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Abstract

A partial pre-distance matrix A is a matrix with zero diagonal
and with certain elements fized to given nonnegative values; the other
elements are considered free. The Euclidean distance matrix comple-
tion problem chooses nonnegative values for the free elements in order
to obtain a Euclidean distance matrix, EDM. The nearest (or ap-
proximate) Euclidean distance matrix problem is to find a Euclidean
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distance matrix, EDM, that is nearest in the Frobenius norm to the
matrix A, when the free variables are discounted.

In this paper we introduce two algorithms: one for the exact com-
pletion problem and one for the approximate completion problem.
Both use a reformulation of EDMinto a semidefinite programming
problem, SDP . The first algorithm is based on an implicit equation
for the completion that for many instances provides an explicit so-
lution. The other algorithm is based on primal-dual interior-point
methods that exploit the structure and sparsity. Included are results
on maps that arise that keep the EDM and SDP cones invariant.

We briefly discuss numerical tests.
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1 Introduction

An n x n real symmetric matrix D = (D;;) with nonnegative elements and
zero diagonal is called a pre-distance matriz. In addition, if there exist points
x1,T2,...,%, in R” such that

Dl'j = ||;L', — :Z}ng, Z,] = 1,2, e,y (11)

then D is called a Fuclidean distance matriz, denoted EDM . The smallest
value of r is called the embedding dimension of D. Let A be a pre-distance
matrix, H be an n X n symmetric (weight) matrix with nonnegative elements,

and let ||A||r = VitraceAT A denote the Frobenius norm of A. We consider

the objective function
1
fn(D) = S|IH o (A= D)l (1.2)

where o denotes Hadamard product. The weighted, nearest (closest), Eu-
clidean distance matriz problem is

min  fx(D)

pr=
(NEDM ) subject to D€ & C S™,

(1.3)
where £ denotes the convex cone of EDMs and §™ is the space of n X n real
symmetric matrices. The (unknown) EDMis replaced, D + L(X), where
X € P C 8", P denotes the cone of positive semidefinite matrices, and £
is a linear transformation introduced below.

We also consider the exact completion problem, denoted EDMC (see (4.3)
below for details)

o

= omin fo(X) = HIXJ?
(EDMC) subject to A (X) e R™ (1.4)



Here, the EDM problem is translated to a semidefinite programming (SDP )
problem. The linear operator A forces the interpolation conditions corre-
sponding to the fixed elements. It is formed using £ mentioned above.

In this paper we solve NEDM in (1.3) using SDP . The mapping between
EDM and SDP uses the linear transformation £, see e.g. [2, 1]. In particular,
we provide a stable algorithm that is particularly effective when the given
matrix A is large and sparse. Our algorithm specifically exploits the equiva-
lence between the EDM problem and optimization over the cone of positive
semidefinite matrices. The algorithm uses the Gauss-Newton search direc-
tion with a preconditioned conjugate gradient method. The approach follows
that in [26, 5].

We then provide an implicit solution for EDMCin (1.4), i.e. the optimal
X is found from the solution of a (m x m, positive definite) system of equa-
tions. In many instances this implicit solution becomes an explicit solution
from a linear system of equations. This approach allows one to solve huge
completion problems of order n = 10, as long as the number of fixed values
is only moderately large, of order m = 10®. Our empirical tests show that,
generically, these large problems can be solved quickly and robustly.

A discussion of the complexity of EDMCis given in e.g. [20, 19, 18].
Special cases (e.g. chordal graphs) are shown to be completable in polynomial
time. The complexity of other models of EDM are given in e.g. [22]. Previous
SDP approaches appear in e.g. [4]. A general geometric description of EDM is
at http://www.stanford.edu/~dattorro/EDM.pdf.

1.1 Outline

We complete this Section 1 with notation. Section 2 describes the relations
between the EDM and SDP cones. We introduce standard linear transforma-
tions that map between these two cones. In addition, we present known and
new properties for these maps.

Section 3 presents several characterizations of EDMusing SDP . These
include using the linear operator £, our main tool in our algorithms. Section
4 derives the quadratic SDP s that solve the two EDM problems. We include
explicit expressions for the Perron root and vector for both ££* and L£*L.
The linear operators £L£* and £*£ hold the cones £ Cc §", P Cc §"!
invariant, respectively.

Section 5 presents the duality and optimality conditions for both quadratic
programs. These are used to derive our two algorithms. We include details



on the evaluations of the operators involved in the optimality conditions.

The primal-dual algorithm for NEDM is outlined in Section 6. We include
explicit expressions for a diagonal preconditioner. A discussion on computa-
tional results for both algorithms appears in Section 7. Concluding remarks
are given in Section 8.

1.2 Notation

We define several linear transformations between vector spaces. For a linear
transformation K : R* — R’, the adjoint is denoted K* and defined by
(K*v,w) = (v,Kw), Vv € R, w € R®. The unit vectors in R* are denoted
by e; and e is the vector of ones.

For a general rectangular matrix M € M™*" v = vec(M) € R™ forms
a vector from the columns of M. The inverse mapping, vec ~!, and the adjoint

I = vec*. The linear transformation

mapping, vec*, are given by Mat = vec™
diag (X) is the vector formed from the diagonal of the (square) matrix X.
Then the adjoint Diag := diag * forms a diagonal matrix from a given vector.
We define offDiag (X) := X — Diag (diag (X)).

We use the trace inner product (M, N) := trace MT N, which induces the
Frobenius norm. With this inner product, Mat (and vec) is an isometry.
We use the same inner product on the space of n X n symmetric matrices,
8™ . The identity matrix is denoted by I,, or I when the meaning is clear.
The basis elements (unit symmetric matrices) are E;; := % (e,'e]T + ejel»T),
if i # j, and E;; := e;el. The cone of positive semidefinite matrices (SDP)
in 8" is denoted by P, (or by P, when the meaning is clear). Positive
semidefiniteness (resp. definiteness) is denoted by > (resp. >). The cone of
EDM is denoted by &, (or by £ when the meaning is clear).

For X € 8", let + = svecX € R with t(n) = n(n + 1)/2, be the
vector obtained columnwise from the upper triangular part of X, where the
strictly upper triangular part is multiplied by /2. The multiplication by /2
guarantees that the mapping is an isometry. Let sMat := svec ™! denote the

inverse mapping into 8™ . The adjoint operator sMat™ = svec, since
(sMat (v), S) = tracesMat (v)S = vTsvec(S) = (svec(S),v).

We similarly define usvec,usMat for the strictly upper-triangular part of
a symmetric matrix. We also need the operator (and its adjoint)

D.(X) := diag (X)e” + ediag (X)T, D7 (Y) = 2Diag (Ye),



For M € M™*"  the space of m X n real matrices, we let M denote
the Moore-Penrose generalized inverse, e.g. [6]. Then Pgy = MM?' and
PR}MT) = M'M are the orthogonal projections onto the ranges of M and
M* | respectively.

