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Abstract——We analyze a two-level method of discretizing the stream function form of the Navier-
Stokes equations. This report presents the two-level algorithm and error analysis for the case of
conforming elements. The two-level algorithm consists of solving a small nonlinear system on the
coarse mesh, then solving a linear system on the fine mesh. The basic resuit states that the error
between the coarse and fine meshes are related superlinearly via:

|¢-¢h|2 SC{ igf h|¢°wh|2+|lnh|1/2-|¢—¢H|1},

whex

As an example, if the Clough-Tocher triangles or the Bogner-Fox-Schmit rectangles are used, then
the coarse and fine meshes are related by h = O(H3/2|In H|}/4). © 1998 Elsevier Science Ltd. All
rights reserved.

Keywords——Navier-Stokes equations, Reynolds number, Finite element, Two-level methods,
Stream function formulation.

1. INTRODUCTION

Convergence analysis for finite-element approximation of the primitive variable formulation of
the Navier-Stokes equations have been extensively developed in the last 20 years, see, for ex-
ample, [1-4]. The analogous theory for the stream function formulation for the Navier-Stokes
equations has received much less attention. The attractions of the stream function formulation
are that the incompressibility constraint is automatically satisfied, the pressure is not present in
the weak form, and there is only one scalar unknown to solve for. The standard weak formulation
of the stream function version first appeared in 1979 in {2]. In this direction, Cayco and Nico-
laides [5,6] studied a general analysis of convergence for this standard weak formulation of the
Navier-Stokes equations. The standard weak form is unsuitable for derivation or analysis of non-
conforming finite-element approximations. For a nonconforming finite-element method, Baker
and Jureidini [7] investigated the use of elements which are required only to be continuous and
are not required to satisfy the boundary conditions with a nonstandard weak formulation. Their
weak formulation extends the standard one by including appropriate integrals on interelement
boundaries and on the boundary of the problem domain. Cayco and Nicolaides [6] presented
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118 F. FAIRAG

and discussed a new weak form, which is suitable for analysis of nonconforming finite-element
approximations. They discussed this weak form and applied it to three specific nonconforming
finite-element schemes.

The discretization of the stream function formulation still leads to a problem of solving a large
and ill-conditioned nonlinear systems of algebraic equations. Two-level finite-element discretiza-
tions are presently a very promising approach for approximating the Navier-Stokes equations,
see [8]. The computational attractions of the methods are that they require the solution of only
a small system of nonlinear equations on coarse mesh and one linear system of equations on fine
mesh. These types of methods were pioneered by Xu in [9,10] for semilinear elliptic problems.
The two-level discretization methods have been recently analyzed for the Navier-Stokes equations
in {8,11,12] and for the stream function formulation of the Navier-Stokes equations in [13]. The
methods studied in [13] involve solving a full linearization of the stream function equation on
the fine mesh. The purpose of this paper is to present and analyze a two-level conforming finite-
element method of discretizing the stream function formulation of the Navier-Stokes equations
which requires the solution of a partial linearization of the stream function equation on the fine
mesh. The use of partial linearization of the stream function equation on the fine mesh is due to
the possible indefinite matrix resulting from the full linearization. While the partial linearization
results are due to a positive definite matrix.

2. NOTATION AND PRELIMINARIES

We first need to define some function spaces and associated norms. More details concerning
these spaces can be found in [14]. Let Q be a bounded, simply connected, polygonal domain
in R2. L2(f) is the Hilbert space of Lebesgue square integrable functions with norm | - [l
and LZ(R) is the subspace of L?() consisting of functions with zero mean. Let H™((2) be the
usual Sobolev space consisting of functions, which together with their distributional derivatives
up through order m are in L#(?). Denote the norm on H™(2) by || - ||;m. Let HF*(Q) be the
completion of C§°(€2) under the || - ||, norm. We equip HJ*(£2) with the seminorm | - ||,,, which
is a norm equivalent to || - |},,. Also, the dual of space H{*(2) is denoted by H~™(f2), with norm
|l ll-m- Let [H™(2)]? be the space H™(Q) x H™ () and [HF*()]? be the space HJ* () x HF* ()
equipped with the following norm:

- 1/2 . 1/2 - U
Nl = (luallZ, + lluzllz,) " and (@, = (juals, + lu2l3) ",  where @ = ( 1) :

U2
For each ¢ € H'(12), define
curl ¢ = (_i’;) .

