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Abstract-—We analyze a two-level method of discretizing the stream function form of the Navier-
Stokes equations, This report presents the two-level algorithm and error snalysis for the case of
eonforming elements. The two-level algorithm consists of selving a small nonlinsar system on the
coarse mesh, then solving a linear system on the fine mesh. The basie result states that the error
between the coarse and fine meghes are related superlinearly via:

-l <o g lo- e v ).
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As an exampla, if the Clough-Tocher triangles or the Bogner-Fox-Schrnit rectangles are used, then
the coarse and fine meshes are related by & = Q(H%/%|InH[*/4). @ 1998 Elevier Science Ltd. All
rights reserved. :
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1. INTRODUCTION

Convergence analysis for finite-element approximation of the primitive variable formulation of
the Navier-Stokes equations have been extensively developed in the last 20 years, see, for ex-
ample, [1-4]. The analogous theory for the stream function formulation for the Navier-Stokes
equations has received much less attention, The attraétions of the stream function formulation
are that the incompressibility constraint is automatically satisfied, the pressure is not present in
the weak form, and there is only one scalar ynknown to solve for. The standard weak formulation
of the stream function version first appeared in 1979 in [2]. In this direction, Cayco and Nico-
laides [5,6] studied a general analysis of convergence for this standard weak formulation of the
Naviet-Stokes equations. The standard weak form is unsuitable for derivation or analysis of non-
conforming finite-clement approximations. For & nonconforming finite-element method, Baker
and Jureidini [7] investigated the use of elements which are required only to be continucus and
are not required to satisfy the boundary conditions with a nonstandard weak formulation. Their
weak formulation extends the standard one by including appropriate integrals on interelement
boundaries and on the boundary of the problem domain. Cayco and Nicolaides [6] presented
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118 F. FAIRAG

and discussed a new weak form, which is suitable for analysis of nonconforming fnite-element
approximations. They discussed this weak form and applied it to three specific nonconforming
finite-element schemes.

The discretization of the stream function formulation still leads to a problem of solving a large
and ill-conditioned nonlinear systemns of algebraic equations. Two-level finjte-element discretiza-
tions are presently a very promising approach for approximating the Navier-Stokes equations,
see [8]. The computational attractions of the methods are that they require the solution of only
& small system of nonlinear equations on coarse mesh and one linear system of equations on fine
mesh. These types of methods were pioneered by Xu in [9,10] for semilinear elliptic problems.
The two-level diseretization methods have been recently analyzed for the Navier-Stokes equations
in [8,11,12] and for the stream function formulation of the Navier-Stokes equations in [13]. The
methods studied in [13] involve solving a full linearization of the stream fumction equation on
the fine mesh. The purpose of this paper is to present and analyze a two-level conforming finite-
element method of diseretizing the stream function formulation of the Navier-Stokea equations
which requires the solution of a partial linearization of the stream function equation on the fine
mesh. The use of partial linearization of the styeam function equation on the fine mesh is due to
the possible indefinite matrix resulting from the full linearization. While the partial linearization
results are due to a positive definite matrix.

2. NOTATION AND PRELIMINARIES

We first need to define some function spaces and associated norms, More details concerning
these spaces can be found in [14]. Let O be a bounded, simply connected, polygonal domain
in R®. L*() is the Hilbert space of Lebesgue square integrable functions with norm || - ||
and L3(R2) is the subspace of L2(Q2) consisting of functions with zero mean. Let H™(f2) be the
usual Sobolev space consisting of functions, which together with their distributionsl derivatives
up through order m are in L*(2). Denote the norm on H™({2) by | - |lm. Let HF*(Q) be the
completion of C§°({2) under the | - ||m norm. We equip H7*(Q2) with the seminorm | - [}, which
is & norm equivalent to || - lm. Also, the dual of space H{*(£2) is denoted by H~"({1), with norm
|| ~m. Let [H™ ()] be the space H™((1) x H™($1) and [HF(Q2)]° be the space HJ*($2) x HIMQ)
equipped with the following norm:

i J 1/2 w
1, = (Rl + Bool) Y and 1, = (ol + uaf2)?, where 7= ().

