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1. We would like to find all product solutions of the following partial differential
equation

ou  Ou
or Oy’
Indeed let u(z,y) = X(x)Y (y) be a product solution of (1). Then we have

(1)

X'(x)Y(y) = X(2)Y'(y) forall z,y. (2)
If X(x)# 0and Y(y)# 0, we get from (2)
))((/(j)) = };(3)) = constant k for all z,y. (3)

We deduce from (3) that

X(z) = cet (4)
Y(y) = ce'. (5)

Taking into account (4) and (5), it follows that all product solutions of (1) are given
by
u(z,y) = Cet*e? = CeF™)  where k and C are arbitrary constants.

8. We would like to find all product solutions of the following partial differential
equation

0%u

y@x@y

Indeed let u(z,y) = X (x)Y (y) be a product solution of (1). Then we have

+u=0. (1)

yX'(2)Y'(y) + X ()Y (y) =0 for all z,y. (2)
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If X(x)# 0 and yY'(y) # 0, we get from (2)
X'z) _ Y

X@) - ) = constant k for all z,y. (3)
We deduce from (3) that
X'(z) = kX(2) @
V) = Y0 o)
Solving (4) and (5), we get
X(z) = e (6)
Y(y) = e IBY = et = oofy[x, (7)

Taking into account (6) and (7), it follows that all product solutions of (1) are given

by
u(z,y) = Cek$|y|’%, where k and C' are arbitrary constants, with k& # 0.

13. We would like to find all product solutions of the following partial differential
equation

*u  0%u ou
— = +2 = : 1
52 +(92+ ka =0, k>0 (1)

Indeed let u(z,y,t) = X(x)Y (y)T(t) be a product solution of (1). Then we have

X"(@)Y(y)T(t) + X(2)Y"(y)T(t) + 2kX ()Y (y)T'(t) =0 for all z,y,t. (2)
If X(z)#0,Y(y)#0and T(t) # 0, we get from (2)
(

t)
X"(x)  Y'(y) ()
(o) Y(y) — 2k 00 = constant a for all xz,y,t. (3)
We deduce from (3) that
X"(z) = aX(x) (4)
Yy _ — ) — a = constan
Y ) 2k 0 tant b. (5)



Then (5) leads to

Y'(y) = bY(y)
T'(t)  a+b
Tt 2k

X(x) = cx+cifa=0
X(x) = cjcosh(vaz) + cysinh(y/ax) if a >0
X(z) = ¢ cos(V—ax)+ cysin(v—ax) if a < 0.

Yy = ayt+cifa=0
Y(y) = c3 COSh(\/l_Jy) + ¢4 sinh(\/gy) ifb>0
Y(y) = czcos(vV—by)+ cysin(v/—by) if b < 0.

The solution of (7) is given by

T(t) = cse

c1,Ca, C3, ¢4 and c; are arbitrary constants.
Taking into account (8)-(14), it follows that all product solutions of (1) are given by

u(z,y,t

x,y,t

(2, 9,1)
(2, y,1)
(2, y,t)
(2, y,1)
(2, y,1)

u

I~

Q

x,y,t

u(z,y,t

u(x,y,t)

(cr1z + ca)(c3y + c4)

(¢12 + ¢3)(c5 cosh(Vby) + ¢4 sinh(Vby)ez ' with a = 0 and b > 0
(er + ¢3)(e5 cos(vV/—by) + ¢y sin(v/—by))e2*! with a =0 and b < 0
(¢ cosh(v/ax) + ¢y sinh(vaz))(csy + ca)ez*’ with a > 0 and b < 0
(¢1 cosh(v/az) + e sinh(v/az))(es cos(vV—by) + casin(v/—by))e %!

with a >0 and b < 0

—~~
o oo
= —

(14)

(¢; cosh(v/azx) + ¢y sinh(v/az))(cs cosh(v/=by) + ¢4 Sinh(\/—_by))e%bt

with a > 0 and b > 0
(c1 cos(vaz) + cosin(vaz))(csy + c)exr! with a < 0 and b =0
(c1 cos(v/azx) 4 ¢ sin(v/ax))(cs cos(vV=by) + ¢4 sin(\/—_by))ea;kbt
with a < 0 and b < 0
(c1 cos(v/az) + cosin(v/az))(cs cosh(v/—by) + ¢y sinh(v/—by))e = *

with a < 0 and b > 0.



