in the previous
case.

*x3wfy € (To1 — €, To1 +€) : s_(xhy) < Pr(xhy) < s4(wyy) :

By continuity there exists a small 6’ € (0,e — |zg1 — x(;|) such that z¢1 — € < zp; — & <
xh + 0 <xor+eand s_(z1) < P1(z1) < sy(wy) Voy € (af; — ', x5, + ).

Since uy, = x2 in D, this leads to ®o(x1) = s_(x1) Va1 € (xh; — 8,25, + ¢). Again we
obtain B(z, @) = 0 on Ds NSs, with Dy = ((x; — 0, xf; +6') x IR) N which is impossible.
We conclude that S7 \ A,, = () and therefore

M(l — ag)Cnado(x) = 0.
s; V2

Subtracting then (3.3.4) from (3.3.3), we get by the monotonicity of 3
/Q((A(x, Vu;) — A(z, Vuy,)) — (9; — gM).A(x,e)).V((l - a(;)g‘)dx
< /Sg(ﬁ(x, Y — ;) — B(x,h — 22))(1 — as)¢do(z) < 0. (3.3.5)
Now clearly £¢ are test functions for (Py). So we have for 4, j = 1,2 with i #
| (A V) = A, V) = (91 = 95) Al ).V
= /SS (B, — ug) — B2, ¥ — uy)).Edo (). (3.3.6)

Given that we integrate only on the set [u; — u,, > 0] where u,, = u;, (3.3.6) becomes by
the monotonicity of 3

[ (A, T05) = A, V) = (g1 = ga1) Alw,€))- V6 < 0
Q
which can be written by the monotonicity of A

/ (A(z, Vu;) — A(z, Vuyg,)).V(as)dx
[wi—wm>eC]

- /Q k(@)(9i — gm)-(a5Q) o, dz < /Qk:(x)(gM - gi)(OéaQ _ & _Eum);dx. (3.3.7)
Using (3.2.21), we have

Ui — Um

| K@ an = g (as¢ = ) o

64



() 2290 - )

(Ui >Um=22]N[y<1] V2 €

Uj — Um \ T
k(z)(1=7)"(as¢ — ——) dx
/[ui>um=:c2] ( € )w2

D;(x1) L +
da:l/ B@) (1= (as¢ — 5 (3.3.8)

‘IDM(xl)

with D; = {21 € 74, (Q) / P (21) < Pi(z1) }, i = 1,2 and P, = min(Pq, y).
Since for a.e. w1 € D;, k(1 — «)*(x1,.) is nondecreasing with respect to z3, we deduce by
the second mean-value theorem

Pilen) Ui — U \*
/ k(1 —7)* (046< - > dxs

D;

D, (21) € To
@i(21) U; — U\ T
_ _ + x, O (z1)_ asC — 9 m Lo
= (K= ) ) [ (s ) a
< (k(1 =) ") (21, Pi(21) ) () (z1, Pi(21)) (3.3.9)

with @, (21) € [®p(21), Bi(z1)] and (k(1 — 7)*)(z1, ®4(21)_) is the left limit of (k(1 —
) (1,.) at ®;(xq).
Taking into account (3.3.7)-(3.3.9), we get
/ (A(z, Vi) = Az, Vup )).V(as()dz — / k(x)(g9i — gmr)-(sC) ey d
[ui —um>eC] Q

S/ (k(1 = 7)) (@1, @i(z1) ) (asC) (@1, (1)) da
D;
which leads by letting € go to zero to
/Q(.A(x, Vu;) — Alx, Vuy,) — (i — gu) A(z, €)).V(asC)dz
S/ (k(1 = 7)) (@1, @i(z1) ) (asC) (w1, ®iw1))da
D;
< / (k(1 = 7)* asC) (@1, Bi(21))das. (3.3.10)
D;
Using (3.3.2), (3.3.5) and (3.3.10), we get
/Q(.A(x, Vu;) — Alx, Vum) — (9; — g ) Az, €)).V{dx
< / (k(1 = 7) 50 (21, @i () derr. (3.3.11)
D;