For each 4 € [H'(R2))?, define

. Ouy 0wy AT
curli = 5 By where @ = (w .

Consider the Navier-Stokes equations describing the flow of an incompressible fluid:

~Re!Ad+ @ V)i+Vp=f, inQ,

V.-i=0, in Q,
i =0, on 9%, (1)
/de:O
)
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Later, we will state conditions on f and Re™! guaranteeing the solution to (1). Any divergence-
free velocity vector @ € [H}(2)}? has a unique stream function [2, Theorem 3.1, p. 22] ¢ € H3(Q),

defined by
curl Y =1

Moreover, the stream function 1 satisfies

Re ' A% — Yy Ay, + YAy =curlf, inQ,
¢Y=0, on 99,

O _
aﬁ-—(), on 9},

where 7 represents the outward unit normal to €.

3. TWO WEAK FORMULATIONS
The standard weak form of equation (1) is:

find @ € [HE]®, p € L3(Q), such that Vi € [HI(Q))*, q € L3(Q),
Re™ & (8, 9) +b(8d,9) +&(w,p) = (£,0), &(@,9) =0,
where
& (@, @
b(@9,9) = [ ((@-V)9)- 5,
[1]
d,0) = [ qdive,

Q

and (-,-) denotes the duality pairing in L?(f2). The standard weak form of equation (2) is:
find 9 € H3(R) such that, for all ¢ € H3(Q),  a(%, ) + b(; %, ¢) = I(¢),

where

awd)=Re” [ A2,
bEi9) = [ AEb: = daty),
1(g) = (ficunlg) = /nf"- curl .
Another equivalent formulation of equation (2), introduced by Cayco and Nicolaides [6], is:

find ¢ € HZ(S) such that, for all ¢ € HZ(Q),
ao(¥, 8) + bo(¥; ¥, ¢) = U(¢),

where

0'0(1/’: ¢) = Rg—l /{; ¢zz¢zz + 2¢zy¢zy + ¢w¢w,
bo(Eth 4’) = /f;(ﬁﬂpw - f;:‘pyy)‘ﬁy - (Ez"/’:ny - €y¢zz)¢za
o) = (f,cu”rw) = /nf“- curl ¢

@

(4)

(5)

(6)

(7)

(8)

Conforming elements can be used with either (5) or (7); in this case, the two weak formula-
tions produce identical results because a(1,9) = ao(¥,¢) and b(&; ¢, @) = bo(€; 9, ¢), for all
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¥, ¢, & € HE(Q). However, when using nonconforming approximating subspaces, (7) and (5) gen-
erate different finite-element methods. Nonconforming elements should be used only with (7).
To illustrate the reason, suppose we solve the Stokes problem with the nonconforming Morley
triangle, i.e., the quadratic element whose degrees of freedom are function values at the vertices
and normal derivatives at the midsides. Boundary conditions are imposed by setting all the
degrees of freedom at the boundary to be zero. Observe that a necessary and sufficient condition
for the existence of a unique solution to the discrete biharmonic equation is that the bilinear
induces a norm on the trial space. This is not the case for the Morley space [5]. The following
theorem states that the forms (3) and (5) are equivalent in the sense of having identical solu-
tions. The reason for this is that the space of curls of HZ(f2) functions coincides with the space
of divergence-free functions in [H3(Q))2.

The following theorem states that problems (1) and (2) are equivalent in the sense of having
identical solutions.
THEOREM 3.1. (See [2, Theorem 2.6, p. 120].) Problems (3) and (5) are equivalent in the sense
that if (4, p) is a solution of (3), then the stream-function v of ¥ satisfies (5); conversely, if  is a
solution of (5), then there exists exactly one element p of L3(R) such that the pair (& = curly, p)
satisfies (3).

The following lemma states some basic bound for the bilinear a, the trilinear b, and the func-
tional {.