We collect the definition of various linear transformations and their ad-
joints in Appendix A.

2 Geometry of EDMand SDP

We list some known facts about the closed convex cones &£, P, see e.g. [23,
13, 15, 24, 4, 27, 8]. We include new relationships between the two closed
convex cones. In particular, the dimension of £ is n(n — 1)/2 and we can
map (one-one and onto) & to any face of P with the same dimension, i.e.
any face with matrices in the relative interior having rank n — 1. We now
provide some details.

It is well known that a pre-distance matrix D is a EDMif and only if D
is negative semidefinite on M, the orthogonal complement of the vector of
ones, €,

M::eL:{xER”:xTe:O}.
Define the n x n orthogonal matrix

1
= |—=e |V Tg=1.
Q= | e lv]. @

Thus
Vlie=0, V'Vv=1I VeMmr (2.1)

The subspace M can be represented as the range of V (M = R(V)) and

€€T

J:=Py=VvVli=1-" (2.2)

n

is the orthogonal projection onto M. (Here VI = V7))
We also define the matrix

Wemm =t Wle=0, W full column rank. (2.3)

Then
WiWw =1,.,, WWwt= Prwy = J,
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where Prayy = Pr(v) denotes the orthogonal projection onto the range of
W. Thus V above can be considered as a special case of W with orthonormal
columns.

Now define the centered and hollow subspaces of 8™

S¢ = {B€eS":Be=0},

Sy = {D € 8" :diag (D) = 0}, (2.4)

and the linear transformations (with their adjoints which are easily verified)

K(B) := diag(B)e! + ediag(B)T — 2B
= De(B) - 2(3)7 (2 5)
K*(D) = 2Diag(De)—2D '
= 2(Diag(De) — D).
And define the self-adjoint linear operator
T(D) := —1JDJ (=T*(D)). (2.6)

The operator —27 is an orthogonal projection onto Sc; thus it is a self-
adjoint idempotent. We denote this by T rather than 7 (the latter notation
is customary in the literature, e.g. [10]) since we modify it below.

Theorem 2.1 The linear operators satisfy

K(Sc¢) = Sn,

T(Su) = Se,
and Ks, and 'ﬁgH are inverses of each other.

Proof. Seee.g. [13, 16]. [ |

To get a proper relationship for K and K, we modify 7 and use the linear
operator

T(D) := T(ofiDiag (D)) = —%JoﬂDiag (D),

where offDiag denotes the orthogonal projection onto the hollow matrices,
1.e. zeroing out the diagonal. We now have the following relationships.



Proposition 2.2 The generalized inverse

Kt=T. (2.7)
Moreover,
R(K) = Sn, N (K) = R(D.) (2.8)
R(K*)=R(T) = Sc, N (K*) = N (T) = Diag (R") (2.9)
S§" = Sy & Diag (R") = S¢ & R(D.). (2.10)

Proof. Let X € 8", z = diag (X) and B = D.(X). Then B = zeT +ex”,
diag (B) = 2z, and K(B) = 2ze! + 2ex’ — 2B = 2D.(X) — 2D.(X) = 0,
i.e. this proves that N (K) D R(D.). The equations in (2.8) now follow
from Theorem 2.1 and a dimension argument, i.e. using the fact that the
dimensions of Sy, R(D.) are n(n — 1)/2, n, respectively.

The equations in (2.9) follow similarly. The equations in (2.10) now follow
from the orthogonality of the nullspace and range space of the adjoint for
any linear transformation.

The Moore-Penrose generalized inverse KT can be characterized by: KT
equals the inverse of K when restricted to the range of K, Sg; the null space
of Kt is the orthogonal complement of the range of K, i.e. the orthogonal
complement of Sy which is the set of diagonal matrices. This follows from
Theorem 2.1 and the above proof. [ |

Details on the relationships between the EDM and SDP cones are dis-
cussed in the literature, e.g. see [16, 18]. We include the following.

Theorem 2.3 The linear operators T,K are one-one and onto mappings
between the cone £ in Sy and the face of the semidefinite cone

.;Eg ::Pﬂgc,
1.€.
T(E) = Fe, K(Fe) =€.

Proof. Notethat Fr ={B=0:Be=0}={B>=0:¢'Be=0}={B >
0: traceee’ B = 0}, i.e. F¢ is the face of P that is complementary to the face
(ray) through ee® in P. The dimension of F¢ is n(n —1)/2, which is the same
as the dimension of the subspace Se¢. And Fg = VP, VI = WP, WT,



where V, W are defined as in (2.1) and (2.3). The result now follows from
Theorem 2.1. [ |

Remark 2.4 From the above Theorem 2.3, we see that we can transform the
EDM problem to a SDP problem using the above two linear operators T, K.
The cone & is mapped to the face Fg so that we can optimize using this face.
However, it can be more advantageous to rotate (using e.g. a congruence)
and use another face of P, e.g. to exploit the rank deficiency of the face and
get a row and column of zeros. We explore these possibilities below.

We now introduce the composite operators
Kw(X) = KWXWT), (2.11)
and
Tw(D) = WIT(D)(WT)! = —iW'JoffDiag (D)J(WT)I, (2.12)
where W is defined in (2.3).
Lemma 2.5 Suppose that W satisfies the definition in (2.83). Then

/CW(S”_I) = Sy,
Tw(SH) = Sn_l,

and Kw = TV{,.
Proof. This immediately follows from Theorem 2.1 and the definition of
W. Note that N (Tw) = Diag (R™) = S R(Ty ). [ |
From (2.3) and (2.5) we get that
Ky (D) = WTK*(D)W (2.13)

is the adjoint operator of K. The following corollary summarizes useful
relationships between &, the cone of Euclidean distance matrices of order n,
and P, the cone of positive semidefinite matrices of order n — 1.



Corollary 2.6 Suppose that W is defined as in (2.8). Then:

Kw(P) = €&,
Tw(&) = P.

Proof. Wesaw earlier that D is EDM if and only if D = K(B) with Be =0
and B = 0. Let X = WTBW, then since Be = 0 we have B = WXW7,
Therefore, WXW7T > 0 if and only if X > 0; and the result follows using
the definitions (2.11) and (2.12) and Lemma 2.5. [ |

Remark 2.7 Note that the n X (n — 1) matriz V as defined in (2.1) is not
unique. One example s

) ) )
1+=2 T . T
Vo= r l+zx ... =z , (2.14)
| @ T .. 142 |
where x = n;\l/ﬁ and y = \_/—% With this choice, it can be easily verified that

VIe=0, VIV =1, and VVT = J as required by (2.1). A sparse choice for

W s
€T
W, = ( > . (2.15)
_In—l

Note that if B = WXWT, X = 0, W is defined in (2.3), and H is the

Householder matriz (orthogonal, symmetric, reflection)

UT’U

2 T -1 ¢ 1
H=1—-—vuwv', withv= <\/ﬁ—_11n_ ) , (2.16)

then HBH > 0 and (HBH),, = 0, which implies that the last row (and

column) are zero. We denote the face

Zg:={B = 0: B,, =0}. (2.17)
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3 SDP Characterizations for EDM s

We can exploit the geometry of the EDM and SDP cones and get several
different characterizations for EDM . These can have numerical advantages
if chosen properly. Many different characterizations appear in e.g. [4, 2, 1].
In this paper we concentrate on a characterization used in [2, 1], see Item 4
in Theorem 3.2 below.