For sach ¢ € H(Q), define
cuzl g = (_i"‘).

For each i & [H(Q2)]?, define

L _Bus  Bwy A
curlu_-g;wwé-”:——-, where i = g )

Consider the Navier-Stokes equations describing the flow of an incompressible Auid:

~Re'AT4+ (G- V)E+Vp=Ff, inQ,
V.-I=0, i,
F=0, ondQ, L)

fpdxi:o.
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Later, we will state conditions on f and Re™! guarantesing the solution to (1). Any divergence-
free velocity vector € [H}(52)]? has a unique atream function [2, Theorem 3.1, p. 22} ¢ € H3(%),

defined by Hy—1
curl 4 = i,

Moreover, the stream function 1 satisfies

Re™ A% -ty Athy + Yoty =cuil f, i Q,

P =10, on 85,
By .
Frie 0, on 99,

where # represents the outward unit normal to-{2.

3. TWO WEAK FORMULATIONS
The standard weak form of equation (1) is: ‘

find G € [HY), p € L3(Q), such that V& € [HH(D)]®, ¢ € LI,
Re™ 4 (4, @) + (& w) + &(d,p) = (£ 7), 3(7.9) =0,

where
& (%,w) =-f Vii: Vi,
1 i

s@so= [ @995
52,0 = [ qaiv,
and {-,-) denotes the duality pairing in L3($2). The star;ldard weak form of equation (2) is:
fnd € H3() such that, for all ¢ € HEW), o(p,$) + B, 8) = L4),

where

a(w) =Re™ [ A-A,
Py

b(E %y 8) = jn A&ty — bady),
I(¢) = (f‘,cuﬂqb) mLf-ctfrlgb.

Another equivalent formulation of equation (2), introduced by Cayco and Nicolaides [6], is:

find 4 & H}($2) such that, for all ¢ € HF(Q),
ao(y, @) + bo(y; 4 ¢) = H{#),

where

2001 8) = Re™ [ Yestes + Haydey + bt
bD(E; P, ‘75) = /;z (fyﬂ&u - 5n=¢yy)¢r n (E=¢zy - Ey¢mm)¢s»
i1(9) = (f,cunlg) = fnf'- curl .

(2

3

@

()

(6)

N

(8)

Conforming elements can be used with either (5) or (7), in this case, the two weak formula-
tions produce identical results because a(y, ¢) = ag(y, ¢) and b(E; 4, @) = bo(&;4, ¢), for all
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%, ¢, & € HE(S). However, when using nonconforming approximating subspaces, (7) and (5) gen-
erate different finite-element methods. Nonconforming elements should be used only with (7).
To illustrate the reasen, suppose we solve the Stokes problem with the nonconforming Morley
triangle, i.e., the quadratic element whose degrees of freedom are function values at the vertices
and normal derivatives at the midsides, Boundary conditions are imposed by setting all the
degrees of freedom at the boundary to be zero. Observe that a necessary and sufficient condition
for the existence of a unique solution to the discrete biharmonic equation is that the bilinear
induces a norm on the trial space. This is not the case for the Morley space [5]. The following
theorem states that the forms (3) and (5) are equivalent in the sense of having identical solu-
tions. The reason for this is that the space of curls of HZ($2) functions coincides with the space
of divergence-free functions in [HJ(Q2))%.

The following theorem states that problems (1) aod (2) are equivalent in the sense of having
identical solutions.

THEOREM 3.1. (See [2, Theorem 2.6, p. 120].) Problems (3) and (5) are equivalent in the sense
that if (%, p) is a solution of (3), then the stream-function ) of i satisfies (5); conversely, if  is a
solution of (5), then there exists exactly one element p of LE (Q) such that the pair (& = curly, p)
satisfies (3),

The following lemma states some basic bound for the bilinear a, the trilinear b, and the func-
tional 1.

