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1. Evaluate £_1< ¢ >

s(s+1)
Solution:
Note that
I A+ B (A+B)s+ A
s(s+1) s s+1  s(s+1)

We deduce from (1) that

A+B=0,  [A=1,
A=1 B

It follows from (1) that

which leads to

where

Using the formula
L7 (e ™ F(s)) = f(t — a)y(t), with a = 1,

we get




2. Solve the integral equation

Solution:

Let Y(s) = L(y(t)). Applying the Laplace transform to the integral equation and

¢
taking into account the initial condition and the fact that E( / y(7’)d7’>
0

we get
1 1 Y(s)
Y(s) —y(0) = = — ——— —
sY(s) = y(0) s s2+1 S
1 1 1
& 1Y (s) = - —
<S+s) (5) s 8241
s+ 1 1 1
Y(s)=—-—
S (5) s 241
1 S
< Y(s) =
(5) 241 (s2+1)
Note that
s 1 2s 1 d 1 1
_ - :_—11—(—):—£t' ).
FriE 2mrae o Y g\gg) T gkt

We deduce from (1) and (2) that

Y(s)

)



3. Solve the initial-value problem
{ y" — Ty + 6y = e + 43(1),
y(0) =0, ¥'(0) = 0.
Solution:

Let Y(s) = L(y(t)). Applying the Laplace transform to the ode and taking into
account the initial conditions, we get

Y () — sy(0) — 4/(0) — T(sY (s) — y(0)) + 6Y (s) = £(e") + £(5))
& (P —Ts+6)Y(s) = ﬁ +e 3

1 —3s ]'
& Y(s) = 1) =75+ 0) +e m
1 —3s 1
CYO =T oe T o160 W
Note that
A N B N C
(s—1)2(s—6)  s—1 (s—=1)? s—6

(A+C)s? + (-7TA+ B —2C)s +6A - 6B+ C @)
(s =1)*(s = 6) '

We deduce from (2) that
A+C =0, C=—A, A=—1/25,
—7A+ B -2C =0, & —5A+ B =0, = B =-1/5,
6A—6B+C =1 5A— 6B =1 C=1/25

We also have

1 _ A B  (A+B)s—6A—-B
(8—1)(8—6)_8—1+S—6_ (s—1)(s—6) (3)

It follows from (3) that

A+ B=0, o A=
“6A-B=1, B=1/5,
We deduce from (1), (2) and (3) that
1 1 1 1 1 1
Y(s) =

_%s—l_g(s—l)QjL%s—G
1,01 1 ., 1
5 s-175% s-6




Using the formulas

“HEF(s—a)) =e"f(t), witha=1, f(t) =t and F(s) = !

s2

L
L7 (e ™™ F(s)) = f(t — a)ld,(t), with a =3 and f(t) = €', *

we get from (4)

Ly 1, 1 g 14, L 63
= el — —tel + —e% — Ze! Uy (t) + =S (1),
256 5€+25€ 5@ 3()+5e 3(t)



4. Given that the Fourier series of the function f defined by

F(x) 0, if —7<zx<0
| sin(z), if 0<z<m.

L, 11+
is given by —+ - sm )+ — Z cos(nx) find the sum of the series
7r
n=2
i (_1>k Justify your answer
— (26— 1).(2k + 1)’ '

Solution:

The function f is continuous on the interval [—7, 7] and differentiable except at
x = 0 with

0, if —7m<z<0

cos(z), if 0<ax<m.

OR
In particular f is continuous at 7. Therefore we get from (1)

)=t L = () o

Since we have for each integer, 1 + (—1)Z+Y) = 0 and cos (2’“7”> = cos(km) =
(—1)%, we deduce from (2) that

2k

I 1 1&1+(-1) N
l=—4+—-4+— -~ 7 (1)~
7r+2+7rzl—(2k)2( )
k=1
which can be written as

or
2k: —1 2 4
k=1
Hence

N | —

S (—D)F
; 2k—1).2k+1)



5. Find the Fourier series of the function f defined by f(x) = z|x| on the interval

—1,1].
Solution:

Clearly f is an odd function. Therefore the Fourier series of
[—1,1] is the sine series given by

; by, sin (?m)
or .

Z b, sin(nrx),

n=1

where

1
b, = — (x) sin(Tx)dx = 2/ x?sin(nmw)dz.
0

) x? 2z
/x sin(nmx)dr = —— cos(nmx) —/——cos(mrx)dm
nm nm
x? 2
= ——cos(nmx) + — [ wcos(nmx)dr
nm nm
2 2
- - cos(nmzx) + — (i sin(nmx) — /
nm nmw\nm
" con(nma) + o sin(oma) - —
= ——cos(nmx sin(nmz) —
nm n?m? n2m?
" cos(nma) + — sin(nr) + —
= —— cos(nmx sin(nmx
nmw n2m? 33
We deduce from (2) and (3) that
! 2
b, = 2/ z?sin(nrr)dr = —-— cos(nm) + =3
0 nm n3m

f on the interval

1
— sin(nmr;)d:r;)

nm

/ sin(nme)dz

(cos(nm) — 1)

nw 73 ns

2= 4 (=) -1

(4)

Taking into account (1) and (4), it follows that the Fourier sine series of f on the

interval [—1, 1] is given by

i (_2(—71173”“ + %—(_17); - 1) sin(nmz).



6. Find the Complex Fourier series of the function f defined by f(z) = e~1*! on

the interval [—1, 1].
Solution:

The Complex Fourier series of f on the interval [—1,1] is given by

>
or .
Z Cneznwx’
where
1 1 —inm ]_ 0 ; ]- ! 3
Ch = §/_1f(a:)e Uy = 5/_1 exeznﬂxda:+§/0 e e " dx
0 1
_ 1/ e(l—mw)xd + 1/ 6—(1+imr) d
2/, 2 Jo
1 1 ) 0 1 1 . 1
- (171n7r)mi| _[ 7(1+'m7r)x:|
2[1—in7re 71+2 —1—in7r€ 0
1 1 e(—1+in7r) e—(l—f—imr) 1
- §<1—in7r 1 —dnm * —1 —wnm + 1—{—m7r>
B 1( 1 (=)me=t  (=1)"e? 1 )
 2\1 —inm 1—inm 1+innm 1+ wnm
1 1 1
= == )
s =V N T Y T
1= (=1
N 1+ n2n?

(2)

Using (1) and (4), we get the Complex Fourier series of f on the interval [—1, 1]

o0

2 : 1 - <_1)n6_1 inmx
s ————— .
1 + n2n?

n=—oo