LEMMA 3.1. Given ¢,¢,¢ € H3(Q) and f € [L2(2)}?, there exists a C > 0 such that

a(y,9) = Re™* |93, 9)
a(y,¢) < Re™* [ylz - [¢]2, (10)

b€, ¢, 8)| < 2C3El2 - |91y - 1815, (11)
bo(&, %, 8)| < Clélz - 1]z - |2, (12)
|(Frcurte)| < |7] - 19k (13)
|(Freirio)| < Gy || 7], - tolay (19

where C, is a Sobolev embedding constant and C,, is a Poincaré constant.

PROOF. For 9,&,¢ € HE(12), we have by direct computation, equations (10)-(14). Our task is
now to prove (9). We have, by definition,

2.\ 2 2u\2 9% 62
) = 18w = [ {(%m%) +(5%) +25$3—y‘§}, (15)

we [AG) (B8 - (@)« (B) ) oo

Clearly, it suffices to prove (9) with ¢ € D(2); for such a function,

(& o & 8 &y an
ardy) = Jq O8r O8zdy: Jq 3x? By’
as a double application of Green’s formula, and thus (9) is proved. | ]
Let N denote the finite constant
Nie sy DES0

ewoeri(q) €12 1¥l2 |8l
and |f|. denote the dual norm:

Ifl* = sup QM_
scHA() I9l2

Then we have the following theorem that can be proved using the method of [2].
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THEOREM 3.2. (See [2].) For N|f|.Re® < 1 and f € [H~Y(Q)]?, problem (5) has a unique
solution 1. Moreover, there is a unique p € L3(Q) such that (curl 4, p) solves problem (3).

To study (5) when the uniqueness condition N|f]. Re? < 1 is not valid, then we need to
introduce the concept of a nonsingular solution of (2).

DEFINITION 3.1. Let X and Y be two Banach spaces, F' a differentiable mapping from X into Y,
F' its derivative, and let ¢ € X be a solution of the equation F(y)) = 0. We say that ¢ is a
nonsingular solution if there exists a constant v > 0 such that

o NF@) -y 2ldllx, VoeX

In the stream function equation case, the mapping F : H(Q)) — [HZ(Q))' is defined by

(F(¥),4) = a(9, ) +b(¢,¢,6) — (ficurlg), V¢ € HYR).

The nonlinear map F is quadratic and can be shown to be everywhere differentiable in HZ(S)
and its derivative F'(¢) € L(HZ(), [H3())') is given by

(F'(¥) - 6,€) = a(9,€) + b(¥, 9, €) + b(9, 9, €).
Hence, ¥ € HZ(Q) is a nonsingular solution of (2), if and only if there exists a constant y > 0

such that
wp U6 +H(¥,6,9) + (¢, ¥, 9)
p
SSH3 () |$la

4. TWO-LEVEL METHOD

We consider the approximate solution of (2) by a two-level, finite-element procedure. Let X*,
XH HZ() denote two conforming finite-element meshes with H >> h. The method we consider
computes an approximate solution 1* in the finite-element space X" by solving one linear system
for the degrees of freedom in X*. This particular linear problem requires the construction of a
finite-element space X¥ upon a very coarse mesh of width ‘H >> h’, and then the solution of a
much smaller system of nonlinear equations for an approximation in X#. The solution procedure
is then given as follows.

ALGORITHM 4.1.

2, V€€ H3Q).

Step 1. Solve the nonlinear system on coarse mesh for y# € X#:
a (¥, 98) +b(y7, 4%, ¢7) = (feitlef),  forall ¥ € X*. (18)
Step 2. Solve the linear system on fine mesh for ¥* € X*:
a (9P ") +b(y",uP,¢%) = (Founigh),  forall ¢ € X, (19)

We shall give some examples of finite-element spaces for the stream function formulation. We
will impose boundary conditions by setting all the degrees of freedom at the boundary nodes
to be zero and the normal derivative equal to zero at all vertices and nodes on the boundary.
The inclusion X# C HZ(Q) requires the use of finite-element functions that are continuously
differentiable over Q.

