
١٥١ 

  التاسع بابال
   

     طريقة تابع المسار 
Path Following Method  

  
••א

אNT•
אא

NTא • א
אא•

א
אµ•

א•
אא                  

   
 

١.٩Introduction 
 אאאא

،אאאאאאא
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אאאא،

אאKאF١.٧E
0µ >،µאK 

אאאאא
אאא،אא

אאאKאא
אNTאאא،[DPRT]K

אא[Ji]،אא،
אאpredictor-correctorאא

NTK 
 
٢.٩אאNT 

  The Path Following Approach and the NT Search Direction  
0µ >אא،µ−א( ) ( )( ),X Sµ µ

אא،אאאא
( ) ( )( )tr ,X S nµ µ µ=Kאאµ−א

אאnµK 
אא( ) ( )( ),X Sµ µ،

µK 
אא( ), ( )X S ∈ ×P D،

0µ >Kא( ),X S∆ ∆K
X X+ ∆ ∈PS S+ ∆ ∈D 

 
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F١.٩E   ( )( )X X S S Iµ+ ∆ + ∆ =K 

אאא١.٥
אאאאKאא

אK 
אאאאאאNTא،

[NT]،אאK 
אNTא،

NTK0אX ;א،0S ;
אKאאא 

 
 

F٢.٩E  ( )1 1 1 1
2 2 2 2D S S XS S− −= 

 

א1D X SD− = 
 
 

F٣.٩E  1 1 1 1
2 2 2 2D XD D SD V− − = = 

 

אאאDאאאXS
אאאאVK 

 

F٤.٩E  1 1
2 22    V D X S D XS−= ∼ 

F٤.٩Eאא( ), ( )X S ri∈ ×P D
W 

( ) 2
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tr tr ( )
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n
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 



אאא 
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אאאאאW 

 

1 1
2 2 XD D X D− −= ∆  

 
1 1
2 2 SD D S D= ∆  

 

א( )tr 0X SD D =Kאאאא
אאאW 

V X SD D D= +K 
 

אאאDאF٢.٩EF١.٩E
אאW 

F٥.٩E  ( ) ( )X SV D V D Iµ+ + =K 
 

אאF٥.٩Eאא،
 

( )( ) ( ) ( )( )1
2

T
X S X SV D V D V D V D Iµ⎡ ⎤+ + + + + =⎣ ⎦

  

  

אאאو   S X X SD D D D  ، 
 

F٦.٩E ( ) ( )( ) 21
2 X S X SD + D V +V D + D I Vµ= −K 

 

אF٦.٩ELyapunov equation،
אאW 

 

1
V X SD D + D V Vµ −= = − 

 
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١٥٥
אVD1

2DNT 
 

F٧.٩E 1X D SD S Xµ −∆ + ∆ = − 
 

א 
 

F٨.٩E 
( )

1

tr 0,     1,...,i

m

i i
i

A X i m

S y A
=

∆ = =

∆ = ∆∑
 

 

 
 

1

1

1

tr ( ) tr ( ) tr ( )

                              tr ( ) ,     1,...,

n

j i j i i
j

i i

y A DA D A S A X

A S b i m

µ

µ

−

=

−

∆ = −

= − =

∑ 

 
 

،אא
y∆،S∆אF٨.٩EKX∆

אF٧.٩EKא( ),X S∆ ∆אNTK 
( ), ( )X S ri∈ ×P D،0µ >K

אא 
 

( )

1

1 1, ,   
2

1 1  
2

VX S D

V V

δ µ
µ

µ
µ

−

=

= −
 

 
 

אא[Ji]K( ), , 0X Sδ µ ≥، 
 

( ) 2, , 0X S V I XS Iδ µ µ µ= ⇔ = ⇔ = 
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١٥٦
אאאאא

אא[JRTP]אא،
K[Ji]( ), ,X Sδ µ

אdirectional derivativeאאא
אאNTK،א( ),X S∆ ∆

NT( ),X SKf µאאא
אא 

 

( ) 1, ,  tr ( ) log  det( )f X S XS XSµ µ
µ

= −  

 

אאf µ( ),X SאNTא
אW 

 

( ) ( )

( )

1 1

1 1

1

2 2

   , , ,  , , ,

1 1 tr tr

1 1 tr tr

1 tr

1  tr 4

X S

X S

V

V

f X S X f X S S

S X X X S S

V V D V V D

V V D

D

µ µ

µ µ

µ µ

µ

δ
µ

− −

− −

−

∇ ∆ + ∇ ∆

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= − ∆ + − ∆⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
⎛ ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