Now let xg1 € D; such that vy(xo1, P;(z01)) < 1. By continuity there exists a small 7 > 0 such
that v(x) < 1Vx € By (21, ®i(xo1)). Moreover one can assume that ®,,(zo1) < ®;(zo1)— 13-
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Since y(zo1, Pi(wo1) — 4) < 1 and um (w01, Pi(x01) — ) = Pi(xo1) — 4, one can argue as in
the proof of Theorem 3.2.2 to get for some 1’ € (0,7)

Um (1) = 22 Vo € ((xm — ', 201 + 1) X (Pi(x01) — 7, +oo)) NnQ.

It follows that (zo1, ®i(w01)) & Am. Thus as(xo1, ®;(z01)) converges to 0 when § goes to 0.
Using the Lebesgue theorem, we obtain

%im (k‘(l — ’}/)+Oé5<) (.131, ‘1)1($1))d.131 =0
—0Jp,

which leads to
/Q(.A(x, Vu;) — Az, Vu) — (g — g ) A(z, €)).V{dz < 0.
At this step, we argue as at the end of the proof of Theorem 2.3.1 to get
/Q(.A(J:, Vu;) — Az, V) — (g; — gu)A(z,€)).Vidr =0 V¢ € WH(Q).
1) We argue as for the proof of ii) of Theorem 2.3.1.
iii) Let £ € WH4(Q), € =0 on S,. Using i) for i = 1,2, we obtain
/Q(A(:r, Vu;) — Az, Vuy) — (9; — 95)A(z, e)).Védx = 0.
But since ¢ are test functions for (Pr,), we deduce that
[ (Baw =) = Blaw - w)edole) =0 vE W), €0 on S,

which gives B(x,¥ —u1) = Bz, — uz) a.e. on Ss. O
As a consequence of Theorem 3.3.1, we deduce by arguing as for the proof of Corollary 2.3.1:

Corollary 3.3.1. Let (u1,g1) and (ug,g2) be two solutions of (Pr). Then
(min(us, uz), max(g1, g2)) and (max(ui,us), min(gy, g2)) are also solutions of (Pr).

We consider the set of all solutions of (Pp,):
St = {(u,g) € WH(Q) x L*>°(Q) / (u, g) is a solution of (Pr) }.

Then we define the following functional Z;, on Sy, by:

Y(u,g) € S, Zr(u,g) :/QA(:E,VU).Vud:Efé/QgA(x,e).ed:rJr g Bz, v—u)(p—u)do(x).
’ (3.3.12)
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We assume that:
for a.e. z € S; B(x,.) is a continuous function. (3.3.13)
Here is the main result of this section.

Theorem 3.3.2. There exist a unique minimal solution (um,gn) and a unique maximal
solution (upnr, gm) in St in the following sense

Zp(tm,gm) = o oin Zr(u,g), Zr(urss gm) = e Zp(u,g).
u,g u,g9)€
We first prove a monotonicity result.

Lemma 3.3.1. Z;, is strictly monotone i.e. ¥Y(u1,¢91), (u2,g92) € St

i) up < ug, @2<g1 in = TIr(ui,91) < Zr(uz,g2)
i1) ur < ug, g2<g1 i Q and u #up = Tr(u1,91) < Zp(uz,g2).

Proof. i) Let (u1,91), (u2,g92) € Sy, satisfying u; < ug and g2 < g; a.e. in Q. Then we
have, since by Theorem 3.3.1 iii) B(z, ¥ — u1) = B(x, ¥ — uz) a.e. in Ss.

