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Abstract

Various models have been developed, for the designing of
distinct objects, for applications like font designing, Com-
puter Aided Design (CAD), Computer Aided Engineering
(CAE}, etc. Some methods are better suited for controlling
the shape of the curve on an interval, while others are bet-
ter suitedfor controlling the shape at the individual control
points. This work reviews C? rational splines with inter-
val tension [3,5] and extends this work for the modelling of
interpolatory curves and surfaces through B-spline formu-
lation.

1 Introduction

Modelling, for interactively designing 2D or 3D objects
using splines, is a significant area of Computer Graphics.
Splinning gives rise to a lot of features including reasonable
smoothness, economical computation, idea storage facility,
extra degrees of freedom in the form of shape parameters,
useful geometric transformations like trandation, scaling,
rotation etc. Each of the above features justify the use of
splines in computer graphics in their own right.

A rational cubic spline with interva tension was described
and analysed in [1]. It provides aC? computationally sim-
pler aternative to the exponential spline under tension {2}
and an alternative to C' and GC? spline methods like the
weighted v-spline {3] and y-spline [4]. The rational cubic
spline maintains the C? parametric continuity of the curve,
rather than the more general geometric GC? arc length con-
tinuity achieved by the v-spline and 3-spline. Regarding
shape characteristics, it has a shape control parameter as-
sociated with each interval which can be used to flatten or
tighten the curve both locally and globally. Since the spline
is defined on a non-uniform knot partition, the partition it-
salf provides additional degrees of freedom on the curve.
However the parameterization is normally expected to be
defined on a uniform knot partition, or by cumulative chord
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length, or by some other appropriate means.

This paper presents a description and analysis of a rational
cubic interpolatory spline which has a shape parameter asso-
ciated with each interval. The spline can be used in CAGD,
to represent the parametric curves and surfaces in interpo-
latory form. The rationa spline is based on arational cubic
Hermite interpolant. Section(4) describes the freeform ra-
tional spline and analyses its behavior with respect to shape
parameter in each interval. Section(S) describes the inter-
polatory rationa spline, with examples which illustrate the
interval tension property of the rationa spline. Section(6)
and section(7) describe freeform and interpolatory surfaces
respectively.

2 (' Rational Cubic Hermite |nterpolant

A piecewise rational cubic Hermite parametric function
p€Cl[ty, t,], with parameters r;,i =0,...,n— 1 and
data points F;€ RV, N > 2, is defined for t€[t;, t;41],
t=0,...,n—1,by
p(t) = pi(t;ri) =

(1=0) Fi4601=0)2(r; Fit kD )+02(1=0)(r; Fy y ~h;Dip )40  Fiy 1)
( TF(r;—90(1-0) )

Where # = (Fi-H — Fi)/hi, and h;=t;41—t;. The D;’s

here denote the first derivatives at t;’s. Ther; > 0, will be

used as tension parameters to control the shape of the curve.

The case r; =3,:=0,..,n— 1, is that of cubic Hermite

interpolation and the restriction r; > — 1 ensures a positive

denominator in equation( 1).

The function p(t) has the Hermite interpolation properties :
])(tl‘) =F; and ])(1> (t,') =D;,i=0,. LS.

For r; # 0, equation( 1) can be written in the form:

(pi(tr )= Hy(6:0) Fit By (00 Vi I (0m ) Wit Ba(0ir) Figr). (2)

where

Vi=F; + hDifri, Wi=Fio1— hiDigy /14,



and R; (6';r;),j=0,1,2,3, are appropriately defined ratio-
nal functions with
3
> Rj(6;ri) = 1.

j=0

(3)

Moreover, these functions are rational Bernstein-Bezier
weight functions which are non-negative for r; > 0. Thus
in R, N > 1 and for r; > 0 the convex hullproperty holds
i.e the curve segment P; lies in the convex hull of the con-
trol points {F;, Vi, W;, Fiy1}. Moreover, the variation
diminishing property also holds of the rational cubic i.e the
curve segment p; crosses any (hyper) plane of dimensions
N-I no more times than it crosses the control polygon join-
ing F;, Vi, Wy, Fiqy.

