4.1 Inverse Functions

Definition Let fand g be two functions, such that
gfx X for everyx  Domain f

fgy yforeveryy Domian g .
Then we say f and g are inverses. Moreover wesetf' : gandg ' : f.

Example fx 2x landgx =L areinverses. Forallx R  Domain f we have

2
fx 1 2x 1 1

and forally R Domain g we have

i
fey 2y 1 2 S5 1

Example fx x3andgx  yx areinverses. Forallx R Domain f we have
3

gfx VX X
and forally R Domain g we have
fgy gy P oy

Example fx x*>andgx  Jx arenotinverses. Foreachx R  Domain f we have
gfx  fx ¥ R x(@fx 0)
Example Ifwe restrict the domain of f x  x*>tobe 0, , then
fx x2 0, 0,

and

gx  Jx : 0, 0,
become inverses: forallx 0, we have

gfx Jg x Jx_z x| x(sincex 0)

and forally 0, wehavef gy J o
Example [fwe restrict the domain of f x to be ,0 , then
fx x*: ,0 0,
has an inverse, which can be easily seen to be:
gx Jx 0, ,0 .

How to find Inverse Functions?

If an equationy  f'x can be solved for x as a functionx g y , then fand g are
inverse functionsand /' x g x .

2x 5
3

forx, weget2x 5 3y, hence x 3y2—5 gy.

Example Consider f x 2x3 2. Solving y



So f has inverse given by f ! x 3’“2—5

Definition A functionf: D R is called 1-1 (injective), if
X1 X2 fxi1  fx2 forallxi,x» D,
or equivalently
fxi  fx X1  xaforallx;,x» D.

Summary Ifthere exists (at least one) horizontal line that intersects the graph of y ~ f x more than
once, then f x is not 1-1.
Example The function
fx x?: , 0,

isnot 1-1,sincef 2 4 f2 .Notice that the liney 4 intersect the graph
ofy x?* twice.

Notice that f x  x* becomes 1-1, if we restrict D to ,0 orto 0,

Summary Ifa function f x is 1-1 on D and has range R, then it has inverse f ' : R D, and
moreoverf ' x g x ,wherex gy.
Example Considerfx 2x* 5.Iffx1  fx2 forsomexi, xa , D f, then
2x3 5 23 5 2x7 203
x% x% X1 X2.
Hence f x is 1-1 with range , .Solvingy 2x* 5 forx, wefind

x ;/% gy andsof'x gx 5%

Theorem [ffand g are inverse functions, then the graph of y g x is the mirror image of the
graphofy fx intheliney x.

Example The function

has inverse
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Definition A functionf: D  Risincreasingonl D, if forall xi,x, I

X1 X2 fx1 fX2 .

It’s decreasing on I D, if for all x\,x2 I :
X1 x2 fx1 fx2.
Remark If a function is increasing or decreasing on its domain, then it’s 1-1 on that domain.
Lemma Let D be an interval andf: D R be differentiable.
1. Iff x Oforallx D, then fis increasing on D.
2. Iff x Oforallx D, then fis decreasing on D.

Theorem [fD is aninterval andf: D R (where R Range f) is differentiable with f x 0 or
f x Oforallx D, then fhas an inverse functionf' : R D.

Example fx  x3isincreasing on , .Sofx is1-1,and has inverse f ' x Ix.
10007
5001 /
10 5 0 — 3 10
e X
/ -soop
-1000~
fx X3

Theorem Let D be an interval and
f:D  R(whereR Range )

be a 1-1 continuous function. Then R is an interval and f' : R D is also
continuous.



Derivatives of Inverse Functions

Theorem Let D be an open interval and
f:D  R(whereR Range )
be differentiable and 1-1 on D. Iff [ x 0 for some x R, then
1
A
1
dx/dy

Proof Lety f'x withf y 0.Thenfy  xandwe get by implicit differentiation
fy .% 1, hence

dy 1 1
AN S AT

Note also we get that j—; f v, hence

1 1 1
R Y

Corollary Let D be an interval and
f:D  R(whereR Range f)

be differentiable withf x  Oorf x  Oforallx D. Then f has inverse
f': R  Dandf " is differentiable on R with

d r1 1
dxf * fflx
Example Considerfx x* x 1.Thenf x 3x> 1 O0forallx , .Sofx is
increasing on ,  (hence 1-1) and therefore has inverse. Lety ' x , so
dx
thatx fy y* y 1. Then 4= 3y* 1and
d 1 day 1 1
&Y w3 1
One may also differentiate
x ¥ oy 1
implicitly to get
dy dy 1
2 ay a4y
1 3= 1 e and so ir 3 1
In particular