Zr(u1,91) — Ir(uz2,92) =
= / (A(z, Vur).Vu, — g1 A(z, €).€)dx — Bz, v — up)urdo(x)

Ss
/ (A(z, Vuz).Vug — g2 A(z, €).€)dz + g B(x, % — uz)usdo(x)
1
?/ ,e).edx
/ (A(z, Vuy) — g1 A(z,€)).V(uy — z2)de — [ Bz, —ur)(uy — x2)do(z)
Q S3
l

z,Vuy) — g2 A(z, €)).V(ug — z2)dx + ; Bz, Y — ug)(ug — x2)do(x)

A
/ A(z,e).edz —&—/Q ((A(z, Vur) — A(z, Vuz)) — (91 — 92) Az, €)).Vaada.

By Theorem 3.3.1 ¢) and since +(u; — x2) (i = 1,2) are test functions for (Pp), we get

1
Tu(ung0) = Tiluz,g0) = / (91 — ga)k(z)de < 0.
Q

i1) Assume that u; < ug, g2 < ¢1 in Q and Iy (u1,91) = Zr(us2, g2). From the proof of i),
we get /(g1 — go)k(x)dz = 0 which leads to g1 = g5 a.e. in Q. Using Theorem 3.3.1 i) for
Q
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& = u1 — ug, we obtain
/ (A(z, Vur) — Az, Vug)).V(ug — ug)dz =0
Q
which leads by (2.2.1) to V(u1 —uz) = 0 a.e. in 2. But since u; — ug = 0 on Sy, we deduce
that u; = us. O
Proof of Theorem 3.3.2. First remark that for each (u,g) € Sr, we have by (1.1.2) and the

monotonicity of 5(z,.)

1 Q
Tr(ui,g1) > —*/ k(x)gdx > _UM
qJ0 q

from which we deduce that there exists a minimizing sequence (ug, gx ke for Iy i.e.
Vke IN (ug,gr) €Sr and lim Zp(ug,gx) =m= inf Zp(u,g). (3.3.14)
k—+o00 (u,9)ESL

As in the Dirichlet case, we define the sequence (vg, fx)rew by

{(anfo) = (o, 90)

(Vkt15 fr1) = (min(ups1, ve), max(ge41, fr)) Vk € IN.

Using Corollary 3.3.1 and Lemma 3.3.1 and arguing as in the proof of Theorem 2.2.2, one can
verify that for each k € IN, (vg, fx) € St and that we have for some (v, f) € L1(Q) x L7 (Q2)

m= klir_ir} Tr (v fr)- (3.3.15)
v — v in L) anda.e. in Q. (3.3.16)
fo — f in LY(Q) anda.c. in Q. (3.3.17)

Now since +(vi, — 2) are test functions for (Pr,), we have by (Pr,)ii), Proposition 1.3.1 and
(1.1.2)iii))

)\/ |V |Tdr < / A(x, Vo). Vupde = Bz, — vg) (v — z2)do ()
Q Q S3

+/QA(:c,Vvk).V:c2dx < /Sg(ho — 22)B(x, % — z2)do(z) + M\ml/q(/ﬂ |wk|qu)1/q

We deduce that (v)y is bounded in W14(Q2). So we have up to a subsequence
Vg, — U in Wh(Q) (3.3.18)

Vg, — U in L%S3) and a.e. in Ss. (3.3.19)
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By the continuity of the trace operator and (3.3.19), we have v = 0 on S2. By (3.3.16)-
(3.3.17), we deduce that

v > Xa, 0<f<1, flo—xz2)=0 ae. in Q.