The rational cubic of equation( 1) can be expressed as:

pi(t;ri)=L(8) + ei(t; i), where
li(t)= (1 —H)Fi + 0Fi
e o o BiB(-O)(A = D) (O-D+(Ai ~D:41)8]

ei(t;ri) = TF(r:—3)8(1-0)
This immediately leads to Interval tension property i.e.
for given fixed (or bounded) D;, D41, the rational cubic
Hermite interpolant of equation( 1) converges uniformly to
the linear interpolant on [¢;,t;+1] asr;—oo.
In the following section, a C? rational spline interpolant is
constructed. This requires knowledge of the 2™? derivative
of equation( 1) which, after some simplification, is given by

(4)

(@) ;00480 0—0)+~;001—-0)2+6;1-0)%}
(p,7 (tim)="— 1 g 00— )

where

a; =71;(Dig1— A;) = Dipy + D;
Bi =3(Dit1—- A)

v = 3(A; — D)

;i =ri(Ai — D;) — Dip1 + D;

3 (C? Rational Cubic Spline Interpolant

We now follow the familiar procedure of alowing the
derivative parameters D;,i=0,. .., n to be degrees of
freedom which are constrained by the imposition of the C?
continuity conditions

PP (ti)=p?(t:i),i = 1. .,n— 1.

()

These C? conditions give, from equation(4), the linear sys-
tem of consistency equations,

(6)

(hiDi—1+{hi(rici—D+hia(ri=D}Di+hi 1 Digy)
=(hirioAio1t+hi_ Ay i=1
For simplicity, assume that D and D, are given as end con-

ditions ( clearly other end conditions are aso appropriate).
Assume aso that
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rizr>2,4i=0...,n-1

Then the equation(6) defines a diagonally dominant, tri-
diagona linear system in the unknowns D;,i=1,.,n— 1.
Hence there exists a unique solution which can be easily
calculated by use of the tri-diagonal LU decomposition al-
gorithm. Thus a rational cubic spline interpolant can be
constructed with tension parameters r;,t=0, ,n— 1,
where the special case r;=3,¢=0, .., n— 1, is that of
cubic spline interpolation.

4 Rational Cubic Spline with Interval Ten-
sion

This section reviews the rational spline with tension (B-
spline representation) method [1]. For the purpose of the
analysis, let additional knots be introduced outside the in-
terval [to,ts], defined by t_3 <t_, <t_; <t and
t, < tn+1 < tn+2 < tn+3- Let

e > 2,0=-3,...,n+2 (7)

be shape parameters defined on this extended partition. Ra-

tional cubic spline functions v;, j=-1,.,n+ 3, have

been constructed, see Figure 1(a), such that
’(L‘j(t): 0, for t<tj_,
U',J(t) =1, for t> tit1

(8)

The local support rational cubic B-spline basis, see Figure
1 (c) is now defined by the difference functions:
Bj(t) = v(t)—¢q(t), j = —1,...,n+ 1 Let Rp(0;13),
k=0,1,2,3 be defined as :
Ro(8;7:)= (1 - 6)*/Qo(0;7s),
Ry(8;r:) = ri6(1 ~ 6)*/Qo(6:73),
Ro(8;7;) = ri6%(1=0)/Qo(8; 75),
Ry(8;1:) = 0°/Qo(8;7:)
where  Qo(8;7;) =1 +(r;—3)0(1— 6').
A loca support rational cubic B-spline basis B (t), j =
—1,.., n+ 1 was constructed and an explicit representation
was given as.
B;(t) =(Ro(6:r) B; (t)+ Ra(0:m:)(B; (t)+h BV (2) /ri)+ (9)
(Ra(0:70)(B; (tip) —hi B (1) /1) + Ba(0:r) By (1i4)),
where

Bi(t:)=B"(t)=0 for i #j—1,5,j + 1 (10)
and

Bj(ti—1) = pjo1,  BV(t;o) = (1)
Bi(t;)=1 - —p;, BVt =% - fj,

Bj(tin) = Ajr1, B (tj40)



