By (8.10) – (8.11) Imaginary part of K1 = B2 = 
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The general solution is 


X=c1X1+c2X2  
(b) characteristic equation is 

det (A-(() = 
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we get corresponding eigenvector by solving the system 
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which is equivalent to 

(2-2i) k1+ 8k2=0

-k1+(-2-2i)k2=0

This gives k1 = - (2+2i)k2. By choosing k2= -1

we get

K1= 
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B1 = Real (K1) = 
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Since ( = 0 , it follows from (8.10) – (8.11) that 

X1 = 
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Therefore, the general solution is 

X=c1 X1+c2 X2.

Initial condition is X(0) = 
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or 2c1 +2c2 = 2 and –c1= - 1

Thus c1=1 and c2=0

Therefore the solution of the initial value problem is 

X =
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Repeated Eigenvalues 

Suppose the system X'= AX is such that eigenvalues of A are equal say equal to (1=(=(2 then 

X1= Ke(t

and 

X2= (P+t K) e(t
are linearly independent solutions of X'=AX where P is an nx1 solution vector of the system (A-(I)P=K.     X=c1X1+c2X2 is the general solution.

Example 8.14: Solve the system X' =AX where
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Solution: Eigenvalues are roots of det (A-(() = 
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This gives ((+3)2 =0 or (1 = -3 =(2.

Eigenvector  K1 corresponding to (1 = -3 is 
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The second solution is given by X2 = Pe-3t+tK1e-3t
where P is obtained by solving 

(A-3 () P = 
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Since this system is obviously equivalent to one equation, we have an infinite number of choices for p1 and p2. For example, by choosing p1=1 we find p2 =
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The general solution of the given system is 

X=c1 
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8.5 Method of Variation of Parameters 

Method of variation of parameters for non homogeneous systems in an extension of the method discussed in Section 5.7. A matrix version of variation of parameters for nonhomogeneous linear systems X'=AX+F is based on the concept of a fundamental matrix. We introduce this concept prior to presentation of the method of variation of parameters. 

Let X1,X2, ............,Xn be a fundamental set of solutions of the homogeneous system X'=AX on an interval (. Then its general solution is X=c1 X1+c2X2+……….+cnXn
or 
X=c1 
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(8.12)

The matrix on right hand side of (8.12) is the product of an nxn matrix with an nx1 matrix, that is (8.12) can be written as the product 



X= ((t)C






(8.13)

Where C = 
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is an nx1 column vector of arbitrary constants 
c1, c2, c3, ……………..,cn and the nxn matrix, whose columns consist of the entries of the solution vectors of the system X' = AX, 



( (t) = 
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is called a fundamental matrix  of the system on the interval. 


((t) is nothing but Wronskian. Hence the linear independence of  the columns of ((t) on the interval ( guarantees that det ((t) ( 0 for every t in the interval. Since ((t) is non singular, the multiplicative inverse (-1(t) exists for every t in the interval. We have ('(t) = A((t)

as every column of ((t) is a solution vector of X'=AX

Method of Variation of Parameters:

The general  solution of the nonhomogeneous system (8.4) namely X'=AX+F is given by X=Xc+Xp or 

X=((t) C+((t) ( (-1(t) F(t) dt




(8.14)

Example 8.15 (a)  Solve the nonhomogeneous system 

X'=AX+
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(b)   Solve the nonhomogeneous system  

X'=AX+
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(c) Solve the initial-value problem 

X'=AX+
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Following the method of Section 8.3 we find that 

Xc= c1
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The inverse is given by 
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Therefore, the general solution X is given as X=Xc+Xp 

= c1
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(b) 
First we solve homogeneous system X' =AX to find Xc.


The characteristic equation of the coefficient matrix A is 


det (A-(() = 
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Thus Xc = c1X1+c2X2
The fundamental matrix ((t) = 
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By the formula mentioned in part (a) we find 

(-1(t) = 
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Xp = ( (t) ( (-1 (t) F(t) dt
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The general solution of the given non-homogeneous system on the interval is 

X= 
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(c)
The solution of the initial value problem X'=AX+F, X(to)=Xo is given by 

X=((t) (-1(to) Xo + ( (t) 
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Proceeding on the lines of Section 8.3 we find that

Xc = c1 
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and

X = ( (t) (-1 (0) X(0) +( (t) 
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8.6 Matrix Exponential 
We know that the differential equation of the first order 
[image: image147.wmf]dt

dx

=ax, where a is a constant, has the general solution x=ceat, where c is a constant of integration. A natural question is to ask whether we can define a matrix exponential eAt  so that it is solution of the system X'=AX.