Hence to prove that (v, f) € Si, it remains to prove that it satisfies (Pr)i).
From the fact that (vx) is bounded in W4(Q), we deduce that up to a subsequence still
denoted by (v,), one has

A, Vo) = Ay in LT(Q). (3.3.20)
Let p,s € IN such that p < s. We have by Theorem 3.3.1

/{(A(ac, Voi,) — Az, Vor,)) = (fr, — fr.)A(z,€)}.Vog, dz =0
Q

from which we deduce by letting first s — 400 and then p — 400
p—+00

lim A A(z, Vo, ). Vo, de = /Q.A().Vvda:. (3.3.21)
Using the monotonicity of A, (3.3.18) and (3.3.20)-(3.3.21), we easily obtain
Az, Vo)) = A(z, Vo)  in L7 (Q). (3.3.22)
Finally, let £ € W4(Q) such that & > 0 on Sy. For each p € IN, we have
/Q (A(z, Vug,) — fr, Az, e)).Védr < /S B(z, ¢ — vi, )édo(z). (3.3.23)
Using (3.3.13), (3.3.17), (3.3.19) and (3.3.22), we get by letting p — +o0 in (3.3.23)
/Q(A(w,Vv) — fA(z,e)).V&da < . Bz, — v)édo(x).

Thus (v, f) is a solution of (Pr,).
Now, using (3.3.15)-(3.3.17) and (3.3.19)-(3.3.22), we obtain

m = pli»rfooIL(vkp’ fr,) = pEI—&I-loo 5 A(z, Vo, ). Vog, de — é/ka"A(x’ e).edx
+ g Bz, — vi, ) (¢ — vk, )do(z)
= / Az, Vv).Vodr — 1/ fA(z,e).edx + Blx, v —v)(p —v)do(x) =ZL(v, f).
Q q.Jq Ss

Let (u,g) € Si. Since by Corollary 3.3.1, ( min(u,v), max(g, f)) € Sr, we deduce by Lemma
3.3.1 i) that
m < IL(min(u,v),max(g, f)) <ZIp(v,f)=m
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which leads by Lemma 3.3.1 i) to (v, f) = (min(u,v), max(g, f)) i.e. v <uwandg < f
a.e. in Q. The uniqueness of (v, f) is then clear. This achieves the proof of the first part of
Theorem 3.3.2.

Let us prove the second part of the theorem. First we have by (1.1.2)ii¢) and the mono-
tonicity of 3(x,.)

Tr(u,g) = /QA(:C, Vu).Vudr — é /ng(x)dx + 8 Bz, —u)(¢ — u)do(x)
< /Q A(z, Vu).Vudz + ) B(z, p)pdo(z)
< M/Q IVu|7da +/S 5(%, P)pdo (z).
Moreover since =+(u — x) are test( functions for (PL), we have
/Q (A(z, Vu) — gA(z,€)).V(u — z2)dzx = . B, —u)(u — x2)do(z)
This leads by (1.1.2)iii) to
)\/ \Vul?dz < / Az, Vu). Vudz
Q Q

= /Q,A(x, Vu).ede + | B(z,¢ —u)(u — x2)do(x)

S3
§M|Q|1/‘Z(/9Vu|qclgc>l/q/+/s Bla, ) (ho — x2)do(z)

and
/ |[Vulldx < C for some positive constant C.
Q

Thus Zy,(u, g) is bounded for all (u,g) € Sy,. Let then (uk, gk )remnw be a sequence of solutions
of (Pr) such that

lim Zr(ug,gx) = sup Zp(u,g).
k—+oo (u,9)E€SL

We consider the following sequence (wg, hy)remn defined by

{ (wo, ho) = (uo, go)

(wk+1, hk+1) = (max(ukH, wk), Inin(gk_H, hk)) Vk € IN.
Then we have by Corollary 3.3.1 and Lemma 3.3.1 7)
Vk € IN (wg,h) € S and  Zp(ug,gx) < Zp(wg, hg) < sup Zp(u,g).