= − = −

 

 

אאδאא
NTK 
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١٥٧
אאאאאא
אW 

 

א١.٩ 
  ( , ) ( )X S° ° ∈ ×P D 
א1τ < 

 0µ° >( , , )X Sδ µ τ° °
° ≤ 

0ε > 
א      ,  , S S y y µ µ° °= = = D 

     ( )tr XS ε> 
א,X S∆ ∆אF٧.٩EF٧.٩E 

א0,1)א]X ∈ 
X X X
S S S

α
α

= + ∆
= + ∆

 

א0א 1θ< < 
( )1µ θ µ= − 

 
 

 

 
( ) ( ), : ,X S X X S S+ + = + ∆ + ∆ 

NT،א 
( ) ( ), : ,X S X X S Sα α α α= + ∆ + ∆ 

 

אNTא0 1α< <K 
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١٥٨
٣.٩אאNTא 

 Feasibility of the Full NT Step  
( ), ( )X S ri∈ ×P D0µ >،א

אK 
 

٢.٩ 
0X ;0S ;א 

 

( )det 0,       0X Sα α α α> ∀ ≤ ≤ 
 

α،S S Sα α= + ∆X X Xα α= + ∆0Xα ;
0Sα ;K 

אW 
 

( ) ( ) ( )det  det   det  X S X Sα α α α= 
 

( ) ( ) ( )det   i i
i i

X S X Sα α α αλ λ= ∏ ∏ 
אאאא[0, ]α،אאאא

X αSαא[0, ]αK0Xα ;0Sα ;K 
אאא

אK 
 

٣.٩ 
( ), ( )X S ri∈ ×P D0µ >Kא( ), , 1X Sδ µ <،

NTאK 
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אW 

determinantX Sα α1α ≤K
( ) ( )1 , 1 0X S ;٢.٩، 

 

( ) ( )

( ) ( )

( )

( )

2 2

2 2 2

2

         
1         
2

1         
2

1         
2

X S

X S X S

X S S X

X S S X

X S X S

X S V D V D

V D V VD D D

V I V D D D D

D D D D

D V VD VD D V

α α α α

α α α

α µ α

α

α

+ +

= + + +

= + − + +

⎡+ −⎢⎣
⎤+ + − − ⎥⎦

∼

  

 

אF٦.٩EKאאאאא
،א[ ]X Sα αא

א 
 

( )2 2 21( ) : ( )
2 X S S XM V I V D D D Dα α µ α= + − + + 

 

Kא( )M αאW 
 
 

( ) ( )2( ) 1
2 X S S XM V I D D D Dαα α αµ

µ
⎡ ⎤= − + + +⎢ ⎥
⎣ ⎦

، 
 

( ) 0M α 1αא< ≤    
  

( )
2

1
2

X S S XD D D D
µ
+

<K 

אא1δ < 
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( )
22

2 2

1 1
2 2

1 1
4

X S S X
X S S X

V

D D D D D D D D

D

µ µ

δ
µ

+ = +

≤ = <
.  

 

אאאאא
NTK 

 

٤.٩ 
א( ), ( )X S ri∈ ×P D0µ >( ), , 1X Sδ µ < 

( )tr X S nµ+ + = 
אאאNTK 

אW 
٣.٩ 

 

( )1
2 X S S XX S I D D D Dµ+ + + +∼ 

F٩.٩E  ( ) ( )1 1
2 2X S S X X S X SD D D D D V VD VD D V⎡ ⎤+ − + − − −⎢ ⎥⎣ ⎦

  
 

A B∼ 
tr ( ) tr ( ), , n nA B A B ×= ∈\ 

 
( ) ( )tr trX S I nµ µ+ + = =، 

 

א( )tr 0X SD D =אאאא
אK 
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٤.٩אאא 

   Quadratic Convergence to the Central Path      
אF٩.٩EMK

א 

( )1
2XS X S S XD D D D D= + 

אאאNTאאW 
 

٥.٩ 
 

( ) ( )2 2
min ( ) 1Vλ µ δ+ ≥ − 

minλ  אK 
אW 

F٩.٩E 
( ) ( )2

min min( ) XSV I D Mλ λ µ+ = + + 
אאMW 

( ) ( )2
min min

2

( )

                   
XS

XS

V I D

D

λ λ µ

µ

+ ≥ +

≥ −
  


2XSD 

( ) ( )22 2
min

1( ) 1
4 VV Dλ µ µ δ+ ≥ − = − 

 