The answer is in affirmative, that is, we can define a matrix exponential eAt such that 

X=eAt C, where C is an nx1 column matrix of arbitrary constants, is a solution of the homogeneous system X'=AX. 

Definition 8.6 For any nxn matrix A 

eAt = (+At+A2
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(8.15)

The series given in (8.15) converges to an nxn matrix for every value of t. Also, A2, = AA, A3 =A(A2), and so on.

Example 8.16 (a) 
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d
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(b) e(A+B)t = eAt eBt if AB=BA 

   (c) For C= 
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eAtC is a solution of  X'= AX

   (d) Use part (c) to find the general solution of the system X'=
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Solution  (a) 
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(b) By applying series representation we get 

RHS=eAteBt = 
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where we use the result 

            (A+B)k =
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 (c)  X'= (eAtC)' = 
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     = 
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(eAt) C+ eAt 
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Hence eAtC is a solution of X'=AX.
(d) For  A= 
[image: image172.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

1

1

0

we have

A2 = 
[image: image173.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

1

1

0

 
[image: image174.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

1

1

0

= 
[image: image175.wmf]÷

÷

ø

ö

ç

ç

è

æ

1

0

0

1

= (
 A3= AA2 = 
[image: image176.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

1

1

0

( = 
[image: image177.wmf]÷

÷

ø

ö

ç

ç

è

æ

0

1

1

0

= A

A4 = (A2)2= (
A5 = AA4=A( = A

............................

Ak= 
[image: image178.wmf]î

í

ì

=

I

=

...

,.........

6

,

4

,

2

k

,

....

,.........

5

,

3

,

1

k

,

A


Thus 
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Thus 

X= eAt 
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8.7       Applications 
Systems of differential equations arise in the real world system. We present here four illustrative examples.

8.7.1. Electrical circuits 

Figure 8.1

(i)
Consider an electrical circuit as shown in Figure 8.1. Assume that all currents and charges are zero until the switch is closed at time zero. 

By Kirchhoffs’ laws, using the two interior loops

10x1 +4(x'1-x'2)=4

4(x'1-x'2)=100 q2
Using the external loop 

10x1+100 q2=4.

We want to find the currents x1 and x2 in the circuit shown in Figure 8.1. Any two of these equations may provide the currents, but to avoid a mix of terms involving charge and derivatives of the current, use the first equation and the derivative of the third to get 

x'1=-10x2
2x'1-2x2'= -5x1+2.

Write this system as 
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(8.16)

Compute 
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and multiply (8.16) on the left by this inverse to get 
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If we write X= 
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X'= 
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This is a nonhomogeneous system of the form 

X' = AX+F

where A= 
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We can solve this system by the method of variation of parameters. 

(ii) 

Let us consider an electric circuit in Figure 8.2

Figure 8.2

We use Kirchhoff’s law, which states that the sum of the voltage drops around any closed loop is zero, for analysis while applying it we keep in mind that the voltage across an inductance is vL= L
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where x denotes the current and voltage across a resistance R is vR=xR. Let the current in the left loop of the circuit be x1, and the current in the right loop be x2. From the figure we conclude that the current in the resistor R1 is x1-x2 relative to the left loop and x2-x1 relative to the right loop. Applying Kirchhoff’s law to the left loop, we get L1
[image: image212.wmf]dt

dx

1
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(8.17)

Similarly, the sum of voltage drops around the right loop yields 

L2
[image: image213.wmf]dt

dx

2

+R2x2+R1(x2-x1)=0 





(8.18)

If the components of the circuit are given, the values of x1 and x2 can be found by solving the system of differential equations (8.17)-(8.18).

Example 8.17. With reference to Figure 8.2. Determine x1 and x2 when the switch is closed if L1=L2=2 henrys, R1=3 ohms, R2=8 ohms, and v(t)=6 volts. Assume the initial current in the circuit is zero. 

Solution: The circuit  is modeled by the system 


L1 
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L2
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Substituting the given values yields the system 

2
[image: image217.wmf]dt

dx

1

+3x1-3x2=6

2
[image: image218.wmf]dt
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2

+11x2-3x1=0

subject to initial conditions 

x1(0)=x2(0)=0

Writing the system in operator form, we have 

(2D+3)x1-3x2=0

-3x1+(2D+11)x2=0

Multiplying the first equation by 3 and applying the operator 2D+3 to the second and then adding two equations, we obtain 