(u,9)€SL
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It follows that
sup Zp(u,g) = lm Zp(wg,hy). (3.3.24)
(u,9)€8L koo
Using the monotonicity of (wg, hx)remw, (3.3.24) and arguing as above, we prove that for a
subsequence (wg, , hk, )pev, we have

Wy, — W in WhH(Q)
Wy, — W in L) andae. in
Wy, — W in L(S3) anda.e. in S3

A(z, Vuy,) = Az, Vw) in Lq,(Q)
hip, — h in Lq,(Q) and a.e. in

Thus it becomes easy to verify that (w,h) is a solution of (Py) which satisfies 7y (w, h) =

sup Zr(u,g). We can then prove, as in the case of minimal solution, that for any (u, g) €
(u,9)ESL
Sp:u<w,h<gae. in Q. O

3.4 Reservoirs-Connected Solution

In this section, we first extend the definition of the reservoirs-connected solution. Then we
prove the uniqueness of this solution in three situations.

Theorem 3.4.1. Let (u,g) be a solution of (Pr). For eachi € {1,...,N} and each interval
I C 7y, (Ss,), one cannot have u = x2 in (I x IR) NQ.

Proof. Assume that u = z3 in Z = (I x IR) N . By (3.1.9), one has g =1 — vy a.e. in Z.
Let now £ € W9(Q) such that £ =0 on 9Z N Q. Then ££ are test functions for (Py) and
we have

/Z VA(z,€)VEds = /S e )gdo(z)

or

/Z B@0)e = /S . B, @)do(z)

D)

which leads to
Bz, ¢)

/ — 2 fnodo(z) =0
azns, V2

where ns is the second entry of the outward unit normal vector n to S;. Hence we obtain
B(xz,9) =0 on 9Z NSy, which contradicts (3.3.1). O

In the following we give similar results as in 2.4.

71



Definition 3.4.1. A solution (u,g) of (Pr) is called a reservoirs-connected solution if for
each connected component C of [u > x3], we have 75, (C) N1y, (S3) # 0.

Remark 3.4.1. Suppose that we have §(x, ) > k(x)ve a.e. in some open connected subset
T of Ss; for some i € {1,...,N}. If C is a connected component of [u > x3] such that
7z, (C) Ny, (T) # 0, then by Corollary 3.1.1, C contains the strip of Q below T and T on
its boundary.

Theorem 3.4.2. Let (u,g) be a solution of (Pr) and C a connected component of [u > x2]
such that 7., (C) N7y, (S3) = 0. If we set he = sup{xa / (z1,72) € C'}, then we have

C = {(.’El,l'g) S Q/l’l S le(C), To < hc },
u=x9+ (he —22)".x(C), g =1-x(C) in Z = (m (C)xR)NQ.

Proof. See The proof of Theorem 2.4.1. O

Definition 3.4.2. We call a pool in Q2 a pair of functions defined in Q2 by (p,x) = ((h —
z2) T, 1)x(C), where C is a connected component of QN [zy < h).

Remark 3.4.2. Thanks to this definition, Theorem 3.4.2 becomes:
For each solution (u,g) of (Pr) and each connected component C of [u > x3] such that
Tz, (C) Ny, (S3) =0, (uw— 22,1 — g) agrees with a pool in the strip QN (7y, (C) X IR).

We get by adapting the proof of Theorem 2.4.2.

Theorem 3.4.3. Any solution (u,g) of (Pr) can be written as

w=u+Y pi and g=g,— > Xi

icl el

where (ur, gr) is a reservoirs-connected solution and (p;, x;) are pools.

It follows from Theorem 3.4.3.

Corollary 3.4.1. The minimal solution (um,,grr) 1S a reservoirs-connected solution.

3.5 Uniqueness of the Reservoirs-Connected Solution

In this section, we establish the uniqueness of the reservoirs-connected solution in three
situations.
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3.5.1 The case of Linear Darcy’s Law with a Diagonal Permeability Matrix

Here we assume that:

A(z,€) = a(x).£ VE € R?, ae. 2 €Q, a(z) = (a;;(z)) is a 2 x 2 matrix.  (3.5.1)
INM>0: NEP <a(z)ee < M|EP VEE€R? ae. x€Q. (3.5.2)
a12(z) = az1(x) =0 for a.e. z € L (3.5.3)

%2 >0 inD'(Q). (3.5.4)

For a.e. z € S3, B(x,.) is an increasing function. (3.5.5)

Then we have:

Theorem 3.5.1. Assume that (3.5.1)-(3.5.5) are satisfied. Then there is one and only one
reservoirs-connected solution.