We first prove the following.

Lemma 3.1 Let X € §"' and partition

o 0 diag (X)T (0 4T\
£(X) = (diag(X) D.(X) —zx> = (d D) =D (31)
Then
£*(D) = 2{Diag (d) + Diag (De) — D}, £}(D) = %(deT +ed” — D),

Proof. The adjoint £* is easily verified.
We show that

LIL(X) =X,
0 diag (X)T
LX) = Et(diag(X) D@(f)(—)w()

%(diag (X)e” + ediag (X)" — (De(X) - 2X))
= X

This shows that £ is a left inverse of £ and so must be the Moore-Penrose
generalized inverse. (We note that LLT = offDiag, i.e. it is the orthogonal
projection onto the hollow matrices.) [ |

Theorem 3.2 Suppose that the matrices W, H are defined by (2.3),(2.16),
respectively. Then the following are equivalent:

1. De€
2. D =Kw(X), for some X =0, X € S"!

11



. D = 0 diag (X)T + (sxeT —22T)\
3. D= (diag (X) + (sxe—2z,) D.(X) —2X , for some
X € P,_1, where sx 1= 62—1X€n—1, 2 = Xe,

0 diag (X)T
4 D =L(X) = <diag (X) De()%(—)QX

5. D =K(B), for some B =0, with Be=0, Be€ S§"

>, for some X € P,_4

6. D =K(HBH), for some B > 0, with B,, =0, B € S§"

Proof.  Note that B > 0, B,, = 0 implies that the last (n-th) row and
column of B are zero. We show that Item 1 is equivalent to the other Items.

(2.) The equivalence follows from Corollary 2.6.

(3.) The equivalence follows from Item 2 by setting W = W, defined in
(2.15). Denote

€

B, = wxwT = € X(eny —Inq)=( "% oy
5 - s s -[n—l n—1 n—1 —z, X .

For X € P,,_1, we now evaluate
Kw,(X) = D(W,XWI) - 2W, XWT
= X )eT—I—(SX diag (X)) — 2B,

diag (X)
B 2sx sxel + diag (X)T 9B
- sxe + diag (X) D.(X) s

(4.) Let D € & be partitioned in the usual fashion as in (3.1), and set
W = W, as in (2.15). Since .J is the projection on the orthogonal
complement of e, we get JW, = W,. Then

1 _ 1 1
X =LY(D) = §(deT—|— ed" — D) = —§W5TDW5 =wr <—§JDJ> W,
i.e. X is a congruence of a positive semidefinite matrix and so X >

0. From Lemma 3.1, £L! is the orthogonal projection on the hollow
matrices, i.e. we conclude that

D = L(X), where X = LI(D) = 0.

12



4

4.1

Conversely, let X € P"~'. Then X = ZZ7 with Z € M "™ '*" Let
=0, pp=2Z"_, i=2,...,n.
Now for the first column and row of D = £(X) (diag (X))

||P1 - Pz”g = ||Pz||§ = 6?_1X€i—1 = Xi_1,-1 = Dy,

for D
i = pillz = (e — €j-1)" X(eimr — €j-1)
= Xicvic1 + X101 —2X521521 (3.2)
= Dii+ Dy — 2[%(912' + Dyj — Dij)] = Dij,
which shows that py, ps, ..., p, are the n points satisfying the

condition in (1.1). Equation (3.2) is equivalent to the part D.(X)—2X
in £(X), and so £(X) = D is EDM.

The equivalence follows from Theorem 2.3.

The equivalence follows from the definition of the Householder matrix

H, ie. the mapping H - H is one-one and onto between the faces Fg
and Zg¢.

Formulations into Quadratic SDPs

Nearest EDM Problem, NEDM

Since A is a given pre-distance matrix, diag(A) = diag(D) = 0. Therefore, we
can assume without loss of generality that diag(H) = 0. Note that H,; =0
means that D;; is free, while H;; > 0 forces D;; to approximate A;;. If we
want D;; = A;; exactly, then we can add a linear constraint to the program.
(This is done in Section 4.2, in EDMC.) Recall that the graph of H is
connected if for all indices ¢ # j there is a path of indices 11, 19, ..., 1y such that

H., #0,H;.;, #0,....H;, .. # 0,H, ;#0,seeeg. [9]. Thus, we can

13



assume that the graph of H is connected or the problem can be solved more
simply as two smaller problems. It is shown in [4] that Slater’s condition

holds for NEDM if the graph is connected.

By abuse of notation, define
fn(X) = | H o (A= LX)

We now apply Theorem 3.2 and get the following problem, equivalent to
NEDM.
* = min fn(X)

]
(NEDM) subject to X > 0.

Also, note that X € 8§"~1. It is in this lower dimensional space that we solve
the problem. We can recover the optimal distance matrix using the optimal
X and the relation

D = L(X).

Using finite precision, we can never solve the approximation problem
exactly. In addition, we need to calculate the embedding dimension. The
following lemma, from [4], shows we lose little in the objective function if we
choose a small embedding dimension using a numerical rank approach, 1.e. if
we only discard small eigenvalues, then the change in the objective function
is small.

Lemma 4.1 ([{]) Suppose that X* solves (NEDM). Let X be the closest
symmetric matriz to X* with rank k, i.e. we set the smallest n—k eigenvalues

of X* to 0, Agy1 = ... A\, = 0. Then,

VX)) S VAX) + 29 (Vi +1) (4.1)
where v 1= max;; H;;. [}

4.2 EDM Completion Problem, EDMC

We now consider the exact completion problem, i.e. we are given certain
fixed elements of a EDM matrix A, while the other elements are unknown
(free). We want to complete this matrix to an EDM. We model this as a

14



quadratic programming problem. As above, we assume that we are given
a pre-distance matrix A, but with the proviso that it is completable to a
EDM, i.e. free elements can be found to obtain a EDM . Therefore, for
given b € R™, and a set of indices (columnwise, k = ij)

. 1
S=A{07): Ai; = 7

define the quadratic program

by, is known, fixed, ¢ < j}, |S| =m, (4.2)

po= min f(X) = 5[ X]E
(EDMC) subject to AX)=1b (4.3)
X =0,

where b € RS has components b = \/§Aij and the constraint A =7 L :
S"~1 — RISl yields the interpolation conditions