4.2 Exponential and Logarithmic Functions

Definition An exponential function is one of the form fx  b*, whereb 0, \ 1 .

b 1 0 b 1
Domian b* , ,
Range b* 0, 0,
y-intercept 1 1
Monotonicity increasing | decreasing
Far-Right Behaviour | [im b* lim b* 0
Far-Left Behaviour | lim b* 0| lim b*
Asymptotes y 0 y 0

Remark Letb 0, \ 1 .Thenthegraphoffx  b*is the reflection (mirror image) of the

graphofgx b~  — *inthe y-axis.
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The Irrational Number e

Consider the function f x 1 L~

Rl B e A

'
il Bl 4
} }

fx 1 L
Summary [¢s clear that f x has a horizontal asymptote. We define
. . 1 . 1
e: Ilim 1 ¥ lim 1 ¥ -
X X
With the substitution v L, we see that as x , v  Oandso

lim 1 v+ e
v 0

In fact “e” can be proved to be an irrational real number and can be approximated as

follows:

X 1 L
1 2

10 2.593742
100 2.704814
1000 2.716924
10,000 2.718156
100,000 | 2.718268
1,000,000 | 2.718280
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The Logarithmic Functions

Letbh 0, \ 1 .The function
fx b*: , 0,
is monotone (increasing, if » 0 and decreasing, if »  0). So it’s 1-1 and has inverse

gx log,x: O, ,
1 /
5 ”,“
/ -
10 50 5 10
. X
s
7 -10

1 7
\\ 5
\\\ 7
10 50 s 10
, X
e -5
. -10

fx b f'x  logyx; b1
In fact for b 0, \ 1 wehave



vy b* x log,yforeveryx Randy 0
and
y log,x x bYforeveryx Oandy R.
Summary Letb 1.
fx b flx  log,x
Domain , 0,
Range 0, ,
intercepts b 1 log,1 0
b' b log,b 1
Monotonicity increasing increasing
Injectivity 1-1 (injective) | 1-1 (injective)
Far-Right Behaviour | lim b* lim log,x
Far-Left Behaviour | [im b* 0 lim log,x
x x 0
LetO b 1.
fx b flx logyx
Domain , 0,
Range 0, 5
intercepts b 1 log,1 0
b' b log,b 1
Monotonicity decreasing decreasing
Injectivity 1-1 (injective) | 1-1 (injective)
Far-Right Behaviour | [im b* 0 lim log,x
Far-Left Behaviour | lim b* lim log,x
x x 0
Theorem (Algebraic Properties of log,x).
Letb 0, \'1,a 0,¢c Oandr R.Then
log, a c logy,a log,c Product Property
log, < log,a log,c Quotient Property
log, a” rlog,a. Power Property
log, + log,c Reciprocal Property
Remark Letb 0, \1,a 0,c O0.Then
log, a ¢ logya logc;
log, a ¢ logy,a log,c.




Example Consider the equation

et e’
3 1.
Then we get after multiplying with e* and rearranging the equation

e 2e° 1 0.
With the substitution u  e*, we get the quadratic equation
u> 2u 1 0,

which has two solutions

2 ) 22 41 1
21

#1\5.

Sinceu e 0, weignoreu 1 A2  0and consider

exulﬁ,

which yields
x Inu Inl 2.

Remark Letb,c 0, \1 .Letx Oandy: log,x. Thenb” x andwe get
log. b»  log.x
ylog.b  log,x,
which yields

log,x

In particular for any x 0, we have

logx Inx
logh Inb’

log,x

Example 7o find log; , we use the calculator and the formula
In 1.1447

logs 43 Toose 0%




4.3 Derivatives of Logarithmic and Exponential
Functions

Theorem Letb 0, \ 1 .Then

d 1
i log,x b’ wherex 0.
In particular
d 1 1
i Inx ~In e > wherex 0.
Example
d 2 1
I In x> 1 7] 2x
Example Let
Inx, x 0
x Inlx
4 i {ln x, x 0
Then

L X
f_x X o
L1, x
%,x 0.

Example We can use logarithmic differentiation to find the derivative of functions like
BYx 3
1 <2 2°
Taking the absolute value of both sides, we get
il x 35
lyl 1 x4 2

Applying the “In” to both sides we get
Inly|  3nx| %ln X 3] 21 x*.

Differentiating the new equation implicitly yields:

1 3 1 1 3
1 3 2 4
vV ¥ 3y 3 1 x4
hence
¥*Ix 3 3 1 8x3
Yy T azx 353 T 0% 03

Theorem Let r be an arbitrary real number andy — x". Theny  rx" .
Proof Whenx 0 the result is obvious. [f x 0, then applying the “In” to
k5S> 0

yields



Inly] Inx|” rlnx| .
Differentiating the new equation implicitly results in
1 1

=

y Y e
hence

y "L

Example Letfx x> x'2.Thenf x 2 x> ! 1 2ex?.