ARGYIS TRIANGLE. The functions are quintic polynomials within each triangle and the 21 de-
grees of freedom are chosen to be the function value, the first and second derivatives at the
vertices, and the normal derivative at the midsides.
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CLOUGH-TOCHER. Here we subdivide each triangle into three triangles by joining the vertices
to the centroid. In each of the smaller triangles, the functions are cubic polynomials. There are
then 30 degrees of freedom needed to determine the three different cubic polynomials associated
with the three triangles. Eighteen of these are used to ensure that, within the big triangle, the
functions are continuously differentiable. The remaining 12 degrees of freedom are chosen to
be the function values and the first derivatives at the vertices and the normal derivative at the
midsides.
BOGNER-FOX-SCHMIDT RECTANGLE. The functions are bicubic polynomials within each rec-
tangle. The degrees of freedom are chosen to be the function value, the first derivatives, and the
mixed second derivative at the vertices. We set the function and the nagmal derivative values
equal to zero at all vertices on the boundary.
BicuBiC SPLINE RECTANGLE. The functions are the product of cubic splines. These functions
are bicubic polynomials within each rectangle, are twice continuously differentiable over €, and
their degrees of freedom are the function values at the nodes {plus some additional ones on the
boundary).

Below we prove that 9 and 9”* exist in Steps 1 and 2. Also we will prove that Algorithm 4.1
produces an approximate solution which satisfies the error bound

w9l <o { at, o=ty + ke -, | (20

As an example, cousider the case of the Clough-Tocher triangle. For this element (see [1,2,15])
we have the following inequalities:

[p-9*;,<Ch*9 (=01,2),
[p~9",<CH"™  (j=0,1,2).

Thus, if we seek an approximate solution 1" with the same asymptotic accuracy as 4" in | - |3,
the above error bound shows that the superlinear scaling, between coarse and fine meshes,

h=0 (B H|1/4) (21)
suffices. Analogous scalings between coarse and fine meshes can be calculated from (20) by

balancing error terms on the right-hand side of (20) in the same way. For each of the elements
described above we give, in Table 1, the scaling between coarse and fine meshes.

Table 1.
Element [ —¢f|, | |v-vH|, Scaling
Argyris Triangle H4 H5 h|Inh|=1/4 = O (H5/?)
Clough-Tocher Triangle H? H? h|Inh|=Y4% = O (H3/?)
Bogner-Fox-Schmit Rectangle H? H? hInh)=Y/4 = O (H3/?)
Bicubic Spline Rectangle H? H3 h|lnk|~1/4 = O (H3/?)

5. THE ERROR BOUND

The basic bound on b(,,) and bqg(, , ), given in Lemma 3.1
lbo (), 8,€)| < Nlla - ], - [€l2,
can be improved. For our purpose, we shall be bounding |b(v, ¢, £)] with ¢ or £ in a finite-element
space X” or X#. Since X* and XH are subspaces of X, then they satisfy the following discrete
Sobolev inequality: for all " € X* (similarly for X¥),
[Ve* || < clln(m)[*/2 [g"], .
Using the above inequality and Lemma 3.1, we can prove the following lemma.
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LEMMA 5.1. For any ¢® € X*, the following inequalities:
lb (¢',¢h»€)| < Cl ln(h)ll/2l'¢'|2 * iﬂl : l¢hl2 ’
|6 (¥.€,6")| < ClIn(R)*2jwlz - 1el: - |#",,
hold.
LEMMA 5.2. The solution to (18) exists and satisfies [¢¥ |2 < Re|f .. Suppose

-

ReZ2N|f

<1l
»

Then, the solution % to (18) is unique.
PROOF. Set ¢ = ¥ in (18). This gives

Re-! lel: = (f-',cu-ile) < |fle [9H],,

thus [#|; < Re|f|.. This bound implies the existence of the solution to (18) by a compactness
argument in X7 Let ¥ff and ¢ be two solutions to (18), and 2 = H — yH . Then,
Re™! |z”[: =a (2%, 27) + b (v¥, 2", 2H)
=a (¥l 2") + b (91, 0f', %) ~ (a (vf', 2%) + b (vl 95, ™))
= b(’tng,’(pg,ZH) - b(wfl’ gl’zH)
= —b (7, ¢, M)

<N |7 [wf |, < NRe|f] |#);,
which implies uniqueness of solutions for (1 — N Re?|f],) > 0 as
Re™ (1- NR|F] ) |27]; < 0. '