We first prove a lemma.
Lemma 3.5.1. Let (u,g) be a solution of (Pr). Then we have
V(u—un)=(g—gm)e ae inf (3.5.6)

Proof. Set p=u—2x2, x =1— ¢, Pu = Uy, — T2 and X, = 1 — gps. Then from Theorem
3.3.1 1), we have by taking ( = p — p,,, and ¢ = x2 respectively

[ @) (0 =) + (= X)) T = p)r =0 (35.7)
/Qa(x)(V(p — Pm) + (X — Xm)e).edz = 0. (3.5.8)
Using the fact that 0 < x — x;» < 1and xV(p—pm) = V(p — pm) a.e. in Q, (3.5.8) becomes
/ a(z)(V(p — pm))-xedz —|—/ a(z)((x = xm)e)-(x — xm)edz < 0. (3.5.9)
Q Q

Since +p,, and +p are test functions for (Pr), we have

/ a(x)(Vp + xe).Vppdr = / B(x, ¢ — p)pmdo(z). (3.5.10)
Q S3

/Qa(x)(me + xme).Vpdr = : B(x, ¢ — pm)pdo (). (3.5.11)

Subtracting (3.5.11) from (3.5.10) and taking into account the fact that p = p,, a.e. in S3
which is a consequence of Theorem 3.3.1 7i7) and (3.5.5), we obtain

/a(:l:)(xe).medx—/a(x)(xme).Vpdas
Q Q
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:/a(x)(me).Vpdx—/ a(z)(Vp).Vppydx =0 (3.5.12)
Q Q

since by (3.5.3) a is a symmetric matrix.
Now because XVpm = Xm VDm a.e. in €, (3.5.12) becomes

/ a(2)(—Xm€). Y (p — p)ediz = 0
Q

/Qa(x)V(p — Ppm)-(—xme)dz = 0. (3.5.13)

Then, if we add (3.5.9) and (3.5.13), we get

/Qa(x) (V(p—pm) + (x — xm)e).(x — xm)edz < 0. (3.5.14)

Finally, adding (3.5.7) and (3.5.14), we obtain

/Q a(@) (V0 — pm) + (x — xem)e)- (VD — pun) + (X — xm)e)dar < 0
which leads by (3.5.2) to

Vi —pm)=—-(x—xm)e ae in
and (3.5.6) is proved. L)

Proof of Theorem 3.5.1. Let (u, g) be a reservoirs-connected solution of (Pr,). Let C,, ; be
a connected component of [u,, > 3] such that 7, (Cpn;) N7, (S3.:) # 0 and let C; be the
connected component of [u > xo] which contains C, ;.

First we deduce from (3.5.6) that we have for some nonnegative constant c;

U— Up = C in Chpy, (3.5.15)

We shall prove that u = u,, in C,, ;. To do this, we distinguish two cases:

i) Cm,iN(S2US3) # 0

Note that w = u — u,, satisfies

{ div(a(z)(Vw)) = div((g - gu)a(@)(e)) in  D'(Q)
w=0 on S2 U Sg.

So w € C%¥(Q U S U S3) and from (3.5.15), we obtain w = 0 in Cj, ;.
Zl) Cm7¢ N (SQ U 53) - @:

Again we distinguish two cases:
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.o 9C;NOC,; NA#D:

Since u — Uy, = 0 on 9C; NOC,, ; N, we deduce that v —up, = ¢; = 0in Cy, ; and therefore
U= Up, in Cpy ;.