.A(X),] = trace E,],C(X) = bk, Vk = (I]) € S,

thus defining the interpolation operator Z. The transformation Z is equiva-
lent to usvec, though it only yields a subset of the upper triangular elements
of the matrix. Therefore, for s # ¢, we assume that the interpolation condi-
tions arise from

1
(Est, D) = 27§Dst = V2D, = by = Iy,

4.3 Invariant Cones and Perron Roots

4.3.1 Invariant for NEDM

Lemma 4.2 Let H be an n X n symmetric matriz with nonnegative elements
and 0 diagonal and with no zero row (or column). Then

X >0 (resp. =0)= /J*(H(z) o L(X)) =0 (resp. = 0),

i.e. the cone P (and its interior) is invariant under the operator W =

L (H® o L()).
Proof. Note that W(-) = L*(H® o L(-)) = (HoL)*(HoL)(+). Let X =0

be given and Y > 0 be any other positive semidefinite matrix. Then

(Y, £ (H® o £L(X))) =(Ho L(Y),H o L(X)) = (Ho Dy,Ho D),

15



for some Dy, D, € EDM . This shows that <Y, L(H®? o £(X))> > 0, by the
nonnegativity of H and EDMs. Therefore,

L(H® o L(X)) =0, VX>O0. (4.4)

Note that Z > 0 is singular if and only if there exists 0 # Y »= 0 such
that trace ZY = 0. Therefore, to show that positive definite holds in (4.4),
suppose that X > 0,Y > 0 and

(Y, £(H® o £L(X))) = 0.

Therefore, <X, L(H® o ,C(Y))> = 0. Since the nullspace of £* is the set
of diagonal matrices, we conclude that H® o £(Y) = 0. This implies that
Y =0. |

4.3.2 Invariance for EDMC

The above Lemma 4.2 means that we can apply the generalized Perron-
Frobenius Theorem to the operator W, [25, 12, 7], i.e. the spectral radius
corresponds to a positive real eigenvalue with a corresponding eigenvector
in the (relative) interior of the cone. In particular, we can get the following
explicit expressions for Perron eigenpairs.

Corollary 4.3 The Perron root and eigenvector for
Wi(+) := L7L(")

are

V(4n +2)2 — 32 N

5 0, X = aeel + 10,

A=02n+1)+

where o = —%, g > 0.

Proof. We confirm the Perron eigenvector matrix X and Perron root A,
le.

Wi(X) = L7 (L(X)) = AX,

where

X = aeel 4 1,

16



and

AX = daeel + ABI. (4.5)
Now diag (X) = (a + )e and
D.(X) = diag (X)eT + ediag (X)T =2(a+ 6)66T
Therefore

L) dlag " )

dlag (X

( S et o)
a—l—ﬁe 2(a + ) eel —2066 + BI)

(o + e ) (0 dT>
oz—l—ﬁe 28(ee — D,

thus defining D, d, and D. We now get

We(X) = L7(L(X)) = LY(D)
= 2{Diag (d) + Diag (De) — D}
— 9{Diag ((a + #)e) + Diag (28(ec” — I)e) — 28(ec” — 1))
= 2{Diag {(a+ B +28(n —1))e} — 28(ee” — 1)}
= 2{Diag {(a + B(2n — 1))e} — 28(ee” — I)}

The eigenvalue-eigenvector equation now yields
Wg(X) = 2{Diag {(a + B(2n — 1))e} — 2B(ee” — I)} = daee” + A\3I = MX,
ie.
A(E -1+ Ma+ ) = 2{(a+p(2n—1))] —-28(E—1I)}.
Equating the diagonal terms yields
Ma+ ) =2(a+ B(2n — 1)),
while the off-diagonal terms yield

Aa = —47.
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We now solve and get o = =2, We substitute and get

A
—4p _ 85

We can cancel A in the first term and S on both sides to get

—4—|—)\:_T8—|—4n—2.

This is equivalent to the quadratic equation

)\2—(4n—|—2))\—|—8:0,

le.
4 2)2 —32
/\:(Zn—l—l)—l—\/(n—l—Q) ,
which is clearly positive. Moreover, using induction, we can show 3 > na so
that X > 0. [

We get similar results for £L£*.

Lemma 4.4 The cone & is invariant under the linear operatorV = LL*. In
fact, D a pre-distance matriz implies that V(D) € £.

0 df
d D
is nonnegative elementwise with zero diagonal, the matrix X = £*(D) =
2 (Diag (d) + Diag (De) — D) is positive semidefinite, since it is diagonally
dominant with nonnegative diagonal, i.e. X > 0 by Gersgorin’s disk theorem.

Therefore

Proof.  Suppose that D = (

is a pre-distance matrix. Since D

0 2(d + De)T
LX) = (2(d—|—De) D:(X)—2)X>

is EDM by Theorem 3.2 Part 4. [ |

Corollary 4.5 The Perron root and vector of LL* are

A=2n—-1)++/(2n —3)2+8(n—2) >0
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and

where

0 el
D_<e a(E—I))’ a>0,
1

a:m{@n—i%)—l-\/(271—3)2—|—8(n—2)}7

D is nonsingular and L1(D) = 0.

Proof. Assume that the eigenvector in £ is of the form

0 el
D—<e a(E—I))’ a > 0.

£(D)

2(Diag (e) + Diag (a(E — I)e) — a(E — I))
2(I+ (n—2)al — aFE + al)

2([(n —1Da+1]I —aFE).

Let 5 :=2[(n — 2)a 4 1]. Then

0 diag (X)7
diag (X) D.(X)— 2X>

Then

LX) =

(
(50@ BleeT + eeT) — 4T(ﬁff— Da + 1)1 — aE))
Eﬂoe 28E — 4([(n —6;)@ +1) - aE))

0 el )
Be 4la(n — 1)+ 1]E —4([(n — Da+ 1]I)

_ ( 0 2[(n — 2)a + 1]eT )
2[(n —2)a+1le 4[(n—1a+1)(E-1I) )"

We now get the eigenvector-eigenvalue equation

M am-n) = (o et 1l s iariian)

This yields the two equations

A=2[(n—-2)a+1], da=4[n—-1)a+1].
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We can eliminate A and get 2[(n —2)a+1]a = 4[(n — 1)a+1]. The quadratic
equation 1s

0 = 2(n—2)a*+2a—4(n—1)a—4

I
|
S
[ V)
_|_
e
|
E
3
|
=
S
|
N

l.e.

Therefore

A= 242n—2) [m{(2n—3)i\/(2n—3)2—|—8(n—2)}]
= (2n—-1)++/(2n —3)2+8(n — 2).

