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By using theorem 6.6
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Applying  theorems 7.1,7.3
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applying theorems 6.3,6.4 
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Applying  theorems 7.1,7.3 
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Autonomous 
systems


Linear(x'=Ax): 
Characterise 
eigenvalues.


Non-linear(x'=f(x))


Linearization and use Thm3.1 
and 3.2 (to link with the 


original system)


Periodic 
solutions


Find 1st integral to 
use Morse lemma


Use Bendixon Th. 
(and its 


contrapositive)


Use lemma2.4       
(to show 


nonexistence of 
attractors)


Use P.B. 
Th.(check eq. of 


Lienard and 
Vanderpol)







 


Non-autonomous 
systems


Linear
x'=A(t)x: 


Characterise 
eigenvalues.


We use 
Th.6.2,6.3,6.4 to 


decide 
stability,A.S 


,instability of x=0


If A(t) is periodic 
,we use Th.6.6 


(exponents) to get 
an idea about 


stability


Nonlinear
x'=A(t)+f(t,x)


use Th.4.9 (to 
show existence 
of periodic sol.)


P-L Th. (to 
show A.S. of 


x=0)


If A(t) is 
periodic 


,use Th.7.2


If A(t) is not
periodic 


,use Th.7.3


If we know 
the periodic 
sol, we use 


Th.7.4


Use direct 
method IF we can 


find V(t,x)
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Studying stability of the trivial solution (x=0)  


Case(1) 
 
 
 
 


ሶݔ ൌ ݔܣ ൅ ݔሻݐሺܤ ൅ ݂ሺݐ,  ሻݔ


ሶݔ ൌ   ,ݔܣ
.݊݁݃݅݁ ௞ߣ    ܣ ݂݋


௞ ൑ߣ ܴ݁ 0,  
 ሻܾ݀݀ݐሺݔ


ฺ ݔ ൌ  ݈ܾ݁ܽݐݏ ݏ݅ 0


௞ ൏ߣ ܴ݁ 0,  
ԡݔሺݐሻԡ ൑  ,଴ԡ݁ିఓ௧ݔԡܥ


lim
௧ืஶ


ሻݐሺݔ ൌ 0 
ݔ ൌ .݌݉ݕݏܽ 0 ݈ܾ݁ܽݐݏ


ܴ݁ ௞ߣ ൐ 0,  
ݎ݋݂ ݁݉݋ݏ ݇ 


ฺ ݔ ൌ 0 ݏ݅  ݈ܾ݁ܽݐݏ݊ݑ


ሶݔ ൌ ݔܣ ൅  ,ݔሻݐሺܤ
.݊݁݃݅݁ ௞ߣ  ܣ ݂݋


௞ ൑ߣ ܴ݁ 0,  


න ԡܤሺݐሻԡ
ஶ


௧బ


 ܾ݀݀. 


.݈݋ݏ  ,.ܾ݀݀ ݏሻ݅ݐሺݔ
ݔ ൌ   ݄݁ݐ ݊݅ ݈ܾ݁ܽݐݏ ݏ݅ 0
Lyapunov sense 


௞ ൏ߣ ܴ݁ 0,  
lim


௧ืஶ
ԡܤሺݐሻԡ ൌ 0 


ݔ ൌ .݌݉ݕݏܽ 0  ݈ܾ݁ܽݐݏ
ฺ lim௧ืஶ ሻݐሺݔ ൌ 0, 


 


ሶݔ ൌ ݔܣ ൅ ݔሻݐሺܤ ൅ ݂ሺݐ,  ,ሻݔ
௞ߣ ݁݅݃݁݊.    ܣ ݂݋


ܴ݁ ௞ߣ ൏ 0, 
lim


௧ืஶ
ԡܤሺݐሻԡ ൌ 0, 


lim
ԡ௫ԡื଴


ԡ݂ሺݐ, ሻԡݔ
ԡݔԡ ൌ 0 


ฺ ݔ ൌ 0 .݌݉ݕݏܽ  ݈ܾ݁ܽݐݏ


 


 


௞ ൐ߣ ܴ݁ 0, ݎ݋݂ ݁݉݋ݏ ݇ 
lim


௧ืஶ
ԡܤሺݐሻԡ ൌ 0, 


lim
ԡ௫ԡื଴


ԡ݂ሺݐ, ሻԡݔ
ԡݔԡ ൌ 0 


ฺ ݔ ൌ 0  ݈ܾ݁ܽݐݏ݊ݑ


 


 


 







Case (2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 


ሶݔ ൌ ݔሻݐሺܣ ൅ ݂ሺݐ,  (ݔ
 


ܶ ሻݐሺܣ െ   ܿ݅݀݋݅ݎ݁݌
(Floquet Theorem) 