. ® 8Cimacm,iﬂ92®:

Since dC; N ICy, ; N Q = 0, we have C; \ Cp,; # 0 and 9C,, ; N Q C C;. Again we deduce
from (3.5.6) that for some constant |

u=c in  C;\Cn. (3.5.16)
Using (3.5.15)-(3.5.16) and the continuity of u, we get
D, (1) =, —c; = ki V1 € gy (Crni)- (3.5.17)
Since 9Cy, ; N (S2 U S3) = 0, we deduce that £& = £(u,, — k;)x(Cp,i) are suitable test
functions for (Pr) and then we have

/ a(x) (Vo — gpe).Védr =0
Q

which can be written

/ a(x) Vi, Vuypde = 0.
Cm,i
Using (3.5.2), we deduce that Vu,, =0 a.e. in Cy,; and

Now let g = (201, Pm(z01)) = (w01, ki) € Ch,; NQ and let 7 > 0 small enough. Let
¢ € D(By(x0)). Since £( are test functions for (Pr), we deduce by taking into account
(3.5.17)-(3.5.18)

/ a(x)(Vty — gpe).V{dz =0
BT(“/’O)

or

/ M{dml =0 V¢ e D(B(xg))
By-(z0)N[z2=k;]

Vo
which leads to (., ) = 0 a.e. in 7, (B-(z0)). But this contradicts (3.3.1).

Finally, we have proved that u = u,, in C),; for all ¢ € {1, ..., N}. As in 2.5, one can prove
that u = u,, in  and by Corollary 3.2.1, we get g = gps in €. O

Remark 3.5.1. Theorem (3.5.1) remains valid if we assume that
B(x,p) > ax(z)vs  for a.e. x below Ss, (3.5.19)
and if we replace (3.5.3) and (3.5.5) respectively by
az(x) =0 for a.e. x €, (3.5.20)
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and

for each i € {1,...,N}, there exists a nonempty domain Sgﬂv C 83, :

fora.e. x €83, u — B(x,u) is an increasing function. (3.5.21)
Indeed by (3.5.19) and Corollary 3.1.1, we know that for each i € {1,...,N}, the strip Z;
below Ss; is completely saturated. Now let (u,g) be a reservoirs-connected solution of (Py,)
and let C; (resp. Cp,i) be the connected component of [u > xa] (resp. [un, > x2]) that
contains Z;. We have g = gy = 0 a.e. in Z;. Moreover by Theorem 3.3.1 iii) and (8.5.21),

we have also u = u,, a.e. in S{“ Then one can adapt the proof of Theorem 2.5.1 to show
that u = uy, in C; = Chy ;.

3.5.2 The case of a Nonlinear Darcy’s law

In this section, we prove the uniqueness of the reservoirs-connected solution for a Darcy’s
law corresponding to:

Az, &) = |a(x)§.§|q7_2a(x)§, q¢>1,q#2and a(xz) = (a;;) is a 2 x 2 matrix,  (3.5.22)

subject to the assumptions:

a(x) is symmetric and belongs to C%(Q). (3.5.23)

INM >0: NE? <az)ee < M|EJPVE € R?, ae. x€Q. (3.5.24)

aiz(z) =0 for ae. x €. (3.5.25)
8(1%2

—2- >0 inD'(Q 5.2
Dy >0 inD'(Q) (3.5.26)

Vi € {1,...,N}, @:hl—.’EQ on Sg’i. (3527)

vie{l,...N}, Ir; >0,3z; € Ss.i, 3oy € (0,1) :

Syis =S54 N Br(z) is CH. (3.5.28)
Vie{l,..,N}, 3r; € (0,1): B eCO (55, x R). (3.5.29)
B(x, ) > all?(z)vo  for a.e. x below S. (3.5.30)
Vo € Sy, u — B(z,u) is an increasing function. (3.5.31)

Then we have:

Theorem 3.5.2. Under the assumptions (3.5.22)-(3.5.81), there is one and only one reservoirs-
connected solution of (Pr).
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To prove Theorem 3.5.2, we need three lemmas. We shall denote by (u,g) a reservoirs-
connected solution of (Pr). By (3.5.30) and Corollary 3.1.1, we know that for all i €
{1,...,N}, the strip Z; below Ss3; is completely saturated. For each i € {1,...,N}, we
denote by C; (resp. Cp,;) the connected component of [u > xa] (resp. [uy, > z2]) which
contains Z;.