That D is nonsingular follows by looking at the matrix vector product

D <;> = 0, i.e. this implies that z7e = 0 which further implies z is a

multiple of e, which forces z = 0. This also shows that £f(D) = 0. [ |

5 Duality and Optimality Conditions

5.1 Duality and Optimality Conditions for NEDM

We work on the equivalent problem to (1.3) stated above, i.e.
1
@ = min §||H o(A—L(X))|3 subjectto X =0, Xe8" 1, (51)
where £ : S~ — 8§" is given in the simple characterization in Item 4 in

Theorem 3.2,
0 diag (X)T
LX) = <diag (X) De(g)(—)2X> '

This is again a quadratic cone minimization problem. However, the EDM cone
constraint is replaced by the SDP constraint and the dimension is reduced
by 1.

The Lagrangian dual is

* * : 1 2
p> vt = I{{lgg{rr}%n§||Ho(A—E(X))HF—traceAX. (5.2)
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We change the dual to the Wolfe dual by noting that the inner problem is a
convex unconstrained minimization. If we let

C:= E*(H(z) o A),

then the unconstrained inner minimization in (5.2) has optimal solution char-
acterized by the stationary conditions:

0 = —[(Ho)L' {Ho(A—L(X))} - A

—L{H® o (A-L(X))} —A (5.3)
= L{HP o (L(X))} —C—A,

where we define H() := Ho H.

Thus we obtain the equivalent dual problem:

max %HHO(A—,C(X))H%—traceAX
subject to A = L* {H(z) o (ﬁ(X))} -C (5.4)
A= 0.

Without loss of generality, we can assume that H has no zero rows (or
columns). We get the following optimality conditions.

Theorem 5.1 Assume that H has no zero rows (or columns). The primal-
dual optimal values satisfy p* = v* and the primal-dual pair X, A are optimal

for (5.1) and (5.4) if and only if

X = sMat(z) =0 (primal feasibility)
A = L {H(z) o (ﬁ(X))} —C, A0 (dual feasibility)
AX =0 (complementary slackness)

Proof. That Slater’s condition holds for the primal is trivial. That it
holds for the dual follows from Lemma 4.2 above. [ |

For our p-d i-e-p algorithm we use
AX = ul perturbed complementary slackness.

We can substitute the primal and dual feasibility equations into the per-
turbed complementary slackness equation and obtain a single bilinear equa-
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tion in x = svec(X) that characterizes optimality for the perturbed log-
barrier problem:

F,(z): R{*=D o RO,

Fu(z): = vec[L*{H® o (L(sMat(z)))} — C] sMat (z) — pvecI = 0.
(5.5)
Viewing (5.5) as an overdetermined system of nonlinear equations, we solve
it using an inexact Gauss-Newton method. Linearizing, we obtain a linear
system for the search direction Ax

Fu(e+A2) = Eu(e) + Ey(Az) + of|[As])
= F.(z)+ vec{A sMat (Az)} +
Hvec{[L*(H? o (L(sMat (Az)))]sMat (z)}
Fo(llAz]).
(5.6)
Therefore,

F!(z)(Az) = vec {A[sMat (Az)] + [£* (H(z) o (L(sMat (Az)))] X}. (5.7)

Note that B B

L*(D) = 2(Diag(d)+ Diag(De) — D).
In addition, we note that the operator L£* (H(z) o ,C()) is self-adjoint; and
the adjoint of A- is % (A 4T A); while the adjoint of - X is % (X Ty X).
Therefore the adjoint (F},)* (see (5.7)) for w € RO ig

(Fli)*(w) = %svec { [AMat (w) + Mat T(w)A]

L Lt (H® o (£ (XMat (w) + Mat (w)x))]}. O
To simplify notation, we define the self-adjoint operator
W() = L (H® o L(sMat -)), (5.9)

and the transformations with their adjoints, by abuse of notation,

X(s) =vec (sMat (s)X); A" (w) = %svec (XMat (w)” + Mat (w)X);

(5.10)
with adjoints

A(s) = vec (AsMat (s)); A"(w) = %svec (AMat (w) + Mat (w)TA). (5.11)
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Therefore,
Fi(s)=A(s) + X (W(s)), se€ R =1, (5.12)

(F)*(w) = A*(w) + W* (X*(w)), s € RO, (5.13)

5.2 Sparse Implementation

For an efficient implementation of a conjugate gradient method we must
be able to evaluate F)(z)(Az) and F)(z)*(w) efficiently. We discuss the
evaluation of W(y). We define

Y :=sMat(y); ya:=diag(Y); vy, :=usvec(Y); yp.. = usvec(D.(ya));

(5.14)
and, with the partition
T
@_. (0 K 7o 7.
H (h H) H, :=usvec(H); (5.15)
and B B
Yna :=hoya;  Ynu = Hyu0oYu; YuD.w = Huoyp.u
Then
ht o
) — °Ya
H™ e L{Y) (h oys HoD.(ya) — HOQuSMat(yu)>
_ ( 0 yhd >
Yna H o De(yq) — 2usMat (ypy)
_ 0 yhd
yna usMat (Yap.u — 2Yhu)
( 0 yhd)
Ynd
and, by abuse of notation,
W(y) = L (H®o ;C(SMat (v))) (5.16)

= 2 ((yhd + De) — (Yyup.u — thu)) )

i.e. we assume that these vectors are extended to vectors in R4"~1) by adding
zeros appropriately. Therefore, to evaluate W(y), where y has the relation-
ships in (5.14), we need only evaluate YD, u, Yhu, Yrd, De.
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We note that the sparsity pattern of W(y) is essentially the same as that
of H (except for the diagonal and the first row) and that the evaluation is a
sparse operation on the sparse vector y;, and the (n —1)-vector y4. Therefore,
all the operations in the evaluations of both F)(z)(Az) and Fj(z)"(w) are
sparse operations, though the end result can be (and usually is) a dense
vector.

Finally, we remark that the 7, j-element

(HOIDe(U))u:{ v; + vy iinj?éO

ij 0 otherwise

i.e. this is a sparse evaluation if H is sparse.

5.3 Duality and Optimality Conditions for EDMC

The objective function for EDMC is strictly convex and coercive. This implies
that {X = 0: A(X) =b, f(X) < a} is a convex, compact level set for each
a € R,. Therefore, the primal problem EDMCis attained and there is no
duality gap. (This can also be seen from Slater’s condition, which holds
for the dual feasibility equation in (5.19), with e.g. A = al, and a > 0
sufficiently large.) In particular, Corollary 5.3 below implies that strong
duality holds, i.e. the dual is attained as well.
The Lagrangian dual is

pr=v = AEB{LE&(%ISI II}(IH§||X||§; + yT(b — A(X)) — trace AX. (5.17)

We get the following characterization of optimality.

Theorem 5.2 Suppose that the feasible set of EDMC is not the empty set.
Then the optimal solution of EDMCis D = L([A"(y)]4+), where y is the

unique solution of the single equation
A ([A%(y)l+) =0, (5.18)

and By denotes the projection of the symmetric matriz B € S"~' onto the
cone P,_q.