Lemma 3.1. Given o, ¢, ¢ € HE(Q) and f € [L2()]?, there exists a O 2> 0 such that

a(¥) = Re™ |3, (9)
al#,4) < Re™" ¢z - 16la, (10)
16(6, %, 8)] < 2C2Ela - Wha - 16la, (1)
[bo(&, ¥, #)| = Cl4lz- [3pl2 - i¢lz, (12)
|(Fcuttg)| < |7]. - 1l (13)
|(Fre@9)| < o[ 7], - 1ot (14)

where () is & Sobolev embedding constant and C, i & Poincaré constant,

ProoF. For o,£,¢ € HE(Q), we have by direct computatlon equations (10)-(14). Our task is
now to prove {9). We have, by definition,

2 2 2
atw9) = 1808 = [ { (Z) (‘37'5) +z%‘;7f} : (15)
AL A LAY e \?
e )+ (5) + o) + () - oo
Clearly, it suffices to prove (9) with ¢ € D((); for such a function,
f(ﬂ_)’P o By [ 0% Py an
Jzdy a0 dzdy® o 8x% Gy’
as a double application of Green's formula, and thus (9) is proved. 1
Let N denote the finite constant :
N e, 0. 4)]

ahserat €z ¥z 4l
and |f|« denote the dual norm: :
(f, curl ¢)
[ e = et
ecHEG  |Pl2
Then we have the following theorem that can be proved using the method of [2].
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THEOREM 3.2. (Ses [2].) For Nif|.Re® < 1 and f € [H*"()]?, problem (5) has & unique
solution v, Moreover, there is a unique p € LE(Q) such that (curl+,p) solves problem (3).

To study (5) when the uniqueness condition N|fl. 1333 < 1 is not valid, then we need to
introduce the concept of a nonsingular solution of (2).

DEFINITION 3.1. Let X and Y be two Bapach spaces, Fﬁa differentiable mapping from X inte Y,
F ity derivative, and let 4 € X be a solution of the aquation F(1) = 0. We say that o is a
nonsingular solution if there exists a constant ¥ > 0 such that

(F0) - dllyr 2 Vldlx, © Vo EX,

In the stream function equation case, the mapping F : HF(2) —s [HE())’ is defined by

(F(),8) = ol ) + 6,9, 8) = (Fycwld), Vo< Q).

The nonlinear map F is q.ua»dmtic and can be shown t:;» be everywhere differentiable in HE(2)
and its derivakive F'(1) € L(HE(), [HF(Q)Y) is given by

(F(4) - 8,8) = a(0,8) + Bty $,€) + (6,9, €).

Hence, ¥ € HE({2) is a nonsingular solution of {2), if and only if there exists & constant «y > 0
et that (6,8) + b £,8) + BE.6)
sup = o el VE € HYQ).

SHE(D) I¢lz :
4. TWO-LEVEL METHOD

We consider the approximate solution of (2) by a tworlevel, finite-element procedure. Let X k)
XH ¢ H2() denote two conforming finite-element meshes with H 3> h. The method we congider
computes an approximate solution " in the finite-clement space X" by solving one linear system
for the degrees of freedom in X b, Thig particular linear problem requires the construction of a
finite-element space XH upon a very coarse mesh of width ‘H > #’, and then the solution of a
much smaller system of nonlinear equations for an approximation in X H, The solution procedure
is then given as follows. ‘

ALGORITHM 4.1.

Step 1. Solve the nonlinear system on coarse mesh for v e X H,
a(‘d’H,¢H)+b(¢H,wH,¢H) = (ﬁcu}la‘é}r), for all 4% e X¥. (18)
Step 2. Solve the linear system on fine mesh for w" & X"k
a (1t %) + b (pH, 9k, ¢*) = (f', cd?cmh) ,  forall g" e Xh {19)

We shall give some examples of finita-element spaces for the stream function formulation. We
will impose boundary conditions by setting all the degress of freedom at the boundary nodes
to be zero and the normal derivative equal to zero at all vertices and nodes on the boundary.
The inclusion X# ¢ HE(Q) requires the use of finite-element functions that are continuously
differentiable over 0.