Lemma 3.5.2. For eachi € {1,..., N}, we have the following alternatives:
i) either 3z} € B(x;,r;) NS5, Iri € (0,73) : Vo € B(zl,r)NQ Vu(z) #0

i) or u=nh; in C;.

Proof. First note that since ¢ = 0 a.e. in Z;, we have by (1.3.3) div(A(z,Vu)) = 0 in
B(x;,7;) N Q. Taking into account the assumptions (3.5.22)-(3.5.24) and (3.5.27)-(3.5.29),
we have (see [34]) u € CYi(B(z;,7) N Q) for all r € (0,7;). So either i) is true or we must
have Vu(z) = 0 Vo € B(x;,r;) N S3,; which leads to

Bz, —u) = \a(x)Vu.Vu|%2a(:c)Vu.1/ =0 in S

Using (3.5.31), we obtain u = ¢ = h; in S3’;.

Now set
wo(x) = u(x) — hy Vo € B(xz;,ri) NQ
wo(x) =0 Vo € B(xi,r;) \ Q.

Since wo = 0 and Vwg = 0 on Sy, it is clear that wy € C'(B(x;, 7;)) and that div(A(x, Vwg)) =
0 in D'(B(z;,7:)). The rest of the proof follows the proof of Lemma 2.5.1. O

Lemma 3.5.3. If u and u,, are not both constant in C; and C,, ; respectively, then there
exists x, € B(x;,7;) N Sz, 75 € (0,75), 0 < Ag, A1 < +00 such that

Vo € B(z},rl) N, Ao < A(x) < Ay,

R

1
where A(z) = / |Vw, (x)|72dt and wy = tu + (1 — t)up,.
0

Proof. One can adapt the proof of Lemma 2.5.2.

Lemma 3.5.4. For each i € {1,..., N}, there exists x}, € B(x;,r;) N S35, 7} € (0,7;) such
that
U = Uy, in B(z},r}) N Q.

17"
Proof. If u is constant in C; and u,, is constant in C}, ;, we have by Lemma 3.5.2 u = h; in

C; and u,, = h; in Cy, ; and Lemma 3.5.4 follows in this case.
In the following we assume that either v is not constant in C; or u,, is not constant in Cp, ;.
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By Lemma 3.5.3, we know that there exists x; € Sy’; and r} € (0,7;), Ao, A1 > 0 such that

Vo € B(z),r)) N Q) Ao < AMx) < A1 < Ho0.

1)

Since B(z}, ;) NQ C C;NCy,; and g = gy = 0 a.e. in C; Ny, 4, we deduce from Theorem

1771

3.3.11) that
/ (A(x, Vu) — A(x, Vuy,)).Vide =0 V¢ € D(B(x},17)).
B(z},r;)NQ

The rest of the proof follows the proof of Lemma 2.5.3. O

Proof of Theorem 3.5.2. Using Lemma 3.5.4 and arguing as in the proof of Theorem 2.5.2,
we prove that for each i € {1,..., N}, u = uy, in Cp,; and that C,, ; = C;. Hence u = u,, in
Q and by Corollary 3.2.1, we deduce that g = gps in Q. O

Remark 3.5.2. The case ¢ = 2 was discussed in Remark 3.5.1. In particular we neither
need the C%' regularity of the matriz a(x) nor the C%® regularity of any part of Ss.;.

As a special case of Theorem 3.5.2, we obtain the uniqueness of the solution for a rectangular
dam supplied by two reservoirs.

The uniqueness of the reservoirs-connected solution in general is still an open problem for

q #2 even for Alr,€) = [¢]12¢.
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