Proof. The optimality conditions obtained after differentiation are

X=A"y)+A >0, A*0, dual feasibility
AX)=1b primal feasibility (5.19)
AX =0 complementary slackness
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This means that A™(y) = X — A, where both X > 0,A > 0, and AX =
0. Therefore the three symmetric matrices W = A*(y), X, A are mutually
diagonalizable. We write X = PDxPT, A = PD,P7, i.e. we conclude
that W = A*(y) = P(Dx — D,) PT, DxDy = 0. Therefore [A*(y)]; =
PDxPT = X. [ ]

The following corollary provides an explicit solution for EDMC under
the assumption that y > 0. This shows that a large class of completion
problems can be efficiently solved.

Corollary 5.3 The linear transformation A is onto and A A™ is nonsingu-
lar. Suppose thaty = (AA*)"'b € R}. Then

D = L£(A*(y)) (5.20)

1s the unique solution of EDMC .

Proof. That A is onto follows from the definitions.
The proof continues as in the proof of Lemma 4.4. [ |

5.3.1 Matrix Representation A of 4A.A~

Under certain conditions, we can find an explicit solution from a single linear
equation in Corollary 5.3. Therefore we need a matrix representation of the
operator A A*. We can do this by columns.

For each unit vector e, we get the k-th column of the matrix representa-
tion A from applying AA"(ex). We identify k = igji, i < jk, i.e. with the
k-th element in the set S.

1. Case 1, k = 13,
D = T*(ey) = %Ek i1s a symmetric matrix with zero diagonal and

with exactly two nonzero elements equal to 1/4/2 corresponding to the
k = 1y position, i.e. in the first row and column. The usual parti-
tion of D yields d = e;,_1,D = 0. Therefore, A*(ex) = L*T*(e}) =
V2Diag (ej,—1). This implies that

T

LA (ef) = ﬂ( 0 Lt ) |

. . T _ ; .
€ir—1 E5p—1€ —|—€€jk_1 2D1ag (ejk—l)
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The k-th column is now obtained by applying Z, i.e. the [-th element
of the k-th column A; € R™ is

Ay — 2 if iy =gror 5=
Ik 0 otherwise

Note that A is symmetric, Ay = Ay, and the diagonal elements Ay, =
2, Vk in Case 1.

. Case 2, k g, 1 > 1
(Note that Fj is in 8™ or 8&"~! depending on the context.) D =
I*(ex) = %Ek is a symmetric matrix with zero diagonal and with

exactly two nonzero elements equal to 1/v/2 corresponding to the k =
ixJx position. The usual partition of D yieldsd =0, D = %Ek_l, d, :=
d+ D = \/ﬁ(eik_l +€j,-1), where k — 1 = (ip — 1,55 — 1). Therefore,
X =A% (ex) = L*T*(ex) = V/2Diag (eip—1+€j,—1) — Ei,—1j,—1. Now

De(X) = V2 [(€51 + i) € + e e+ o)

i.e. two rows and columns are all ones but with two at the diagonal
intersection points. This implies that

LA™(ex) = LL*(D)
5 0 dr )
o d. offDiag (deeT + edeT) +2D

0 dr
= 2 d. offDiag (d.eT + ed!) + \/§Ek_1)

The k-th column is now obtained by applying Z, i.e. the [-th element
of the k-th column is

ifilzik or ilzjk

if ji =i or g1 = Ji

if le = Zk and jl :jk
otherwise

Alk =

O 0o NN

Note, as in Case 1, that A is symmetric, Ay, = Ay, and the diagonal
elements Ay, = 8, VEk.
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Remark 5.4 Suppose we restrict ourselves to Case 2. (We can add a dummy
vertez, or equivalently a column/row of zeros to the matric D = A*(b).)
Finding the matriz representation A can be explained using the graph, G =
(Va, Eg), of the matriz D = A*(b). The nodes Vi correspond to the columns
of D. The edge e;j € Eg if D;j # 0. Therefore, m = |Eg| = |S|. The
k-column of A corresponds to by, which corresponds to the k = 1y, element
D;,j. #0. The Ay, element ts nonzero for each arc emanating from the two
nodes ix, jx € Vg, t.e.

Zf (Zlm]l) € EG
Zf (“7]16) S EG
if (i1, 51) € Eg

otherwise

Alk =

S 0O NN

Proposition 5.5 Letorder (j) denote the order of the node j in G. Suppose
that for each pair of nodes ji, 55 in V

(J1,72) € Eg = order (j1) + order (j2)(<) < 6.

Then the matriz representation A is (strictly) diagonally dominant.

Proof. The k = j;j5-th row of the matrix representation A consists of a 2
in each position corresponding to an arc leaving either node ji, jo. The result
follows since the sum of the orders counts the arc joining the two nodes twice
and this latter position is a diagonal element 8. [ |

Remark 5.6 For a given y > 0 with rational numbers, we conclude that
b= Ay > 0 and there is a neighbourhood around b where the completion exists
and can be found by solving the simple positive definite system defined by A.
Therefore, for the given data b found this way, EDMC is a polytime problem,
i.e. one can decide if a completion exists and find the exact completion in
polynomial time.

Lemma 5.7 Suppose that k(z),x € R" is a norm with (compact, convez)
unit ball B = {x € R" : k(z) < 1}. And k*(y) = max,epx’y is the dual
norm. Let A be the matriz representation of AA™, y > 0 be given, and
b= Ay. Define

Yi

Satccrals
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Then b > 0 and
E(Ab) <r = A7'(b+ Ab) > 0.

In particular, if Av = Av, A > 0,v > 0 yields the Perron root and vector

(eigenvalue-eigenvector pair, see Lemma 4.4) for A, then we can choose y =

1
/\U.

Proof.  We know that Ay = b > 0. (Since A*(y) = 0.) We want to
guarantee that A~'(b+Ab) > 0 or equivalently that —A~'Ab < y, Therefore,
we want to find the maximum r such that

max r(—el ATN)Ab <y;, Vi
k(Ab)<1

The latter is equivalent to finding the largest r for which
rk (el A7) < i, Vi
|

We now look at the converse perturbation, i.e. given b > 0 but A™'b
is not nonnegative. We look for results on perturbations b + Ab so that

A1 (b+ Ab) > 0.
Lemma 5.8 Suppose that b € R and AT(D) = 0. Then L(AA®)"1(b) is
the EDM completion of b.

Proof. Note that AA*(AA*)~"(b) = b implies that AT = A*(AA*)",
|
We would like to study the cone

& :={b>0:A%b) =0},

since this i1s exactly the set of vectors b for which the EDMC problem can be
solved quickly using (A.A*)~'. We note that

be& < b>0and trace SAT(b) >0, VS € P
& b>0and ) ;. bytrace (SAx) >0, VS e€P
& b>0andblag >0, VS € P,

where as = (trace (SA;)) € R™. (The matrices Ay are implicity defined
from the above.)
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6 Primal-Dual Interior-Exterior-Point Algo-
rithm for NEDM

We can use equation (5.5) to develop a primal-dual interior-exterior-point
(p-d i-e-p) algorithm, i.e., we linearize to find the search direction using a
linear least squares problem. We can assume that we start strictly feasible,
see Lemma 4.2.