෍ ௜ߣ


௡


௜ୀଵ


൐ 0 


ฺ ݔ ൌ  ݈ܾ݁ܽݐݏ݊ݑ 0


෍ ௜ߣ


௡


௜ୀଵ


൑ 0 


No conclusion about ݔ ൌ 0 
 


ሶݔ ൌ ݔሻݐሺܣ ൅ ݂ሺݐ,  ,ሻݔ


lim
ԡ௫ԡื଴


ԡ݂ሺݐ, ሻԡݔ
ԡݔԡ ൌ 0, 


ฺ ݔ ൌ 0 .݌݉ݕݏܽ  ݈ܾ݁ܽݐݏ


ܶ ሻݐሺܣ# െ ܿ݅݀݋݅ݎ݁݌ , 


#Real part of charactr. Exponent 
of  ݕሶ ൌ  are negative ݕሻݐሺܣ


ሶݔ ൌ  ݔሻݐሺܣ


݊݋݊ ሻݐሺܣ  ܿ݅݀݋݅ݎ݁݌


Rewrite ݔሶ ൌ   in the form ݔሻݐሺܣ
ሶݔ ൌ ݔܣ ൅  and apply the ݔሻݐሺܤ
case (1)







Case (3) 
ሶݔ  ൌ ݂ሺݔ) 


First integral 
ሻݔሺܨ ൌ ܥ


ݔ ൌ .ܥ ݏ݅ ܽ ܲ. ݄ݐ݅ݓ ሺܽሻܨ׏ ൌ 0 
߲ଶܨ
ଶݔ߲ ሺܽሻ ് 0 


Applying Morse 
Lemma and the 
characterization of the 
full nonlinear obtained 


If  ݔሶ ൌ ݂ሺݔ) has periodic soln. then 
rewrite it in the form ݔሶ ൌ  where ݔሻݐሺܣ
ܶ ݏ݅ ሻݐሺܣ െ  In this case one of .ܿ݅݀݋݅ݎ݁݌
characteristic exponent is zero say ߣଵ 
another given by 
ଶ ൌߣ ଵ


் ׬ ்ݐሻ݀ݐሺܣ ݎܶ
଴ . 


If   ߣଶ ൏ 0  thus the periodic soln. is 
stable 
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A.S 


x = f(x) non-linear 


Autonomuse 


morse lemma 


 


Bendixon 


 
P.B 
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No conclusion about     
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Use theorem 7.3 
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������  ������  ( �� = ��) 


��� − ������( �� = �(�)) 


The first integral  (�, �) tells us about the degenerate 


points, existence of saddles and centers (periodic solutions) 


  If �(�) = 	� + "(�)  ∋ lim‖(‖→*(‖"(�)‖ ‖�‖⁄ ) = 0 then 


linearization characterizes saddles and attractors 


We use Bendixson’s criterion for non 


existence of periodic solutions and attractors   


By Poincare’ Bendixson’s theorem, we check the 


existence of periodic solutions 


������- ��- .�� -�� /�� 


Check out for equations of 


01�2���13 


For solution � = 0; lim5→6(7(�)) = 0   


For every orbit 7(�) which start in its 


neighborhood. 


For periodic solution we check out for Lyapunov 


stability, orbital stability and asymptotic stability. 


If we have the periodic solution 8(�), then we 


can apply theorem 7.4 


If we have the Lyapunov function 9(�, �), then we can use the direct 


method to analyze the stability of the equilibrium solution.  For 


Hamiltonian system, we apply the theory of stability analysis of 


the solution for such systems. 


If �� = 	� + :(�)�, then we apply one of the 


theorems 6.2, 6.3 or 6.4 if applicable, to analyze 


Lyapunov, asymptotic stability or instability 


respectivel, for the solution � = 0. 


If �� = 	(�)�  with 	(�) periodic, then we use exponents to 


analyze the stability of the periodic and non trivial solutions.   


��� − ������  


If �� = 	� + :(�)� + �(�, �), then we apply the Poincare’ 


Lyapunov  if applicable to analyze the stability of the 


trivial solution. 


If �� = 	(�)� + �(�, �), with 	(�) < −periodic, then we apply 


theorem 7.2 if applicable to analyze the stability of the trivial 


solution. 


If �(�, �) is < −periodic and 	(�) continuous in t, with 


�� = 	(�)�  having no < −periodic except for �� = � = 0, 


then ��  has at least  one periodic solution. Theorem 4.9. 


Eigenvalues analysis for the stability of the 


solution  � = 0 










