2.4 Zero Derivative, Df = 0

Theorem 115

Jump function KOZ%OM has a zero derivative a.e.
p
Theorem 116
f e AC|a, b o
, p339 .
=L f is constant V't € [a,b].

Royden p110

Df = 0 inla,b]

Proof.
feACla,b) = f(t)=1.Df(t)+c=¢c, Vtela,b. N

Theorem 117

feCla,b]
— f is constant on |a, b].
Df "= 0 in [a,b]
Proof.
f € Cla,b] & Df € L'(a,b) exists n.e. in [a, b] = feACla,b. N

Theorem 118

ft)=c, Vte (ab).
Df(t)=0 Vte(ad) =

flat) :=limy_.+ f(t) =c exists

Proof. The result follows from MVT, Theorem 73 or from Lemma 86 since Df €
CLY(a,b).

Remark 14

Df =0 in [a,b] #= f is constant on |a, b,

since Cantor function is monotone on [0, 1] with Df =0 a.e. on [0, 1].

f € Cla,b]
#+= f is constant on [a,b],
Df =0 in [a,b]

since Cantor function is continuous and non constant on [0,1] with Df “= 0 but not
n.e.
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2.5 Zero nth Derivative, D"f = 0

Lemma 119
f € Acn[aa b] n—1
= f(t) = c, (t—a)*, Vtela,b].
D'f = 0 inla,b k=0

where ¢, are arbitraries.
Proof.

feACa,b] = ft)=I"D"f@t)+ T (t) =T Xt), Vte|a,b. m

Lemma 120
f e a,] 1
= f(t)= c, (t—a)*, vt ea,b].
Drf "= 0 ina,b] k=0
Proof.

D" feClab] & D'f=DD''feL'(ab)existsne. infab] =

D" 'f e ACla,b) = f€AC"a,b] = result. W

lem 119

Lemma 121

f) =Yg cr (t—a)k, Ve (a,b),
D'f=0 Vte(ab) =

flat) :=limy_q+ f(t) = co.

Consequently,
n—1
D'f=0 Vtelab = f(t)=> a(t—a) Vtela,b].
k=0
Proof.

By Lemma 86, for ¢ € (a,b),
D" f(t) = I,D"f(t) + cp1.

D" 2f(t) = I,D"  f(t) + cuo = cpa(t — a) + oo,
The result follows by induction. [ |
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12.3 Zero Fractional Derivative

12.3.1 Introduction

Warning 295

The solution of DS f = 0 depends on two conditions:

where this holds and for what class of functions.

Notation 296

n—1

D*I;™ f(a)
Fla—n+1+k)

Dn aTn IIn af (t _ a)a—n—i—k

k=0

Or with change of indices

n

D~ ,
Dn aTn IIn ot a t—a)*J
/) JZIF(O(—]—Fl (t—a)

Corollary 297 (Kilbas [10], Cor 2.1, p. 72)

n

Df(t)y=0 <= fO)=Dr T (t)=> c¢;(t—a)*7,
7=1

where ¢; € R are arbitrary constants.

Proof. In Kilbas [10] it is mentioned that this lemma follows from the properties of the
power functions. This is clear for the <= statement.
However for the = statement, we can use Lemma 121. |

Remark 36 In the above lemma we need to assume that f € C(a,b). Otherwise, we
can take f(t) = t*71, 0 < a < 1. For this function I}=®f = const. on (0,1) and thus
D*f =0 forall t € (a,b).
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12.3.2 Sufficient Conditions

Lemma 298

Dt —a)**F =0, k=1,2,,n=[a] +1.

Proof. Follows from the compositon on power functions or alternatively,

D(t —a)** = ¢, DYD*(t — a)* = ¢t D*D*(t — a)® = D*(const.) = 0, k=12, n.

Lemma 299

&) =DpoTr () =) alt—a)*™ = DIf(t)=0, V.

k=1

Proof. Follows form Lemma 298. Alternatively it follows from compositions on polyno-
mials,
DD T ) = DT (#) =0. W

Corollary 300

DD T g(t) =0, V.
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12.3.3 Necessary Condition: DZf = 0 a.e

Lemma 301
f € L' (a,b)
Iy~ f € AC"[a,b] —  f(t) = Dy eTyNt),  onla,b).

DEf(t) 0 in [a,}]

FEquality holds if in addition f € CL'(a,b).

Proof.

Def:=D"'["f <0 = I"f=T""t) ona,b]

lem 119
lem 132 a.e. _ _
== f = DIy *f = result.

For f € CLY(a,b), f = DYI%f, t € (a,b). W

Remark 37 This Lemma is not true if I"~*f ¢ AC™[a,b] since there is a monotone
continuous function with a zero derivative a.e.

This can not happen if the derivative is zero everywhere on (a,b).