6.1 Framework

The p-d i-e-p framework that we use is different in several ways from the
common framework for both linear and semidefinite programming, see e.g.
[28, 21]. We have eliminated, in advance, the primal and dual linear feasibil-
ity equations. We work with an overdetermined nonlinear system rather than
a square symmetrized system; thus we use an (inexact) Gauss-Newton ap-
proach [17]. We include a centering parameter oy (instead of the customary
predictor-corrector approach). We enforce positive semidefiniteness rather
than definiteness in the steplengths. In addition, once we are close enough
to the optimum we set the centering parameter o to zero (crossover step)
and we no longer enforce interiority, i.e. we allow negative eigenvalues. This
allows for (fast) asymptotic quadratic convergence.

At each iteration, we have available the iterate x and we find a new iterate
by taking a step in the (inexact) Gauss-Newton search direction Az. Up until
the crossover, we ensure that the new iterate * + aAx results in both X, A
sufficiently positive definite; then, we take o = 1 after the crossover. By our
construction, the iterates maintain exact primal and dual feasibility.

We let F° denote the set of strictly feasible primal-dual points; F’ denotes
the derivative of the function of optimality conditions.

Algorithm 6.1 (Primal-Dual Gauss-Newton via PCG for NEDM)

Input:  Objective: pre-distance and weight matrices A, H € 8"
Tolerances: 61 (gap), 63 (crossover)

Initialization:

XA =L {HP o (L(X°)} —C = 0

1
gap = trace A°X?% pu =gap/(n—1); o =1; objval = §||HO(A—,C(X))||12V.

29



while min{ ;Eo—. objval } > &,

if min{ ;1 objval} <4, then

oc=10

else
update o
end if
Find diagonal preconditioner p see Section 6.2.
Find LSS of F, (z)(Az) = —F,.(x) (using LSQR)
update X := X + a sMat (Az),a >0, A:=L* {H(z) o (,C(X))} - C,
(X,A > 0)
gap = trace A°X?%;, p = gap/(n —1);
objval = 3[|H o (A — L(X))|%

endwhile

6.2 Preconditioning

Preconditioning is essential for efficient solution of the least squares problem
(5.7). We find an operator P and find Az the least squares solution of

(A+AW) P (Az) = —F(a),

where

Az = P(Az).
The inverse is not found explicitly. The operator P has simple structure so
that the linear system can be solved efficiently.
6.2.1 Diagonal Preconditioning

Optimal diagonal scaling has been studied in, e.g., [14, Sect. 10.5], and
[11, Prop. 2.1(v)]. In the latter reference, it was shown that for a full
rank matrix A € M™*" 'm > n, and using the condition number w(K) :=
n~'trace (K)/ det(K)"/", the optimal scaling, i.e. the solution of the opti-
mization problem

minw((AD)T(AD)) subject to D positive diagonal matrix, (6.1)

is given by d;; = 1/||4.il[2,0 =1,...,n.
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Therefore, the operator P is diagonal and is evaluated using the columns
of the matrix representation of the operator

The columns are ordered using k = 1,2, ..

Fu() = AC)+ X (W()).

. where k represents (7, 7), 1 <1 <

7 < n —1 for the upper triangular part of the symmetric matrix AX, taken

columnwise. As above, we let X = sMat (z) and E;; =

1 < j while E;; = e,'el»T.

For the first operat
AsMat (s)):

A(ex)

1

V2

T

T )
(e,ej + eje

or in F,, we get (recall, by abuse of notation, A(s) =

AsMat (ek) =A E,']‘

_ %A (e,'e]T + ejel»T) , i<y
A (eel), ifi=j
_ Lz (A,e? + A:jezr) , i< ]
(Aqel), ifi=j.

By abuse of notation we use operators such as £ on matrices. For the second

operator we get

<dia
<diag

(

L(E;;)

0

€;

0 dlag (Eij)T . 0 0 £i <
g (Ei;) D.(E;;) — 2\/§Eij —\o _2\/§Eij , ifi <y
0 diag (Ei;)" '\ _ (0 eT L
(Ei;) D.(Ei)—2E; ) \e& DEi)—2E;)’ me=j.

0 0 £i <
0 —2V2E; )’ hr=J
T

eile —e)T + (e — e;)el

7

), ifi =

Therefore, with the partition in (5.15), we define

‘[:IZLJU — _[:I o _E’l]7 hle :=ho €,
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and get
(8 —2\/0§HE>’ ifi<y
e Tl]
(f? Ho(%g(E,»,»)>’ =
(8 —2\})§HE)’ ifi<y
i

0 (R)T e
(hf HizelT‘|‘€iH:i>’ =

H® o L(E;)

Finally, with e, = E;;,

Wiew) = { 752 [Diag (—zﬁﬁge) — (—2\/5}:15)] ifi <j
2 [Diag (h¢) + Diag ((H o De(Ej;))e) — (H o De(Ey)] if i = j.
B 2V2H;; (V2E;; — E;; — Ej;) ifi < j
- { 2 [Diag (h$) + Diag (H o De(Ey;))e — (H o D(E;;)] if i = j.
B { 2v/2H;; (V2Ei; — Eii — Ej;) if i <
2 [Diag (I:I, + (eTH,; + h,»)e,») — (I:I,':@lT + e,'I:L,')] if i = 7.
(6.2)

Now, for the case k = (i7),1 < 7, W(ex) with at most 4 nonzero elements
positioned at the intersection of the 7, 7 rows and columns, i.e.