Anrayis TRIANGLE. The functions are quintic polynomials within each triangle and the 21 de-
grees of freedom ave chosen to be the function value, the first and second derivatives at the
vertices, and the normal derivative at the midsides.
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CLoUuGH-TOCHER. Here we subdivide each triangle into three triangles by joining the vertices
to the centroid. In each of the amaller triangles, the’ functions are cubic polynomials. There are
then 30 degrees of freedom needed to deterinine the three different cubic polynomials associated
with the three triangles. Eighteen of these are used to ensure that, within the big triangle, the
functions are continuously differentiable. The remaining 12 degrees of freedom are chosen to
be the funetion values and the first derivatives at the vertices and the normal derivative at the
midaides. ‘
BoGNER-FOX-SCHMIDT RECTANGLE. The functions are bicubie polynomials within each rec-
tangle. The degrees of freedom are chosen to be the function value, the first derivatives, and the
mixed second derivative at the vertices. We set the function and the normal derivative values
equal to zero at all vertices on the boundary.
Bicueic SPLINE RECTANGLE. The functions are the product of cubic splines. These functions
are bicubic polynomials within each rectangle, are twice continuously differentiable over {2, and
their deprees of freedom are the function values at the nodes (plus some additionsl ones on the
boundary). iy :

Below we prove that 7 and 1" exist in Steps 1 and 2. Also we will prove that Algorithm 4.1
produces an approximate solution which satisfies the error bound

w9l <0 { g, v -ty + 1y -] ] (20)

As an example, consider the case of the Clough-Tocher triangle. For this element (see [1,2,15])
we have the following inequalities:

|4 —¢*|, S Cr™ 0 (7=0,1,2),
[ —»7|, <CH*™  (j=0,1,2)
Thus, if we seek an approximate solution %" with the same asymptotic accuracy as Phin | g,
the above error bound shows that the superlinear scaling, between coarse and fine meshes,
h=0 (H3/2| 1nH|1/4) (21)
suffices. Analogous scalings between coarse and fine meshes can be caleulated from (20) by

balancing error terms on the right-hand side of (20)iin the same way. For each of the elements
deseribed above we give, in Table 1, the scaling between coarse and fine meshes.

Table 1.
Element v, | he-v¥], | Scaling
Argyris Triangle H4 LS hlinh|~Y4 = 0 (H5/2)
Clough-Tocher Triangle H? H? h|In b=V = O (H3/7)
Bogner-Fox-Schmit Rectangle H? m? hilnh|=V/4 = O (113/2)
Bicubie Spline Rectangle 2 . H® h|lnk|=t4 = O (H¥/2)

5 THE ERROR BOUND
The basic bound on &(,,) and &(,,), given in Lerﬁma 3.1
[b(sp, ¢, E)] % Ni’ﬁl’lzi' |¢lz €]z,
Bo(e. &, €) < Nl [8l5 - 16l2,
can be improved. For our purpose, we shall be bounding |5(2, 4, £)} with ¢ or £ in a finite-element

space X7 or X, Since X" and X# are subspaces of X, then they satisty the following discrete
Sobolev inequality: for all #* € X* (similarly for X¥),

IV6* ) oo S clin(B)2 [
Using the above inequality and Lemma 3.1, we can prove the following lemma.
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LEMMA 5.1. For any ¢* € X", the following inequalities:

[b (1, 6", €)| < ()M 2 |plz - |£] - 6",
|6 (,& ¢™)| < Clin(R) V2|92 - 162 - [#"),,
hold. ‘
LEMMA 5.2. The solution to (18) exists and satisfies [+ |2 < Re |Fls. Suppose

Re“N|f'

<1,

Then, the solution ¥ to (18) is unique.
PROOF. Set ¢ = o in (18), This gives :
- 2 - - )
Re™ |97, = (Fciily™) < I£L [,
thus [¢*]s < Re | fiv. This'bound implies the existence of the solution to (18) by a compactness
argument in X7, Let ¥ and ¢4 be two solutions to (18), and 27 = ¢ff — yff. Then,
Re~! |zH|: =a (¥, ) +b (pf, 2, 25)

=a(ff.27) +b (i, of, 27) — (a (94, 27) + 0 (81, 9f, 27))

= b (s o, z7) — b (vl 0f, 27)

= —b (", pfl, 2H)

< N|s" ) [, s N Re| 7] 1275,
which implies uniqueness of solutions for (1 — N Re? |fla) >0 as
Re~ (1- NR|F] ) |#]; <o0. 1