16. We would like to use the method of separation of variables to find a family of
solutions of the following partial differential equation

0*u 0*u
aQW — g = —, where g is a constant. (1)
x

ot?’

First we remark that u satisfies (1) if and only if the function v(z,y) = u(z,y) — 55>

satisfies 52 52
, 0% v
= 2
o2 T o 2)
Let us find all product solutions of the partial differential equation (2)
Indeed let v(x,y) = X (2)T(t) be a product solution of (2). Then we have

a?X"(x)T(t) = X (x)T"(t) for all z,t. (3)
If X(x)#0and T'(t) # 0, we get from (3)
X'@) ()

X@) T = constant k for all z,t. (4)

We deduce from (4) that
X'() = SX(@) )
T'(t) = KkT(t). (6)

The solutions of (5) and (6) depend on the sign of k, i.e. we have

X(z) = ar+cifk=0 (7)
X(x) = ¢ cosh (%Ex> + ¢ sinh)(%%x)) ifk>0 (8)
X(z) = ¢cos (\/;_kx> + co8in (\/;_kx> if £ <0. 9)
Y(y) = cy+cif k=0 (10)
Y(y) = e¢zcosh(Vky) + cssinh(Vky) if k> 0 (11)
Y(y) = ezcos(vV—ky)+ cisin(v/—ky) if k < 0. (12)
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Therefore all product solutions of (2) are given by

v(z,y) = (ax +c2)(csy +c4) if k=0

v(x,y) = <01 cosh (gx> + ¢ Sinh) (?w)) (¢ cosh(Vky) + ¢4 sinh(Vky)) if k> 0
V—Fk v—k

a

v(x,y) = <01 cos ( x) + co8in <

x)) (3 cos(V—ky) + ey sin(v/—ky)) if k < 0.

Hence we obtain the solutions of (1)

1
u(x,y) = —a’+ (17 + c2)(c3y + c4)

2a?
1, vk o\ VE .
u(z,y) = 22 (01 cosh (71’) + ¢ smh) (Tl’)>(63 cosh(Vky) + ¢4 sinh(Viy))
with £ > 0
1, v—k . (V—k )
u(z,y) = 552" + (cl cos < - z) + ¢y sin ( - x>> (c3 cos(V —ky) + cysin(v —ky))
with £ < 0.
O
20. We consider the following partial differential equation
2 2 2
0w 0%u 0"u _o 1)

— -3
ox?  0x0y 0y?
This is a partial differential equation of the form

0%u 0*u 0%u ou ou

A B C D—+FE—+Fu=0

Ox? * Oxdy + oy? + Ox + oy +tru=0,

where A=1, B=—1,C=—-3, D= E—=F = 0.

Since B2 —4AC = (—1)*—4(1)(—3) = 1+12 = 13 > 0, the partial differential equation
(1) is a hyperbolic equation. O

26. We consider the following partial differential equation

0’u  Ou
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This is a partial differential equation of the form

0*u 0%u 0*u du du
A B D—+FE Fu=
o2 " Bozor t S TP TG T =0
where A=k, B=C =D =0, E=—1, F =0,
Since B* — 4AC = 0? — 4k(0) = 0, the partial differential equation (1) is a parabolic
equation. [

28. We consider the following partial differential equation

Pu 10u 1 0%u

Tt Ty o 1
8r2+r8r+7"2892 0 (1)

We would like to verify that u(r, 8) = (¢; cos(af)+co sin(af))(csr®+c4r™®) is a solution
of (1). Indeed we have

ng a(cy cos(ad) + cysin(ad))(csr® ! — cgr™h) (2)
2
% = a(cr cos(ab) + easin(ad)) (o — Degr®™? + (a+ Dear™@7%) - (3)
2
% = _QQ(Cl cos(af) + cosin(ab))(csr™ + cqr™ ). (4)

We deduce then from (2),(3) and (4) that

Pu  10u 1 0%

2 + . + 2902 a(cy cos(al) + cosin(al)) (o — )037“ 2+ (a+Degr™7?)

((
+a(c;y cos(af) + cosin(ab)) T2y
0)

(c3r®™= — ¢yr
—a?(cy cos(ad) + ey sin(ad))

( a—2 + ey —o— 2)
= «afcy cos(al) + ¢y sin a@))( a—1)esr® % + (a+ 1)egr 72
372 — er 72 — aegr®T? — ozc47“_a_2)

= 0.