٦.٩ 
 

2 41
8XS VD D≤ 
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אW 

א 

( ) ( )2 21
2X S S X X S X SD D D D D D D D⎡ ⎤+ = + − −⎣ ⎦ 

( )tr 0X SD D =אV X SD D D= +V X SQ D D= −
אK 

 

( )

( )

( )
( )

2
2 2 2

4 4 2 2

2 22 2

4 4 4

1
4
1           tr

16
1           
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1 1            

16 8

XS V V

V V V V
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V V V

D D Q

D Q D Q

D Q

D Q D

= −

= + −

≤ +

≤ + =

 

٧.٩ 
אאאNT 

( )
( )

2

2
, ,

2 1
X S δδ δ µ

δ
+ + += ≤

−
 

אW 
אאאNTאאW 

( )

( )

( )

2 21

21 2

22 1 2
max

1 ( )
4
1         ( ) ( )

4
1         ( ) ( )

4

V V

V I V

V I V

δ µ
µ

µ
µ

λ µ
µ

+ + − +

+ − +

+ − +

= −

= −

≤ −
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אא٥.٩ 

 
 

( ) ( )
2 22

2 2

1 ( )
4 1

I Vδ µ
µ δ

+ +≤ −
−

K 

א 
2 22( ) XSI V Dµ +− ≤K 

 
 

( ) ( )

( ) ( )( )

2 22

1

2 2

1

( )

                      tr .

n

i XS i
i

n

i XS XS
i

I V I D M I

D M D M

µ λ µ λ µ

λ

+

=

=

− = + + −⎡ ⎤⎣ ⎦

= + = +⎡ ⎤⎣ ⎦

∑

∑
 

אאM 
 

( )
( )

22 2

2

2

( ) tr ( )

tr

T
XS

XS

XS

I V D MM

D

D

µ +− = −

≤

=

  

 

א٦.٩אK 
אאאאW 

 

٨.٩ 
א( ) 1

2
, ,X Sδ µ <( ) ( )2, , , ,X S X Sδ µ δ µ+ + <،

µ−אKאא
( ) 2

3, ,X Sδ µ <( ) ( ), , , ,X S X Sδ µ δ µ+ + <א
K 

אWא٦.٩٧.٩K 
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٥.٩אאµ 

µUpdating the Barrier Parameter  
אאאא( ), ( )X S ri∈ ×P D

א( ) ( )( ),X Sµ µ 
 

( ) 1
2, ,X Sδ µ ≤ 

 

אµאאW 
 

( )1µ θ µ+ = − 
 

0 1θ< <K 
אאאא1

2 n
θ =

( ) 1
2

, ,X Sδ µ ≤KאאאNTאא
( ), ( )X S ri+ + ∈ ×P D( ) 1

2, ,X Sδ µ+ + ≤،
אאK 

אאאאµא
אאאµאK 

 

٩.٩ 
 

( ), ( )X S ri∈ ×P D( )tr XS
n

µ =( ), ,X Sδ δ µ=Kא

( )1µ θ µ+ = −0 1θ< < 
 

( )( ) ( ) ( )
22 2, , 1

4 1
nX S θδ µ θ δ

θ
+ = + −

−
K 
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١٦٥
אW 

א1U V
µ

=،אאא

 

( )( )

( )

2
2 1

2
1

14 , , 1
1

                            1
1

X S U U

U U U

δ µ θ
θ

θ θ
θ

+ −

−

= − −
−

= − − −
−

.  

 

 
 

( ) ( )2 2 21tr trU U U n
µ

= = = 
 

U1U U− −W 

 

( )( ) 21tr 0U U U n V− − = − = 
 

 

( )( ) ( )
222 214 , , 1 .

1
U

X S U U
θ

δ µ θ
θ

+ −= + − −
−

 
 

אא1 2U U δ− − =
2U n=K 

 

אאאא
א( ), ( )X S ri∈ ×P Dאµ( ) 1

2, ,X Sδ µ ≤
µ1

2
(1 )

n
µ µ+ = −،( ) 1

2
, ,X Sδ µ + ≤،
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١٦٦
אאNTא  ( ), ( )X S ri+ + ∈ ×P D 

א( ) 1
2, ,X Sδ µ+ + + ≤Kאא

אאאא1
2δ ≤،אא

1
2

1
n

−אא،NT
אאאK 

אאאאאא
K 

 

١٠.٩ 
א1

2
τ =1

2 n
θ =אא١.٩

NTא 

2  log nn µ
ε

°⎡ ⎤
⎢ ⎥
⎣ ⎦

 