-1 ... 1 ... cell
2V2H,; (\/iEU — Ei — Ejj) = 2V2H;, Lo Do

1 ... =1 ... -

i.e. it consists of the four equal elements except for the sign. Therefore,
_ T
XW(ex) = (XOV(ex))" = 2V2H; (X(V2E;; — Eii — Ey;))

i.e. we need only evaluate it if H;; # 0! And, we get

2\/§FI,](XJ — X,) 1l TOW 12

fors < j: AWler) = { 2V2H;;(X;. — X;.) inrow j

(6.3)
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A+ XW)(e)lle = (A + XW)(E)llE
I(A+ XW)(E;j) |77
= [IAEGF + [|[XW(EG)I[F + 2 (A(

Eij), XW(E;;)
= [[Aex) |7 + IOV (er) X |7 + 2 (A(E

7))
i) W(E;))X)
6.4)
We need to find

(A(Eij), W(E;))X) = trace A(E;;)"(W(E;;))X
trace XA(E,])T(W(E”))
%tréce X(A,Gf + A( ])elT)TZLI:LJ (E,J - Eu - Ej]‘)
= %24Hijtrace (X, A + XuA) (Eij — Ei — Ejj)
= 2H;; {XiiNji + Xal\j; + X + XAy
—XijAii — Xiil\ij — X500 — XG5}

B (6.5)
Thus we see that here as well, this need only be evaluated if H;; # 0!
To summarize the evaluation of the diagonal preconditioner for ¢ < j, we
continue from (6.4),

I(A+ XW)(er)llF = A7 + [0V (er)) XIIE + (A(Ei), OV(Ei;)) X)
= 5 (JAl* + [1A51%) +
L6H, (|| X017 + [ Xa]|? — 2X 7 X5) +
4H;i { XijNji + Xaal\j; + XM + Xjii;
—XijNii — Xl — X500 — XGilg;}
(6.6)
Now, for k = (ij),7 = j, recall W(ex) from (6.2) with H,; in the diagonal

and minus it in the ith row and column and e’ H,; + h; in the 7i position

2 [Diag (H,» + (eTH; + hi)e,») — (H'z:@,»T + eiﬂ:i)]

H; 0 .. —H; 0
0 H,, ... —Hy; 0
_ . S i 0
“ | -H —Hy ... ¢"H;+h; ... —H,
. : , 0
0 0 —dlp_1; —Lin—14

Therefore,

XW(ek) = (X(W(ek)))T = QI:L,'GT o (X — GXZ':),
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This is true for all the rows of XYW excepts for the ith row. (Note: that
H;; = 0 then the ith row in the above expression is all zero). The ith row
then is given by

(XW(ew))i; = 2{—HiX + (hi + €' Hi) Xi.},

A+ XW)(en)llE = II(A+ XW)(E:)|%
= [[A(er)lF + [0V (er) XI7 + 2 (Alex), (W(ek))()é>7)
Let H* = H + Diag (v), v = He + h. We need to find
= 2trace A, (Diag (H; + (eTH: i+ hy)e;) — HyeT + eI:I,':) Xe;
= 2 (diag (A(H" 0 X)) — diag (AH) o diag (X)
—diag (A) o diag (HX)) ¢,
(6.8)
To summarize the evaluation of the diagonal preconditioner for ¢ = j, we
continue from (6.7),

1A+ XW)(ex)l[7

[AGRIE + IOV ()X + 2 (Aler), (W(er))X)
= Al J2HaeT o (X — X[l
12{—Hi.X + (hi + " H;) X;. }[]*+
4 (diag (A(H" 0 X)) — diag (AH) o diag (X)
—diag (A) o diag (HX)) ¢;
(6.9)
The diagonal preconditioners are inexpensive to calculate. However, in
general, they are not strong enough, e.g. [14].

7 Computational Results

We now present some preliminary computational results. More extensive
tests are being done in [3].

7.1 Explicit Completions
7.1.1 Small Problems

We first look at applying Theorem 5.2 without the projection, i.e. we test
empirically how often we can find the completion explicitly using

D=L (A (AA")TD)) = L (AD).
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We generate a random sparsity pattern for D but ensure that the graph of
the pattern is connected . We then generate a random X > 0 and set the
original distance matrix to D = L£(X) and the original data b using the
generated sparsity pattern.

We start with low dimensional tests since generating the data is time
consuming. We see that though most of the randomly generated problems
do not yield y = A'b nonnegative, they still generally yield a distance matrix
D, ie. A*(y) = 0. The tests were done with n increasing in steps of 10 and
the density increasing in steps of .1, 1.e. n = 10 : 10 : 100 with density
.1:.1:.8. Each element of the following matrix Results (dimension versus
density) contains the number of failures in 100 tests.

19 27 29 25 32 27 20 38

6 20 23 22 27 21 28 98
S 8 9 9 11 16 17 24
2 2 6 5 14 17 20 17
2 0 2 8 7 8 15 12
Results=1 1y 1 1 3 § 15 11
2 0 3 1 5 7 6 15
1 0 0 4 2 4 9 9
1 0 0 1 3 2 5 6
O 0 0 0 1 6 5 5

7.1.2 Large Problems

We solved many large/huge problems of with n several million and m ap-
proximately 10°. The time taken for these problems was small as generating
the matrix 1s quick as is solving a positive definite system.

7.2 Nearest EDM Problem

We applied the primal-dual algorithm outline above in Section 6. We used
MATLAB and solved many small problems. The algorithm is robust and an
optimal solution (verified) was found in general. However, the algorithm was
slow and had difficulties because the Jacobian of the optimality conditions
became singular in many sparse instances. This will be studied further in

[3].
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8 Conclusion

We have presented an implicit solution for EDMC, the EDM completion
problem. For many completable problems, this algorithm provides an explicit
solution technique that can be applied to huge problems.

We also derived a p-d-i-e-p algorithm for finding the nearest Euclidean
Distance matrix to a given matrix, NEDM . The algorithm uses an inexact
Gauss-Newton method with preconditioned conjugate gradients. The pre-
liminary numerical tests show promise. However, the cost for finding the
search direction using a least squares approach is still too high. New tests
are in progress that take advantage of the high singularity of the Jacobian of
the optimality conditions.
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A Transformations and Adjoints

We collect various definitions of linear transformations and their adjoints
here. More details are given in Section 1.2.

Let X € S»! and D = 2 CZ € 8" with d. = d + De. The
interpolation operator Z : §" — R™.
1.
I(S) =Y V2Sije, T°(b)=) WEi,,, I'=1"
k=1 k=1
2.
offDiag (X) = X — Diag (diag (X)), zeros out the diagonal.
3.
D.(X) = diag (X)e” + ediag (X)*, D;(D) = 2Diag (De).

4. (a)

0 diag (X)T
)= (ge) D) )

diag (£(X)) =0; and X = 0= L(X) € &;

L*(D) = 2{Diag (d) + Diag (De) — D} = 2{Diag (d.) — D};

D pre-distance matrix = L*(D) = 0; D(L*(D)) = 2(d e + ed?)
(if diag (D) = 0).
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(c) Assume that diag (D) = 0. Then

LL*(D) = 2L{Diag(d) + Diag (De) — D}

0

2d.

0

2d.

!

0 .
d. offDiag (deeT + edeT) + D

24T )
D.(L*(D)) — 2£7(D)

2dT ) )
2(dee™ + ed%— 2(2(Diag (d.) — D))

)

D pre-distance matrix = LL*(D) € &;

(d)

L£Y(D) = % (de" + ed” — D), L'L=1and LL = offDiag .

See Lemma 3.1.

m

AYb) = LT (b) = Y LB By,

k=1

diag(B) e + ediag(B)T — 2B
D.(B) — 2(B);

2Diag (De) — 2D

2(Diag (De) — D).

= —3JDJ (=T*(D)).
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