The next theorem gives the basic error hound after Step 1 in the | - |p-seminorm. Before we
state the theorem, we need the following lemma.
LEMMA 5.3. Let v be a nonsingular solution of (2) and provided |1 — 9|2 < /2N, then there
is a constant v* = y* () such that
wp OB TEETE4) +b(6,4,9)
seHi(n) |12

2 7le, . VEE HIO. (22)
ProOP. From (3), simply follows that for |4 — y¥|; small enough (which is the case with 0 <
H £ Hp)

o N !
R E Ll ot K LB AC el 1)
seHA(N) el iz

But it follows from (11) that '

a(£, @) + b (¥¥, &, 8) + b(E, 1, b)

} Z i,  VEE HE()

Nlw—¢H|, . ., Vée Hi),
¢Eifualzﬂ) 902 + N — 7|, |€l2 = /gl £ e Hy()
ar
a(g,d) +b (W, 64) +bEBd) L, i g 2
2 e z(y-Nlp—-v7],) el VE& HG(D).

Hence, we have (3). 1
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THEOREM 5.1.

{2) If the global uniqueness condition Re® N|f|. < 1 holds, ¥ and $¥ both exist uniquely.
The error |3 — %7 |y satisfles

I’l)b - 1/’”12 = G(RE) w’én%t.;tﬁ W’ - wﬂlg 3

where C(Re) = (1+ 2N|fl. - Re®) (1 - N7l Re*)™! £ C(/NTFTL).
(b} If the uniqueness condition fails, suppose ¥ is nonsingular solution of (5). Then, there is
az Ho = Ho(¥, f,Re) and ¢ = c(y, f, Re, N) such that for H < Hy,

¥~ 9], <clih, f,Re, V) nf |y ~u"],, (23)

where o(y, f,Re, N} = v~} (Re"1 + IV - Rél_fl.:;) +1.

PROGF. Detailed proof of Part (a) can be found in'{5]. It remains to show Part (b), Subtract-
ing (18) from (5), gives the following error equation for (18):

(¥ =97, ¢%) +b (9, 67) ~ b (¥7 97, 67) = 0.
Adding the following terms b(y#, 1, 67) — b(WH , 4,87 gives
a(y— 7, 07) +b (0 — 7,0, 6%) + b (v, — 97, 47) = 0.

Let w” @ X" be an approximation to ¢ in X" and define £% = % — wk and 7P = o — wh, then
the above inequality becomes

o (%,4%) +b (67, 0") +b (7,67, ¢%) = a (17, 6%) + b (1,4, 67) +b (Y7, ¥, ) .
Using (22) gives
1[e¥l, = sup {16717 (@ (7, 4%) + b (07, ,6%) + 6 (7,07, 65)) }
In view of (10),(11}, we have
IEH lg <y (Re™! +N (lolz + I¢H|2)) inﬁlz'
The triangle inequality (j — ¥z < €82 + [nP]2) iﬁiplies (23). 1
LEMMA 5.4. Given a solution ¥ to (18), then the solution to the following problem:
find 1 € HE(Q) such that, for all ¢ € H(S),
a(4.0) +5(v¥.4,9) =U(8),
exist uniquely and satisfies |z < Re|fl.. ‘
PRrOOF. Introducing the continuous bilinear form B : H3(52) x H3(Q2) — R given by
B(y,¢) = a(, ) + b (47, 9,4),
B is continuous and coercive. Hence, v exists uniquely. Setting ¢ = ¥ In (24) implies that

(24)

He)
eerzoy [9l2
=Re|fls. 1
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LEMMA 5.5. Given a solution v# to (18), then the solution to (19) exists uniquely and satisfies
[l#llz < Re|fla. .

