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8. Let (z,) be a real sequence. We would like to show that [ is a cluster
point of (z,,) if and only if there is a subsequence (zy, ) of (x,) that converges
to [. We shall distinguish three cases: [ =00, € R and [ = —o0.

i) (=) Assume that | = co is a cluster point of (z,). By definition we have

VA>0 VN eN dn> N such that z, > A. (1)

We shall construct by induction a subsequence (z,, ) of (z,) such that

VEeN =z, >k (2)
It will be clear then from (2) that klim Ty, = 00.
Writing (1) for A =1 and N = 1, we get

dny, € N such that z,, > 1.

Assume now that we have constructed z,,,..., z,, such that n; < n;;; for all
ie{l,...k—1} and x,, > i forall i € {1,...,k}.
Writing (1) for A=k +1 and N = ny + 1, we get

dngy1 € N such that ngpy >ng+1and 2, >k + 1.

Then we have nj < npy and x,,, > k + 1. Hence we have obtained a
subsequence (z,,) of (z,) that satisfies (2).

(<) Assume that there exists a subsequence (z,, ) of (x,) such that

lim z,, = oco.
k—o0

Now let A > 0 and N € N. By definition of the limit we have

JdK € N such that Vk > K =z, > A.



Let k = max(K, N). Then we have ny > ny > N and z,, > A.
Hence [ = oo is a cluster point of (z,,).

i1) (=) Assume that | = —oo is a cluster point of (z,). By definition we
have
VA<0 VN €N dn> N such that z, < A. (3)

We shall construct by induction a subsequence (z,, ) of (z,) such that

VkeN z, < —k. (4)
It will be clear then from (4) that klirn Ty, = —00.
Writing (3) for A = —1 and N = 1, we get

Jn, € N such that z,, < —1.
Assume now that we have constructed z,,,..., ,, such that n; < n;;; for all
ie{l,...k—1}and z,, < —i for all i € {1,...,k}.
Writing (3) for A = —(k+ 1) and N = ny + 1, we get
Ing1 € N such that ngyq > ng + 1 and 2, ,, < —(k+1).

Then we have ny < npy1 and z,,,, < —(k 4+ 1). Hence we have obtained a
subsequence (z,,) of (z,) that satisfies (4).

(<) Assume that there exists a subsequence (z,, ) of (x,) such that

lim z,, = —o0.
k—o0

Now let A < 0 and N € N. By definition of the limit we have

JdK € N such that Vk > K =z, < A.

Let k = max(K, N). Then we have ngy > ny > N and z,, < A.
Hence | = —o0 is a cluster point of (x,,).

i7i) (=) Assume that [ € R is a cluster point of (z,). By definition we have

Ve >0 VN € N In > N such that |z, — 1] <e. (5)

We shall construct by induction a subsequence (z,,) of (z,) such that



1

It will be clear then from (6) that klim Tp, = 1.
Writing (5) for e = 1 and N = 1, we get

dn; € N such that |z, — ] < 1.
Assume now that we have constructed z,,,..., ,, such that n; < n;;; for all
ie{l,..,k—1} and |z,, — | < 3 forall i € {1,..., k}.

Writing (5) for A = ﬁ and N =ny + 1, we get

Ing4r € N such that ngy >ng +1and |2, — 1| < ——.

1

=1 Hence we have obtained a

Then we have n, < njqq and |z, — | <
subsequence (z,,) of (z,) that satisfies (6).

(<) Assume that there exists a subsequence (z,, ) of (x,) such that

lim z,, =1Ll
k—o0

Now let € > 0 and N € N. By definition of the limit we have

JK € N such that Vk > K |z, —1| <e.

Let k = max(K, N). Then we have ny > ny > N and |z,, — | <e.
Hence [ is a cluster point of (x,,). O

9. a) Let (z,,) be a real sequence.

1) We would like to show that L = lim x, is the largest cluster point of
(). We recall that lim z,, = lim y,,, where (y,) is the sequence defined by

Yp = SUP Tg.
k>n

We shall distinguish three cases: L = —o0o, L € R and L = oo.
i) Assume that L = —oo. By definition of the limit we have

VA <0 dN €N such that Vn > N vy, < A.
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which leads, since z,, <y, for alln > 1, to
VA <0 IN €N such that Vn > N z, < A.

