Part XXVII
Derivatives and Integrals of
Trigonometric Functions

Objective. To compute derivatives and integrals involving trigonometric functions.

Basic Identities

sin u 1 Cos U
tanu = cotu = = —
Ccos U tanu sin u
1 1
secu = CSCU = —
cosu sin
sin?u + cos?u = 1 sec?u — tan®u = 1 csc?u —cot?u =1
Limits
‘We have
. sinx
e lim =0
z—0
1 —cosz
o lm— =0
z—0 x
Derivatives
1. — (sinu) = cosu
du
2. — (cosu) = —sinu
du

d
3. — (tanu) = sec?u = 1 + tan?u

du
4 4 (cotu) = —csc?u = — (1 + cot?u)
" du
5. Tu (secu) = secutanu
6. T (cscu) = —cscucotu
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Integrals

1. / sinudu = —cosu + C

2. cosudu =sinu + C
sec?udu = tanu + C
esc?udu = —cotu + C
secutanu du = secu + C'
cscucotudu = —cscu + C
7.

tanu du = In |secu| + C

8. cotudu =1In [sinu| + C

— S S S —

Examples on limits

sin 3x . sin3x
1. lim = 3 lim =3
z—0 x z—0 31
2r —sinx . 2r sinx . . sinz
2. lim =lim ([ — — =lim— —li =2-1=1
x—0 € z—0 x € x—0 x—0
. T COST Ccos T
3. limzcotx = lim = - =1
r— z—0 SInx z—0 ([ SInxT
T
sinx 5
. sin x . sinzcos2x 1. T Cos 2 . 1
4. lim =lim———— = - lim —=+——— = —limcos2x = —
z—0 tan 2z z—0 sin 2z 2 z—0 sin 2x 2 z—0 2
2z

Examples on derivatives

Find the derivatives of the given functions.

1. y = 3cos (z?)

Solution. y' = —3 (2z) sin (z?) = —6z sin (2?)
2. y=2zsin’z

Solution. 3 = 2sin®z + 4x sinz cos x
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3. y=2secr —x’tanw

Solution. 3 = 2secztanz — 2w tanz — 22 sec® x
1—cosx

4.9y=—
1+sinzx

Soluti ,  (sinz)(l1+4sinz) — (cosz)(l —cosz) sinz —cosz+1
olution. y = =
Y (14 sinz)’ (1 +sinz)?

5.y =cotx+zcscix
Solution. 3’ = —csc? x + csc? x — 2x csc x csc x cot ¥ = —2x csc? z cot

6. y = In (cos (2?))

— sin (2%) (22)

Solution. 3 = = —2z tan (2?)

cos (z2)
7. Yy = ecost
Solution. 1 = —e®Stsint
8. y = tan (e”)

Solution. y' = e” sec? (&%)

9. y = In(secx + tan x)

. . secxtanz +sec’zr  secr (tanxw + secx)
Solution. 3y’ = = =secr
secr + tanx secr + tanx

10. y = /cosx
sin x

2 /cosx

11. y = sin (cos )

Solution. ¢ = —

Solution. ¢y = —sinx cos (cos x)
12. y = 1 + cot® (2x)

Solution. 3’ = (2cot (2z)) (— csc? (27)) (2) = —4 csc? (27) cot (27)

Solution. We can use the quotient rule as in Example 4 above. However, it is better to rewrite

the function as

1 —cost . .
Yy =——— =-sInt —sintcost
1/sint
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so that v/ = cost — cos®t + sin? .

Examples on integrals

Find the given integrals.
1. / sin 2z dx
Solution. Let uw = 2. Then du = 2dx and

1 1 1
/sin2:c dr = E/sinu du = —§cosu+C: —§COSQ$+C

2. /\/Sintcost dt
Solution. Let v = sint. Then du = cost dt and

2 2
/\/sintcost dt = /\/ﬂdu = gu\/ﬂ—kC =3 (sint) Vsint + C

o [,
(1 —cosx)

Solution. Let u =1 — cosz. Then du = sinx dx and

. J -3 1
/ s—mx 4dx—/—z—/u4du—u—+0———3+c
(1= cosz) u -3 3 (1 —cosx)

n / _dr
cos? (3x)

Solution. Let v = 3z. Then du = 3dx and

d 1 1 1
/—x):/sec2(3w) da::§/sec2u du:gtanu—f—C:gtaan—FC’

cos? (3x

5. / Si]f/_fdm

d
Solution. Let u = y/z. Then du = M and

NG

/smﬁdw:/smu(zu)du:_2COSU+C:—QCOS\/EvLC
NS U

6. /r sin (r?) dr
Solution. Let u = r2. Then du = 2rdr and

d 1 1 1
/rsin(r2) dr—/rsinu a —/Sinu du:—icosu—&—C:—écos (T2)—|—C

2r 2
- /sin (Inx) e

T
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d
Solution. Let w = Inz. Then du = ar and
z

. 1 :
/Slﬂ(nl’) dx_/smu ;pdu—/sinu du = —cosu+ C = —cos(lnx) + C

T T
8. /ZL’ sec 22 tan z2dx

Solution. Let u = z2. Then du = 2xdz and

1 sec u sec 2
/9586(:;132tan332 dxzi/secutanudu: +C = 5 +C
9. /7" sinr dr
Solution. We use integration by parts. Let u = r, dv = sinr dr. Then du = dr, v = —cosr

and
/rsinr dr = —TCOST—i—/COST dr =sinr —rcosr +C

10. /em sinz dx

Solution. We use integration by parts.

Let u =¢*, dv =sinz dz. Then du = e*dx, v = — cosx and

/exsinx dr = —excosx—l—/excosx dx

For / e’ cosr dr we again use integration by parts.

Let m = e*, dn = cosx dz. Then dm = e*dx, n = sinx and
/ew cosx dr = e"sinx — /e‘”dmsinw dx

Hence
/ez sinx dr = —e” cosx + e”sinx — /e‘”dxsinx dx

1.e.

2/emsinx dr = —e®cosx + €' sinx + C

which gives
1
/e;” sinz dr = 56‘” (sinz — cosz) + C4

Exercises

1. Find
3
(a) lim S 9T
z—0 xX
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in 2
(b) lim 2=*
z—0 tan 6x

—1
() lim 22— 2

z—0 SIngx

2. Differentiate
(a) xcosx + 2tanz

(b) €5"? (cos x + sec )

sint
1+ tant

()
(d) In(sinz) + csc (Inx)
3. Evaluate

(a) /x3 sec? (z* +2) dx

(b) / —tan\ﬁ_;/i) dx

2
(©) / ot
1+ cotx
(d) / (sinz — cosz) dx
0

/2
(e)/ xrcosT dr
0
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