PROOF. The bilinear form B is continnous and coercive on X*. Hence, 9 exists uniquely. Setting
#h =1 in (19) implies that

Re™ [}l = i(%) :
—Re 1)
=R Tl
ie)
ser 19l
= Re|fl.. [ |
By Green's formula, we obtain the following lemma.
LemMa 5.6. For &, ¢ € HE(S1), we have
b(y:, &, &) = bo(&, &, 9) — bo(eh, &, ). (25)

Proor. Applying Green’s formula to the left-hand sicle‘of (25) gives
b6, 8) = [ A (6o = ) d2
o
=- ./‘; e (§ybe ~ §aby), + by (§ybz ~ ‘fﬂﬁy)w
S :
+ /;m m - ('sy‘f’x - Ex‘ﬁy)
= _[n (xxdy + EoPun — EunPo — EyPrn) Vs
- fn (Coybz + Lyhay — 5=;¢y ~ Ezbyy) Yy
= [ (Conty + by ~ Gt~ 8s) by
- ‘/‘; (SytPaz + dzlym ~ ‘t’yf:z ~ Exthyx) e
= [ (s oty = (oo = s

- j‘; (Eu¢zy - Ex‘#’w) "»by ‘ (Ew¢yz - fwfﬁmc) '/Jw
= by (&, 6, %) -~ bo(¢h, £, 9). 1

The main result of this paper is the following theorem. It gives the error bound after Step 2.

THEOREM 5.2. Lat X*H & HE(Q) be two finite-elemnent spaces. Let 1 be the solution to (3)
and 3® the solution to (19). Then y" satisfies

W~ ¥te s 1 _jnt | [9* = wh, + Ca/TiA v —¢7],,

where € = 2+ N|f}» Re® and Oy = 2N - Re® | fl.c.
ProoF. Subtracting (19) from (2) yields

a(p—1"¢") +b(p 9, 8) b (¥, 9" ¢") =0,  vehexh
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Using Lemma 5.6 gives |
a (v — ", ¢") +bg (v, 9", ) — bo(¢" $,%)
= bo (¥", 8%, 97} + b0 (¢", 9", ¢”’) =0, V¢heXh
Adding the following terms:
—bo (V" ¢%, %) + bo (4", 0", ¥} +ba(w’*,¢" #) —bo (8", 9, 9)
gives
a(p— P o") +bo (¥ —v*, a>",tw) + b (8", 94" — 3, )
+bo (W% 9 = 97} +bo (#" 9%, 07 ~ ) = 0.

Let w™ € X* be an approximation to ¥ in X® and deﬁne £ = yh = and n* = ¢p — wh, then

the above inequality becomes
-a (7™ ™) + bo (n*, 9", ¥) - bo (¢",n",w)
+bo (", ¢", 9 = 0H) + bo (8", 4" 97 — )
=a(£"¢") +bo (6“,¢",¢) ~ by ("%, 9) .
Setting ¢* = £ implies
a(ehe") =a(n,6%) +bo (" E" ) ~ b (6%, 1%, )
+bo (", €% - w”)+bo(<s" g -y
Using Lemma 5.6 gives
a (g &*) =a(n® &) +b (w0 6")
+bo (¥",6", % = ™) + by (6", ", 9" — ).
We will bound the right-hand side of the above inequality as follows:
a(n,¢") < Re™ [n*], - |67,
b(w,1" &%) < Niglz - ", [€"],,
bo (¥*, 6% % ~ 9) <N -cfhle - [, - j — 9|, - VT,
bo (6" ¥", v —¥) S N - clphs- les"l2 | - «zﬁ’|1 VA
Using these bounds gives !
Re! [¢4[3 < Re™ (1 + Nl - Re) |74, - |¢"],
+2Nc|¢], - Iﬁ"lz ¥ = v¥], - VAl
Using the bounds on ||z and |¥'t]y gives
"], < (1 + N Re?|fl.) [7*], + (wvae? | flee) VIR [ — ¥, .
The triangle inequality (¢ — ¥*|; < €8z + [n|2) ilﬂplies

[¥ 9", < @2+ NRe*|fla) |7, + (QNRﬂglfiw) Vilnhl g~ 45|,

Hence, we have the following estimates:
[ — 4|, & i jof Lt +c'2\/|"“1:ﬁ [ |y =¥,
CORGLLARY 5.1, Let X"¥ be the Clough-Tocher eltaments. Then " satisfies
v = wb], < Cik? + Gy TR AIES.

(26)
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6. SUMMARY

Two-level method for the stream function formulation of the Navier-Stokes equations was

dig

cussed. The method is important because of the superlinear scaling between the coerse and

fine grids.

10.
11

12
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