\y].(t) =0, fort< tj_2
\vi(t) =1, 10rt>=t]-+1
L L | T
tio tig t tisy
() The rational spline W;(t)
v
¥, 0
T 1 1 T )
tio ti t tive tiup
(b) The rational splines
B = Wi(l) - \Vj+1(t) —
I 1 | 1 Ll
t,  ti 4 st tisz
v The rational B-spline Bj(t)
Figure 1. The rational spline forms
with

(As=hidi/ri.  wy=Ri_iig/rio0),

(Aj=hjdj/e;. wi=hioidipi/cip).

hj—y Ryt hi_y  hg. hi_ydj_d;
(Cj=hj—zdj(,“.J.L_';-f-rh)ﬁ-hjdj—l(:h-f-#)-%—L—‘;‘L,j_l ),

dj=hj(rjo1—2) + hj_y(rj— 2)
These rational spline functions, see Figure 1, are such that
1. (local support) B,(t) =0, fort €(tj_2,t42),
2. (Partition of unity) Z;’Ill

3. (Positivity) B;(t)> 0, for dl ¢,

B;(t)= 1, for t€ [to, t,]

and hence enjoy all the B-spline properties
The design curve is given by:

n+i
p(t)= 3 PiB;(t), telto,ts]

j=—1

(12)

where Pj € RY define the control points, was transformed
to the piecewise defined rational Bernstein-Bezier represen-
tation, see Figure 2, as

(p()=Ro(0m:) Fi+ Ri(8;r) Vit Ba (00 )W+ Ra(657) Fiyr), (13)
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Figure 2. Rational Bernstein-Bezier
representation

where
Piidi+ Pi{1= X — i) + Py = F, (14)
(1=a))Pi + a; Pipy =V,
GiPi + (1 = 0i)Pipi=W,;
with
o = p; + hiflifr; (15)
Gi= A1 + }Lixi+l/‘ri
Let
Xi=[F; V; W; Fi1]T, Z; = [Pioy Pi Py P!
and
Ai 1= A —py Hi
- 1 — ay a;
Y= B; 1—0;
Ait1 =gt ~ pit1 fin
(16)

Then the transformation of equation( 14) can also be repre-
sented in matrix notation as

X; =Y:.2; (17)

The transformation to rational Bernstein-Bezier form is very
convenient for computational purposes and aso leads to:

1. Variation diminishing property: The rationa B-
spline curve p( t),t € [to, t,], defined by equation(12),
crosses any (hyper) plane of dimension N-I no more
times than it crosses the control polygon P joining the
control points{ P; }=*! , see Figure 3.

=—1"



Figure 3. Variation diminishing property

2. Global tension property: Let r;>r>2, 1=
-2,..,n+ 1, and let P denote the rational B-spline
control polygon, defined explicitly on [¢;,%;+1],7 =
-1,...,nby

P(t) =1 —Q)Pi + 0Py, (18)

then the rational B-sphne representation (12) converges
uniformly on [t_y,t,+1] asr— oo, see Figure 4(a)

3. Interval tension property: Consider an interval
[tk,tr41] forafixed k € {0,...,n — 1} and let

Qk = (l—ﬂ)PIc + HPk+].
Qk+1 = APe + (1= A)Pryy

denote two distinct points on the line segment of the
control polygon joining Py, Pe+ 1, where

A\ Rit1 /T
= (hk—1/Tk=1 + hrgr/Trgr + hi)
he—1/Te-1
o (hk=1/Te=1 + Reg1/Tre1 + hg)

Then the rational B-spline representation of
equation( 12) converges uniformly to Q, see Figure 4(b)
on [tx,tx+1] asry — co, where

Q(t) = (1= )Qk + Qi+ (19)

Figure 4(b) illustrates the interval tension behavior of
the curves. As the value of r and 7,4 increases the
resulting curve segment approaches the line segment
Py, Pyy .

For the proof of the above properties the reader is referred
to [5].
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r=50

(b)

Figure 4. Global and local tension properties



5 Interpolatory Rational Spline with Interval
Tension

In interpolatory case we are given a set of data points
Fy, Fy, .., F,. Werequire a cubic B-spline curve p deter-
mined by unknown control vertices Py, P, . ., P41, