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3. We would like to verify Green’s theorem in the following situation:
P(z,y) = —y?, Q(x,y) = 2* and R is the region of the xy—plane bounded
by the circle C' of center (0,0) and radius 3 i.e.

P
]{Pda:%—Qdy—// %—a—y dxdy

or

]{ —y*dx + 2*dy = //(2x + 2y)dzxdy. (1)
c R
First note that P(z,y) and Q(z,y) are continuous and have partial deriva-
0
tives continuous on any domain. Moreover we have i —2y and (9_@ =2x
Y x

Next the circle C' has the parametrization

ol x = 3cos(t),
"\ y=3sin(t), te]0,2n].

Then we have

/—dex+x2dy—/—y2dx+/x2dy
c c c

= /27r —9sin®(t)(—3) sin(t)dt + /% 9 cos®(t)3 cos(t)dt
_ / 971 — cos (1)) sin(t)dt + / 971 — sin?(1)) cos(t)dt

2

= /%(27 sin(t) — 27 cos®(t) sin(t))dt + / (27 cos(t) — 27 sin*(t) cos(t)dt
= [~27 cos(t) 4+ 9 cos®()]3™ + [27 sin(t) — 9sin®(¢)]2™ = 0. (2)

Using the polar coordinates x = r cos(f) and y = rsin(f), we get

1



3 27
/ 2r?(cos(f) + sin(6))drdd
o Jo

/ /R (22 + 2y)dudy — /
_ /0 Pr ( /0 7 (cos(6) + sin(0))d6 ) dr
/0 T2 [ sin(6) + cos(e)] z”dr
_ /0 " 9r2(0)dr = 0. (3)

Using (2) and (3), we conclude that (1) is true.
[l

6. We would like to evaluate the line integral 74 (z +yH)dr + (22° — y)dy,
c

where C' is the boundary of the region determined by the graphs of y = 22
and y = 4 (draw a figure). Let P(z,y) = z +y* and Q(z,y) = 22% —y. The
functions P and @) are continuous and have partial derivatives continuous on

0
any domain and moreover we have e 2y and —Q = 4x. Using Green’s
Y

ox

]{de—i-Qdy—// aa—g—a—]y) dxzdy

Y{C(:B + %) dz + (222 — 3)dy = //R(4$ — 2y)dxdy. (1)

We will evaluate the second integral in (1).

theorem we have

or



//R(zm; —y)drdy = /22 (/;(495 - 2y)dy>dx

(162 — 16) — (42° — )] dx

2
1
= / (z* — 42 + 162 — 16)dx = [5x5 — a* + 8% — 16z

2

2 1 256
= 22 64 =064(-—1)= ",
5 (5 ) 5
: . 2 9 256
Using (1) and (2), we obtain ¢ (z + y°)dx + (22° — y)dy = -5
c
O
18. We would like to prove the following result:
1
3 % —ydz + zdy = area(R), (1)
c

where R is the region of the xy—plane bounded by a piecewise smooth simple
closed curve C.

Let P(z,y) = —y and Q(z,y) = x. Note that P(x,y) and Q(z,y) are
continuous and have partial derivatives continuous on any domain. Moreover
oP 0
we have i —1 and 8_Q = 1. Using Green’s theorem we have
)

]{de—l—Qdy—// (;_Cj_a_j d dy

7{ —ydx + xdy = // 2dxdy = 2// dxdy = 2area(R), (2)
c R R

which leads to (1) after division by 2.
[



, where C'

_ 3d Qd
25. We would like to evaluate the line integral / yor + Ty ay
c (27 +y?)?
is the ellipse 22 + 4y% = 4. We will use Green’s theorem.
Let R be the region of the zy—plane bounded by C and the circle C" :

42 + 4y* = 1 of center (0,0) and radius 1/2.

Let P(z,y) = 2 +y: 7z and Qx,y) = % Thsese functions are contin-
uous and have partial derivatives continuous on any domain not containing

or 0
the origin. Moreover we have — —Q :

8y ox
orP 0 30,2, 2\—2 20,2 2\=2, 4 A( 2 2\—3 4 2 2\(, 2, 2\-3
8_y:8_y[_y (2" 4y7) 7] = =3y (7 +y") 4y (2 +yT) 7 = (Y =327y ) (07 4yT)
0Q _ 0 9 9 92y 2/ 2 222202 (224023 = (A —30202) (22 +u2) 3
e = 9y (@) T =y (@) T Aty (@ hy) T = (= 3ay ) (@)

Using Green’s theorem we have

% Pd:c—l—Qdy—// g—Q—Z—P dxdyzO.
cuc! Z Y

Taking into account that orientations of C' and C" in the left hand-side of the
previous formula are respectively counterclockwise and clockwise, we get:

/ —yide + zyPdy / —y3dx + xy?dy )
c (P4 y?)? o @+

where now the orientations of C' and C’ are both counterclockwise.

It is clear that it is easier to evaluate the second integral in (1) which we will
do by using the parametrization of C:

Then we have



/ —y3dx + xy?dy _ / —y3dw +/ zy’dy
o (@ y?)? (@) o (@24 y?)?

or 1 4 or 1 22 2
T = t T = s8in“(t) cos“ (¢
:/ —1ﬁsm()dt+/ 3 S (1) cos™(F) g,

0 0

L L
16 16

= /0 ' sin® (¢)dt + /0 ’ sin®(t) cos®(t)dt = /0 ’ sin®(t)(sin®(t) + cos®(t))dt

_ /027r sinz(t)dt _ /027r %(1 ~ cos(2t))dt — %[t — %sin(%)}zw =7. (2

Taking into account (1) and (2), we obtain

/ —y3dx + xy?dy
o (22 +y?)?