Hence we have in this case lim x, = —oo. In particular L = —oo is the

n—o0

unique cluster point of (x,) (see Ex. 8).

i1) Assume that L = oo. By definition of the limit we have

VA >0 dN €N such that Vn > N y, > A.
which leads to

VA>0 3IN &N such that Ve >N In>k z, > A. (1)

We shall construct by induction a subsequence (z,,) of (z,) such that

VkeN xz,, >k. (2)
It will be clear then from (2) that klim xp, = 00. Hence we will have in this
case (see Ex. 8) that L = oo is a cluster point of (z,), which is obviously
the largest one.
Writing (1) for A=1 and k = N, we get

dny; € N such that n; > N and z,,, > 1.
Assume now that we have constructed x,,,..., Ty, such that n; < ngy for all
ie{l,...,j—1}and z,, > i foralli e {1,...,j}.
Writing (1) for A=j+ 1 and k =n,; + 1, we get
dnji1 € N such that nj > n;+1and x,,,, >j+ 1.

Then we have n; < nj;; and x,,,, > j+ 1. Hence we have obtained a
subsequence (z,,) of (z,) that satisfies (2).

i7i) Assume that L € R. Let € > 0 and N € N. By definition of the limit we
have since (y,) is a non-increasing sequence

dN; € N such that Vn > N; 0<y, — L <e.
which leads to

dN; € N such that Vn > N; L<y, <L +e. (3)
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In particular we deduce from (3) that
dN; € N such that Vn > N; z, < L+ €. (4)
For Ny = max(N, Ny), we have from (3) L < yyn,. We then deduce that
dn € N such that n > Ny L —e€ < x,. (5)
We infer from (4) and (5) that there exists n € N such that n > N and

L—e<ux, <L+eie. that |z, — L| < e. Hence L is a cluster point of (z,,).

Let us now show that L is the largest cluster point of (z,,). Let L’ be another
cluster point of (z,,). From Ex. 8, we know that there exists a subsequence

(2n,) of (z,) which converges to L'. But since z,, < y,, for all k, we obtain
L' <L.

2) We would like to show that [ = lim z,, is the smallest cluster point of
(). We recall that lim z,, = lim z,, where (z,) is the sequence defined by

zp, = Inf zy,.
k>n

We shall distinguish three cases: [ = —oc0, [ € R and [ = o0.

i) Assume that | = co. By definition of the limit we have

VA >0 dN € N such that Vn > N 2z, > A.

which leads, since x,, > z, for all n > 1, to
VA >0 dN €N such that Vn > N z,, > A.

Hence we have in this case lim x,, = co. In particular [ = oo is the unique

n—oo

cluster point of (z,,).

i1) Assume that [ = —oo. By definition of the limit we have

VA< 0 dN € N such that Vn > N vy, < A.
which leads to

VA <0 3IN €N such that Vk >N In>k z, < A. (6)

We shall construct by induction a subsequence (z,,) of (z,) such that



VkeN z,, < —k. (7)

It will be clear then from (7) that klirn Tp, = —00. Hence we will have in this
case (see Ex. 8) that [ = —oo is a cluster point of (z,), which is obviously

the smallest one.
Writing (1) for A= —1 and k = N, we get
dn; € N such that ny > N and z,,, < —1.
Assume now that we have constructed ..., Z,; such that n; < n;;; for all
ie{l,..,j—1}and z,, < —iforalli e {1,...,j}.
Writing (1) for A = —(j + 1) and k = n; + 1, we get
dnjp € N such that nj >nj;+1and o, < —(j +1).

Then we have n; < njy; and z,,,, < —(j +1). Hence we have obtained a
subsequence (z,,) of (z,) that satisfies (7).

i7i) Assume that [ € R. Let € > 0 and N € N. By definition of the limit we
have since (z,) is a non-decreasing sequence

dN; € N such that Vn > Ny —e< 2z, —1<0.
which leads to
dN; €N such that Vn > N; [ —e< z, <. (8)
In particular we deduce from (8) that
dN; € N such that Vn > N, [ — e < z,. (9)
For Ny = max(N, Ny), we have from (8) zy, < [. We then deduce that
dn € N such that n > Ny x, <l +e. (10)

We infer from (9) and (10) that there exists n € N such that n > N and
| —e<ux, <l+eie. that |z, — ] < e Hencel is a cluster point of (x,,).