Next we consider this case.
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12.3.4 Necessary Condition: D2f = 0 on (a,b)

Lemma 302
f € L' (a,b)
ft) = DreTrl(t),  on (a,b)
DIf(t)=0 on(ab) ¢ _

Tr=t=Tr'f if eists

a

a>0

FEquality holds if in addition f € CL'(a,b).
Proof.

Df(t) == D"I"“f(t) =0 = 1" “f(t)=T""Yt), te (a,b).

lem 121

Now
f(t) = D" f(t) = result  on (a,b).

Equality holds since
ft) =D 17 f(t), Vi€ (ab).

Now if Tglflf exists then,
In_af(t) = Tgl_l(t) =y + Cl(t — a) 4+ -4 Cn—l(t _ a)n—l .
Di‘n-i-af(a—i-) — Dklgz—af(a—i-) = ¢ m
The < is clear.

Remark 38 f € CL'(a,b], then the fractional differential equation DEf =0, 0 < o < 1,
has f = c(t —a)®™!, c € R as unique solutions.
However, if f € L'(a,b), then f(t) = ¢ (t —a)* 1.

Lemma 303

( I"“f(a) =0 and thus
f € Cla, 0]

f(t) =300 e (t—a)* ™" on a,0]

{

0<a<l = f=0on]alb.

Df(t)=0 on (a,b) —

a>0

\

Proof. From Lemma 302 we have

f(t) =D T (t) = Z et —a)** tela,b] = ¢, =0, sincea —n <0.
k=1

When 0 < a < 1, n =1 and the summation vanishes. [ |
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12.4 Necessary conditions of D f existence

Lemma 304

D f defined and bounded on [a,b] = I]7*f € AC"[a,b], n=[a]+ 1.

Proof.
Def =DM f =DDV e LR e e ACMa,b]. W
Lemma 305
Dy feCla,b] = I1)7%feAC"[a,b], n=[a]+1.
Proof.

cor 85
—>

Dif=D"I;7°f € Cla,b] I"*f € C"a,b] C AC"[a,b]. W

Lemma 306

= [ f e C" a,bl,
Do f:=D"I'"“f exists everywhere on [a, b

4= I"°f € AC"|[a,b].

Proof. Apply Lemma 105 to I7~*f. The second part is because there is an f such that
Df exists everywhere but Df & L'(a,b).

Lemma 307

Do f exists at every t € [a,b]
—  I"°f € AC"[a,b)].
Def € L(a,b)

Proof. From Corollary 106.

Corollary 308

I~ f € C"a,b]
D f exists n.e. in [a,b] = I'"°f € AC"[a,b].

Def € L(a,b)

Proof. From Corollary 91.
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Lemma 309

Let n = —[—al.

( DFntaf .= Dk f ¢ O(a,b) and bounded in (a,b),
with D=+ f(at) emists, k=0,...,n— 1. Also
e f(t) = LDg f(t) + Ty e f(t),  t € (a,b),
i

f(t) = 13D f(t) + Dy T e f(t), ¢ € (a,b).

D°f € CL'(a,b) =

equality holds if f € CL'(a,b).

where

n—1 n+a n a—j
ng;lln [} Dk + f(a+) D J.f(a—l—

k=0 j=1

Proof.

For o € N the result reduces to the result in Lemma 108.

Let a ¢ N. Then the formual for I7~f follows by applying Lemma 108 to IJ~“f.
Also from that lemma D*"=° f exists and in C(a,b). Since [k —n + o] + 1 = k, we can
write

Dkln—af _ D[k—n—l—a]—i—lI[k—n—l—a]—i—l—(k—n—l—a)f def Dk n—l—af

(shown again in Lemma 325). By change of indices we obtain the formula for 7=~ f.
For the representation of f recall that I?f := I""*I¢f and thus we can write

L7f(t) = " IgD f(t) + T, I3~ (1), t€ (a,b).
By applying D!~ to both side we obtain
f(&) = D= f(t) = LD f(t) + DT I f(t),  t € (a,D).
Proof (Using zero derivative property).

—  JoDaf € CLY(a,b)

lem 227
D*f € CL'(a,b)
=  Df=DYI¢DYf, on (a,b).

lem 132

= Dy[f-IiD;fl=0o0n(a,0) = f(t)= I[7D;f(t)+ Dy T, 17~ f(t).

lem 302
= L f)E L [I¢DSf+c(t—a)* '] = LDS f(t) + e ()
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= I'f(a*)=cT(a). W

See also [5], proposition 2.4. H

Corollary 310

"f e C[a,b

Def e CLY(a,b)

} —  I"°f € AC"[a,b].

Proof. Follows from Corollary 109.

Remark 39

"= f e C"a, b|

Def € L'(a,b)

} A I"f € AC"[a,b].

For example if I;7*f(t) = Cn(t) € C[0,1], the Cantor function, then

DS f = DIy “f = DOn(t) = 0 € L*(0,1).

However Cn(t) ¢ ACI0,1].
On the other hand it is not clear that

exists 7777

f(t) = D~ “Cn(t) = DI{COn(t).
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