Remarks

4.4 Inverse Trigonometric Functions

Definition Consider the 1-1 function

X sinx i 1,1
f 2 ) 2 )
.
0.5
1.5 1 -0.5 0.5 1 1.5
X
-0.57
- A
fx  sinx
Then f x has inverse the inverse sine function:
gx sin ' x 1,1 55
1.5
1 /
0.5
-1 -0.5 0).(5 1
-0.5
/
/
// -1
: 1.5
o1
gx sinXx
From the graph of fx  sinxandg x  sin 'x we have
fx sinx gx sinlx
lim sinx 1 lim sin 'x 5
P > X 1
lim sinx 1 lim sin 'x <
X 5 x 1
sin0 0 sin' 0 0
sin x sin x “odd”|sin ' x sin 'x “odd”
increasing increasing
continuous continuous







Theorem Letg x  sin 'x. Then
g x é, X 1,1 .

1

Proof Lety gx  sin 'x. Thensiny xand we get with implicit differentiation

ay
cosy I,
hence
dy 1
& X g Tcosx
1
J1  sin’x
|
1 x?
Example
A i 1y 1 Tx®
dx 1 ¥ 2
7x®
1 X14



Definition Consider the 1-1 function

cos x : 0, 1,1.

0.5T7

fx  cosx
Then f x has inverse the inverse cosine function:

1 .
gx cos ' x : 1,1 0,
3
\\ 2.5
N
2
15
1 AN
\
N\
0.5 \
-1 05 0 0.5 1

Remarks From the graphof fx  cosxandg x  cos 'x we have

fx  cosx gx cos 'x
limcosx 1 |limcos!x 0
x 0 x 1
lim cosx 1| lim cos 'x
X x 1

_ 1 _
cos 0 cos ' 0 3
decreasing decreasing

continuous continuous




Theorem Letg x  cos 'x. Then

g x —_— X 1,1 .
1 x?

Proof Lety gx cos 'x. Thencosy xandwe get with implicit differentiation
&

siny <~ 1, hence

a 1
& x dx siny
1
1 cos?y
L1 x 1
1 x?
Example
i 1 X 1 X
dx cos e ] - > e



Definition Consider the 1-1 function

X tanx :  —=,=5
f 2 b 2 b
/
47 /
2 e
15 05— 0 s L | 15
// >
/
/
/ 41
fx tanx
Then f x is invertible with inverse the inverse tan function:
gx  fan 'x: , 55
-
777777777777777777777 e
1/
_40 20 0 20 X 40
it
4
1
gx fan ~ x ,y 5. ) 2
Remarks From the graphof fx  tanxandg x  tan 'x we have
fx  tanx gx tan 'x
lim tanx lim tan 'x =
x5 X 2
lim tanx limtan 'x 5
P

2

vertical asymptotes x

horizontal asymptotes y

2 2
tan0 0 tan ' 0 1

increasing increasing

continuous continuous




Theorem Letg x  tan 'x. Then
g x L > forallx R
I x

x and we get with implicit differentiation

Proof Lety gx  tan 'x. Thentany

d
sec’y - 1, hence

dy 1
5 dx sec?y
1
1 tan?y
1 > forallx R.
X
Example
d 1 -1
o tan *'1 3x 1 [ 3.2 3
3

oxz 6x 2



Definition Consider the 1-1 function

sec x 0, \ > , 1 1,
507 ‘\
407 |
30T |
201
10T /
»18” 0.5 1 1 Sx /’ 2 25 3
20t
307 ;
407 |
50+ |
fx  secx
Then f x has inverse the inverse secant function
gx sec!'«x , 1 1, 0, \ 5
5l
2.51
/s
2
- - 150 ,/, R
P
1+
0.57 ‘
-20 -15 -10 -5 0 5 10 15 20
gx seclx,y
Remarks
fx  secx gx sec 'x
lim secx limsec 'x
X 7 X
lim secx lim sec 'x &
X 7 X
vertical asymptote x - | horizontal asymptote y
sec 0 1& sec lisec!l O0& sec! 1

increasing on 0,

increasing on , 1

increasing on -,

increasing on 1,




Theorem Letg x  sec 'x. Then

Proof Lety gx  sec 'x

Example




Definition Consider the 1-1 function

fx cscx 55 \ 0 , 1 1,
307)
207
107 \\
\\"—,,
1.5 B I V) \ 0 0.5 X 1 1.5
,\\0”
201
30t
fx cscx
Then f x has inverse the inverse cosecant function:
csc ' x 1 1, 55 \ 0
1.57
Ol
0.57
\\\,
30 20 ~ 0 10 X 7207 30
_()\_5*
et
1.5
gx csclx
Remarks Consider the functions f x  cscx and its inverse g x  ¢sc 'x.
fx  cscx gx csclx
lim cscx limcsc 'x 0
x 0 X
lim cscx limese 'x 0