Let us now show that [ is the smallest cluster point of (x,). Let I’ be another
cluster point of (z,). From Ex. 8, we know that there exists a subsequence
(@n,) of (z,) which converges to I'. But since z,, < z,, for all k, we obtain
[<V.



b) Let (x,) be a real bounded sequence. We would like to show that (z,,) has
a subsequence (x,, ) that converges to a real number. From the assumption
there exists two real numbers m and M such that

Vn>1 m<ugx, <M.

It follows that [ = lim x,, satisfies m <[ < M and therefore is a real number.
Moreover we know from a) that there exists a subsequence (z,, ) of (x,) which

converges to [.
O

11. ¢) Let (z,) be a real Cauchy sequence such that there exists a subse-
quence (z,, ) of (x,) satistying for some real number [

lim z,, = 1. (1)

k—o0

We would like to show that (z,) converges to I. Let ¢ > 0. Since (x,) is a
Cauchy sequence, we have

dN € N such that Vn,m > N |z, — x| < €/2. (2)

From (1) we have

JK € N such that Vk > K |z, — 1| < €/2. (3)

Let M = max(K, N). Note that M > K and nyy > M > N. Using (2) and
(3), we obtain for all n > M

|zp — | <|xp — @y, | + |20, — 1 <€/2+€/2=c¢c

Hence (x,) converges to .

18. Let (z,) be a sequence of nonnegative real numbers. We would like
to show that there exists always an extended real number S such that

k=1



k=n
Let S, = Z xg. It is enough to prove that the sequence (S,) has a limit.

k=1
Since we have S, 11 — S, = Z,41 > 0, the sequence (S,,) is nondecreasing.

Let S = sup S,,. We shall prove that lim S, = S. Because S,, > 0 for all n,

n>1 n—0o0

we have two cases: S = oo or § € [0,00).
i) S =00

Let A > 0. Since sup S, = oo, there exists N € N such that Sy > A.
n>1
But (S,) is nondecreasing. So we obtain S, > A for all n > N. Hence

lim S,, = .

ii) S € [0, 00)
Let € > 0. Since sup S,, = 9, there exists N € N such that S —e < Sy. But
n>1
(Sp) is nondecreasing. So we obtain S —e < S, < S for all n > N. Hence
lim S, = S.
O
20. Let (x,) be a sequence of real numbers. We would like to show that
lmaz,=2 & xz=x+ Z(a:kﬂ — ).
Indeed
[e%S) k=n
T =1x + Z($k+1 —x) & rx=11+ nh_)rgo Z(mkﬂ — )
k=1 k=1
& = lim z,4
& = lim x,.
O

25. Let A be a nonempty subset of R which is both open and closed. We
shall prove that A = R. We argue by contradiction and assume that A # R.
Let then f = x4 be the characteristic function of the set A. It is easy to

8



verify that f is continuous from R to R. Indeed let O be an open set of R.
Then we have the following cases:

If 0,1 € O, then f~!(O) = R is open.

If0€ O and1¢ O, then f~1(O) = A° is open because A is closed.
If1 €0 and0¢ O, then f~1(O) = A is open.

If0¢ O and 1¢ O, then f~1(O) = 0 is open.

Now obviously the function f does not satisfy the intermediate-value theo-
rem.

]

36. Let (F),)nen be a sequence of nonempty closed sets of real numbers such
that F,,.1 C F, for all n > 1.

Assume that there exists ng € N such that F,,; is bounded. We would like to
show that (2, Fy # 0.

Let (z,) be a sequence defined by choosing an element z,, in each F),. Then
(x,,) is contained in F,,, U{x1, ..., 2, } which is bounded since F,,, is bounded
and the set {xq,...,z,,} is finite. We deduce that (see Ex. 9 b))(x,,) has a
subsequence (x,, ) that converges to a real number x.

Since ny > k and the sequence (F},) is non-increasing, we have z,, € Fj
for all k. In particular we have z,, € [ for all [ and £ > [. By holding !
fixed and letting k — oo, we get x € F] for all [ because F; is closed. Hence
r e, Fand o, Fir #0.

The above conclusion may not be true if all the sets F), are unbounded.
Indeed let F,, = [n,00). Then F, is nonempty and closed, F,,,; C F, for
all n > 1. However (-, Fr = 0 because if = € (), F), then we will have
x > k for all £ > 1, which is impossible.
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