The next theorem gives the basic error bound after Step 1 in the | - |3-seminorm. Before we
state the theorem, we need the following lemma.
LEMMA 5.3. Let ¢ be a nonsingular solution of (2) and provided | —~ ¥ |, < v/2N, then there
is a constant v* = y*(v) such that

o UED) +B T £ 8) +bE ¥, ¢)
up
SEHZ(Q) 6]z

27ls, Y€€ HY(Q). (22)

PROOF. From (3), simply follows that for | ~ ¢¥|; small enough (which is the case with 0 <
H < Hp)

r H — WhH
sup {a(c.,¢)+b(w 6,9) +0(E9,9) |, b(¥-¥",6,9)

SeH(D) 2 |6l2
But it follows from (11) that
a(€, ¢) + b (¥H, €, 6) + b(E, ¥, 6)

} >k,  Vée HIO).

Nl —pH| . 2
¢esHua}:n) ls + N[ -], e 2 vlEl, V€€ HIO),
or
¥ b H’ 3 b b T
ap HED O < O FUEAD) 5 (N -H]) itk VE e HEQ).
$EHI(N) 2

Hence, we have (3). )
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THEOREM 5.1.

(a) If the global uniqueness condition Re® N|f|, < 1 holds, ¢ and ¢¥ both exist uniquely.
The error |1 — ¥H |, satisfies

[0 - 9", < O(Re) jnt | [v—w"],,

where C(Re) = (1 + 2N|f|. - Re?) (1 = N|f|. Re?)~! < C(+/N|fl.).
(b) If the unigueness condition fails, suppose 9 is nonsingular solution of (5). Then, there is
an Hy = Hy(v, f,Re) and ¢ = ¢(¢, f, Re, N) such that for H < Hy,

¥ - v¥|, < o, £ Re,N)_jnt [ —w”],, (23)

where c(¢, f,Re, N) = y"(Re™! +N - Re|fl.) + 1.

PROOF. Detailed proof of Part (a) can be found in [5]. It remains to show Part (b). Subtract-
ing (18) from (5), gives the following error equation for (18):

a(p—v7,6%) +b(v,9,6%) —b(v¥, 4", ¢7) =0.
Adding the following terms d(%¥, 1, ) — b(yH, 4, ¢*) gives
a (-7, 07) +b (¥ — o7 0,07) + b (7,9 - v, ¢7) = 0.

Let w® € X" be an approximation to ¥ in X” and define ¢* = ¥ — w” and 7 = ¢ — wh, then
the above inequality becomes

a (¢7,07) +b(e",9,67) + b (¥7,€7, ") = a (n7,6%) + b (0", 9, 6%) + b (¥7, 7", 6").
Using (22) gives
ve¥|, < S {16715" (a (n™,9) +b (n", v, ") +b(¢H,le,¢”))} :
In view of (10),(11), we have
¥, <47 (Re™ +N (lgl2 + l’l’HIz)) |”H|2'
The triangle inequality (j& — ¥*|2 < |€*|2 + |n*|2) implies (23). |
LEMMA 5.4. Given a solution ¥ to (18), then the solution to the following problem:
find 1) € H3(R) such that, for all $ € HZ(9),
a(¥,9) +b(¥",4,9) =U(9),
exist uniquely and satisfies |{]|2 < Re|f].-
PROOF. Introducing the continuous bilinear form B : HZ(Q2) x HZ()) — R given by
B(%,4) = a(y,4) + b (v",4,9),

B is continuous and coercive. Hence, @ exists uniquely. Setting ¢ = zﬁ in (24) implies that

(24)

R i, =1(9),
I
v

2
< Re sup -l(—¢)—

serz@) o)z
= Re IfI-r |
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LEMMA 5.5. Given a solution ¥¥ to (18), then the solution to (19) exists uniquely and satisfies
ll¥ll2 < Re|fl..