X

vertical asymptote x 0 horizontal asymptote y 0
1 1

csc & 1 & csc — 1 |csc 1 - & csc ' 1

decresingon .0 decresing on , 1

decresing on 0, =

decresing on 1,




Theorem Letg x  csc 'x. Then

1
gx —x 1
| Vx? 1
Proof Lety gx csc'x sin'! 1 where|x| 1. Then
dy
£ dx
1 1
1 L2 x°
ECS
21 X
x| 1
x2 1 x| 2
for x| 1.

1
| vx? 1
Example

A ise ! Inx 1

1
dx lnx|JIn*x 1
1
xlInx|VIn*x 1




Definition Consider the 1-1 function

fx cotx : 0, ,
15T |
10T
5 \\\
0 0.5 R s 2 25 3
5T AN
-10T
-15—
fx  cotx
Then f x has inverse the inverse cotan function
gx cot 'x: , 0,
-
- T 7 - 57? 7777777777777777777
N
8
1”\\\\
N
-15 -10 -5 0 5 71;777175
X
gx cot'x,y
Remarks
fx  cotx gx cotlx
lim cot limcot 'x 0
x 0 x
lim cotx lim cot 'x
X
vertical asymptotesx 0 & x horizontal asymptotesy 0 & y
— 1 —
cot - 0 cot ' 0 5
decreasing decreasing
continuous continuous




Theorem Letg x  cot 'x. Then

Proof Lety gux

csc?y

Example

dy
dx

cot 'x. Then coty

1, hence

g X

g X

Aot ! sinx

dx

1 forallx R.

1 x?
x and we get with implicit differentiation

dy 1
dx  csc?y

1

2

1 coty

12 forallx R.
X

—1' cosXx
1 sin“x
cosXx

1 sin“x



Summary

Summary

fx Domain Range Derivative
1 _ 1
sin x 1,1 >3 — 1,1
cos 'x| 1,1 0, L 1,1
1 x2
1 1
tan “x . PR 2
1 _ 1
sec 'x , 1 1, 0, \ 5 T , 1,
1 _ 1
csc 'x , 1 1, 5 V0 T , 1,
cot 'x , 0, 1 )162
sec 'x cos '+, x| 1
sin 'x cos 'x = X 1,1
cos sin 'x 1 . |x 1,1
1
tan sin “x X 1,1
J1 X2 ’
sin cos 'x 1 , X 1,1
sec tan 'x 1 , x R
sin sec 'x - | 1




4.5 L’Hopital’s Rule

Theorem Suppose that f & g are functions, such that:
1. limfx 0 Ilimgx;

¢ 9

2. fx & g x aredifferentiable on an open interval containing “a” (except possibly at

“a” itself);
3. lim jg(’; L, or (whereL R).
Then

lim fx lim &

xa X xa g X

Remark The statement of the previous theorem remains true in the casex a ,x a ,Xx
X (with the second condition modified as appropriate).

Example Letb 0, \ 1 .Then

br 1 b*In b

lim = lim Inb.
x 0 x 0 1
Example
lim In c;sx lim 1/cosx sinx 0.
x 0 x 0 1
Example
lim 1 1 lim e 1 x
x 0 X e’ 1 x 0 x e* 1
l- er 1
x’"g I e 1 x &
l- er 1
x’"g el x 1
li e’
x’"g et 1 x e 1
lim —e~
xmg e*2 x
lim 1 1

to0 2 X 2



Theorem Suppose that f & g are functions, such that:

1. limfx lim g x ;
2. fx & g x aredifferentiable on an open interval containing “a” (except possibly at
“a” itself),
3. lim gi L, or (whereL R).
Then
lim Sx lim f x .
xa X xa § X

Remark The statement of the previous theorem remains true in the casex a ,x a , X

X (with the second condition modified as appropriate).
Example
/i In sinx Ji 1/sinx cosx
o Inx ‘0 1/x
Jim XCOSX
Lo Sinx
lim —X lim cosx
Lo Sinx Lo
1 1 1
Example
X
lim e x2 lim x? e_2 1
X X X
Now
X X X
lim £ lim £— lim £—
X x2 X 2X X 2
Hence
X
lim e x2 lim x*  lim e_2 1

or