(4D2+28D+24)x2=18

or dividing by 4, 

(D2+7D+6)x2= 
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The solution of D2+7D+6 = 0 is xc2 =c1 e-t + c2 e-6t (Use the method of Section 5.5) By the method of undetermined coefficients (Section 5.6) a particular solution of the non homogeneous equations (8.19) is xp2 = 
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Thus x2=xc2+xp2=c1e-t + c2 e-6t +
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To find x1 we substitute x2 in (8.18) to get 

2(-c1 e-t –6 c2 e-6t) + 11 (c1e-t+c2 e-6t+
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or 
x1 = 3c1 e-t-
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Put x1 (t) = 0 for t=0 in (8.21), then we get

 
0 = 3c1 - 
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(8.22)

Put x2 (t) = 0 for t = 0 in (8.20) then we get 

0= c1 + c2 +
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(8.23)

Solving (8.22) and (8.23) for c1 and c2 we get c1 = -
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, c2 = 
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Using these constants we get the desired current


x1 (t) = -
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x2 (t) = -
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8.7.2
Coupled Springs

Figure 8.3 Coupled Springs

We want to determine expressions for the displacements of the two objects in the coupled spring-mass system shown in Figure 8.3

Using Newton’s second law, we find that

mx1" = -kx1 + k (x2 - x1) 

for object on left and

mx2" = -k (x2- x1) - kx2
for the one on the right.
This system can be written in the operator form as

(mD2 + 2k) x1 - kx2 = 0

-k x1 + (mD2 + 2k) x2 = 0

Applying the operator 
[image: image236.wmf]k
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 (mD2 + 2k) to the second equation and then adding the two equations of the system, we get
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Multiplying by k, this equation can be written us

(mD2 + k) (mD2 + 3k) x2​ = 0

The auxiliary equation for this homogeneous differential equation, which has the same form as the operator, has roots + 
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 i. The expression for x2 is then

x2 = c1 coswt + c2sinwt + c3cos 
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 wt+c4sin
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 wt where w = 
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Substituting x2 into the first equation of the original system gives

x1 = c1coswt + c2sin wt-c3 cos 
[image: image243.wmf]3

 wt-c4sin
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wt

Thus we have two modes of vibration x1 = x2 (the first two terms) and x1 = -x2 (the last two terms), each at different frequencies.

8.7.3 Mixture Problems 

Two tanks are connected by a series of pipes as shown in Figure 8.4.

Figure 8.4.       Mixture Problem

Tank 1 initially contains 20 litres of water in which 150 grams of chlorine is dissolved. Tank 2 initially contains 50 grams of chlorine dissolved in 10 litres of water. 

Beginning at time t=0, pure water is pumped into tank 1 at a rate of 3 litres per minute, chlorine/water solutions are interchanged between the tanks and also flow out of both tanks at the rates shown. The problem is to determine the amount of chlorine in each tank at any time t>0. At the given rates of input and discharge of solutions, the amount of solution in each tank will remain constant. Therefore, the ratio of chlorine to chlorine/water solution in each tank should in the long run, approach that of the input, which is pure water. We use this information as a check of the analysis. 

Let xj (t) be the number of grams of chlorine in tank j at time t. Reading from Figure 8.4, rate of change of x1(t) = x'1(t) = rate in minus rate out 
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Similarly, with the dimensions excluded, 
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The system is 

X'=AX, where A = 
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The initial conditions are 

x1(0)=150, x2(0)=50

or X(0)= 
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Eigenvalues of A are -
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 (Following procedure  in Section 8.3)

These are linearly independent, and we can write the fundamental matrix as

((t) = 
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The general solution is X(t) = ((t)C. To solve the initial value problem, we must find C so that 

X(0) = 
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Then 

C= 
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The solution of the initial value problem is 

X(t) =
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It may be observed that x1(t)(0 and x2(t)(0 as t((.

8.7.4 Arms Race 
Let x(t) and y(t) be expenditures on arms by two countries say A and B, then the rate of change 
[image: image276.wmf]dt

dx

of the expenditure by the country A has a term proportional to y, since the larger the expenditure in arms by B, the larger will be the rate of expenditure on arms by A. Similarly it has a term proportional to (-x) since its own arms expenditure has an inhibiting effect on the rate of expenditure on arms by A. 

It may also contain a term independent of the expenditures depending on mutual suspicion or mutual goodwill. With these considerations the following model has been proposed in the literature 
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Here a,b,m,n are all positive. r and s will be positive in the case of mutual suspicion and negative in the case of mutual goodwill. 

A position of equilibrium x0, y0 if it exists, will be given by 

mx0-ay0 – r = 0 

bx0-ny0s=0


or 
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x0 = 
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(8.26)

If r, s are positive, a position of equilibrium exists if ab<mn. 