PROOF. The bilinesr form B is continuous and coercive on X*. Hence, 1 exists uniquely. Setting
¢! = v in (19) implies that

Re™ ! [l9ll3 = U(y)
(¥)
= Re 1L
*Tvllz
i¢)
<Re —
=" geri 162
= Re lfl* | |
By Green’s formula, we obtain the following lemma.
LEMMA 5.6. For 1), &, ¢ € H3(Y), we have
b(¥, &, 8) = bo(€, 8, %) — bo(9, &, ¥). (25)

PROOF. Applying Green’s formula to the left-hand side of (25) gives
b6,6,8) = [ A9(60:~:6,) a0
—- /n Yo (692 — Eady), + ¥y (0= — &),
+ [ G e )
= [ (6t + b2 = 62— 616:2)
_ /,, (EyyPa + oy — Eavdy — Eadun) by
= [ Crty + &0~ e = 88
= [ s+ botin = byts — Gt e
= [ Grter = 2810 — (Ot — b1tce)

- /ﬂ (€ ey — Exby) by — (Exbyn — Eybhos) Yo
=b0(€’¢v¢) "b0(¢a€)¢)- |

The main result of this paper is the following theorem. It gives the error bound after Step 2.

THEOREM 5.2. Let X"¥ € HZ(Q) be two finite-element spaces. Let ¢ be the solution to (2)
and " the solution to (19). Then ¢" satisfies

W~ < Cujnt |W* -, + Co/[Ink] |y - v,

where Cy = 2+ N|fl|. Re? and C; = 2N - Re? | f|.c.
PROOF. Subtracting (19) from (2) yields

a(v -9 ¢") +b(y,9,¢) —b (¥ Yt ¢") =0, Vet e X
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Using Lemma 5.6 gives
a (¥ — v, ¢") +bo (¥, 6" ) ~ bo (", 9, )
—bo (¥, 0" 9) + b (@, 9" 0") =0, Vgt eXh
Adding the following terms:
—bo (", ", %) +bo (8", 9", ¥) + bo (¥, 8", %) — b (8", ¢",¥)
gives
a( —¥*, 6") + bo (¥ — ¥, 0", %) + bo (", 9" — ¥, %)
+bo (", 8", 9 —vT) + b (6", 9", " — ) =0.

Let w" € X" be an approximation to % in X" and define &* = ¢ — wh and p* =
the above inequality becomes

a (ﬂh, ¢h) + b0 (nha ¢hs '(/’) - bO (¢h, ﬂh, ¢)
+bo (¥, 0" — ™) + bo (8", ¥, w7 — )
=a(€"¢") +bo (E" 9" ¥) —bo (. €% 9).
Setting ¢" = &* implies
a (€",6") = a (", €") + bo (1", 6", 9) — bo (6", 7", %)
+bo (¥, %9 ~ oH) + b0 (€, 9" vF - ¢).
Using Lemma 5.6 gives
a (€€ =a(n*€") +b(y,1" ")
+bo (W, €%, — ) + b0 (6", 40", v — ).
We will bound the right-hand side of the above inequality as follows:
a(n*€") <Re™! lnhlz : Iéhlz’
b(w,m h fh) < NiYl2- I”hlz Iéhlz’

bo (", €% 9 —¥7) SN -clyp®lz - [€*], - [ ~ 97|, - vIInhl,

bo (€", 9" ¥ — ) SN -clytlz - [€*], - [v —»"|, - VIInk].
Using these bounds gives

Re™?|¢"; < Re™ (1+ Nyla- Re) ||, - ¢"],
+ 2Nc|¢h|2' |§h|2- v - ¢H|1 -V Inh|.
Using the bounds on |1}, and |#"*|2 gives
l€*], < (1 + NRE|fl.) [n"], + (2N Re? |fluc) VIInhl |y — |, .

The triangle inequality (|t — ¥"*|2 < |€"]2 + |9"]2) implies

[¥ - ¢*], < (2+ NRe®|fL.) |n"], + (2N Re? |flsc) v/[Inh] [ — 9|, .

Hence, we have the following estimates:
[ =9, < C1_jnf [$—wh|, + Cov/Iinh]- |y - 7],
COROLLARY 5.1. Let X"H be the Clough-Tocher elements. Then " satisfies
[¥ —¥"|, < C1h% + Cp/TIn R H2.

— wh, then

(26)
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6. SUMMARY

Two-level method for the stream function formulation of the Navier-Stokes equations was
discussed. The method is important because of the superlinear scaling between the coarse and
fine grids.

10.

11.

12

13.

14.
15.
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