Kאא( ), ( )X S ri∈ ×P D ( )tr XS ε≤K 
אWא[Dk]K 

 
٦.٩א 

Long Step Path Following Method  
 

אאאNT
אµ( ) 1

2, ,X Sδ µ ≤Kאא
אאאKאµ

( )1µ θ µ+ = −אאאKא
אאline searchאא 



א 

 

١٦٧
( ) ( ) ( )1, , tr log  detf X S XS XS nµ µ

µ
= − − 

אאאW 
 

 

א١١.٩FאאE 
 ( , ) ( )X S° ° ∈ ×P D 
א0τ > 

 0µ° >( , , )X Sδ µ τ° °
° ≤ 

0ε >  

א1θ < 
א              ,  , S S y y µ µ° °= = = D 

   ( )tr XS ε> 
א( ), ,X Sδ µ τ≤ 

( )1µ θ µ= − 
( , )d Sδ µ τ> 

א,X S∆ ∆אF٧.٩EF٧.٩E 
α 

S S Sα= + ∆ 
y y yα= + ∆ 

 
 

 
 
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١٦٨
( )arg   minimize  ,f X X S Sµα α α= + ∆ + ∆K 

 

Kאאא 
 

١٢.٩ 
א١١.٩אא 

 
 

log nO µ
ε

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

D 
 

אא( )* *, ( )X S ri∈ ×P Dא
( )* *tr X S ε≤K 

אWא[Ji]K 
 

 
٧.٩אאPredictor Corrector Methods 

אאאאאא
אאKא

אאאאאא،
SeDuMiSDPT3KאSeDuMi

אNT،אSDPT3א
אKאאאאאא،

[MTY]Kאאאא
אאאKאא
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١٦٩
NTtr ( )XS nµ =

( , ) ( )X S ri∈ ×P DאאK 
א١٣.٩ 

 ( , ) ( )X S° ° ∈ ×P D 
 

א0τ > 
 0µ° > 

( , , )X Sδ µ τ° ° ≤D( )tr X S
nµ ° °=D  

א0ε > 
0 1θ< < 

 

א                ,  , S S y y µ µ° °= = = D 
   ( )tr XS ε> 

אא 
א,X S∆ ∆אF٧.٩EF٧.٩E 

,   X X X S S S= + ∆ = + ∆NT 
אא 

א( ) X X D S D∆ = − + ∆ 

א
1

m

i i
i

S y A
=

∆ = − ∆∑ 

,X X X S S Sθ θ= + ∆ = + ∆ 
 

( )1µ θ µ= − 
 

 



אאא 

 

١٧٠
אθאא

µ،( )1µ θ µ+ = −Kאא
θ،א( ), ,X Sδ µ τ≤K 
١٤.٩ 

א1
3τ =( ), ,X Sδ µ τ≤

( ), ( )X S ∈ ×P Dאא١٣.٩אא 
F١٠.٩E

( )1
2

2

1 1 13 a a a a
X S X SD D D D

θ
µ

=
+ + +

 

a
XDa

SDאאאא
a a
X SD D V+ = −K 

אW 
א[RTV]אאאאא

אאK 
א١٣.٩א١.٩،

אאW 
١٥.٩ 

א1
3τ =θF١٠.٩Eאא١٣.٩
א 

( )tr131 1 log
2

X S
n

ε

° °⎡ ⎤⎛ ⎞
⎢ ⎥+ +⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

Kאא( ), ( )X S ri∈ ×P D( )tr XS ε≤K 
אWא[MTY]K 
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١٧١
 

١٦.٩Fא[KSS]KE 
אאאאאא 

1 2

2 0 0 1 0 0 2
,   ,   ,   

0 0 1 2 0 1 0
A A C b

− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

אאאאא 
* * *1 0 0 0 0

,   ,   
0 0 0 1 0

X S y
⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

אאא( ) ( )* * *, , , ,k k kX S y X S y→א
א 

( ) ( )1 211
: ,   : ,   :

1 2
kk kk

k k k
k k kk k

cc c
X S y

cc c

εε εε
ε ε εε ε

⎛ ⎞ ⎛ + ⎞+ −⎛ ⎞
⎜ ⎟= = = ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟− +⎝ ⎠ ⎝ ⎠⎝ ⎠

 

0kε →0c >K1
32c =1010 k

kε −=
30,......,80k =Kאא( ), , 0.13X Sδ µ ≤،

K 
אא 

١.٩אא 
2

1 2

1 2

maximize    ,    
1 0 0 0 0 1

subject to  
0 1 1 1 1 0
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