If X=x-x0, Y=y-y0, we get 
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It can be checked that 

X=Ae(t, Y=Be(t will be solutions of the system of equations (8.24) –(8.25) equivalently (8.27)-(8.28) if 
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8.8        Exercises 

System of linear first order equations 

Solve the system of equations

1. x'-2x+2y'=2-4e2t
2x'-3x+3y'-y=0

2. 

[image: image287.wmf]dt
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= y(t),
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= x(t)

3. 
x'=3x+2y

y'=x-5y

4.  
x'=5x-4y

y'=x+2y

5. 
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where a and b are nonzero constants 

6. 
x'=2x-y, y'=x

7. 
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= 4x+7, 
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= x-2y

8. 
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= -y+t, 
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dy

= x-t

9. 
(D+1)x+(D-1)y=2

         3x+(D+2)y=-1

10. 
D2x-Dy=t


(D+3)x+(D+3)y=2

11. 
2 
[image: image295.wmf]dt

dx

-5x+
[image: image296.wmf]dt

dy

= et


[image: image297.wmf]dt

dx

-x+
[image: image298.wmf]dt

dy

= 5et
Matrices and Linear Systems 

Write the following systems in the matrix form. If necessary write them also in the normalized form. 

12. 
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13.
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 = 3x+5y, 
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14.
x'- x+y = 0, y' - x-2z = 0, z'- x-z = 0

15.
x' = x + y + t, y' = x + 3y + 5

16.
x' = e-t sin t, y' = x-y +e-t cos t

17.
x' + 2y’ = t, x'-y’ = 1

Write the systems given below without the use of matrices.

18.
X' = 
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Verify that the vector X is a solution of the given system.

20.
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21.
X' = 
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In Problems 24 – 27 the given vectors are solutions of a system X' = AX. Determine whether the vectors form a fundamental set on (-(,()

24.
X1 = 
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27.
X1 = 
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Homogeneous systems-solutions

Find the general solution of the following systems.

28.
X' = AX where


A  =   
[image: image336.wmf]÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

è

æ

0

1

-

2

1

-

1

1

1

1

-

1


29.
X'  =   AX     where


A  =   
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30.
 X'   =   AX    where


A   =   
[image: image338.wmf]÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

è

æ

1

0

2

-

0

1

2

-

1

0

4


31.
X'   =   AX    where


A   =   
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32.
X'    =   AX
where         A  =  
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33.
X'   =   AX      where       A   =   
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34.
X'   =   AX       where       A   =   
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35.
X'   =   AX       where       A   =    
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36.
X'   =   AX       where       A   =     
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Find the general solution of the following systems

37.
X'   =   AX       where      A    =     
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38.
X'   =   AX        where       A    =   
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39.
X'   =   AX        where       A    =    
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40.
X'   =   AX        where       A    =    
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41.
X'   =   AX        where       A    =    
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42.
X’   =   AX         where        A     =  
[image: image352.wmf]÷

÷

÷

ø

ö

ç

ç

ç

è

æ

6

1

-

4

2


subject to initial condition     X(0)       =   
[image: image353.wmf]÷

÷

ø

ö

ç

ç

è

æ

6

1

-


Method of Variation of Parameters


Use the method of variation of parameters to solve the following systems 

43.
X'   =  AX+F    where  A   =  
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44.
X'   =  AX+F where     A    =   
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45.
X'   =   AX+F       where      A  =     
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46.
X'   =   AX+F       where      A  =     
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subject to initial condition

X(1)
=    
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47.
X'   =   AX+F    where    A  =     
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48.
X'   =   AX+F        where     A  =   
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Matrix Exponential

Compute eAt and e-At for

49.
A   =   
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50.
A   =   
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Use X = eAt C where C is an nx1 column matrix of arbitrary constants to find the general solution of the system given in problems 51-52.

51.
X'=AX  where A=  
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52.
X'=AX where A= 
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Applications

53.
Figure 8.5

(a) Derive the system of equations for the current in the circuit shown in figure 8.5. 

(b) At  t=0 the switch in Figure 8.5 is closed. Prior to t=0, the current in the circuit in zero. Determine the current in the circuit for t>0, if  L1=L2,=1,R=3, R1=2 and v (t) = 12.

54.


Figure 8.6   Coupled Springs 
Consider two objects of mass m1and m2, connected to springs with spring constants k1 and k2 as indicated in Figure 8.6. The displacements form equilibrium are represented by x1 and x2, where x1 where x1 and x2 are both considered positive downward. Derive mathematical model of this physical situation and indicate possible methods to solve it. 
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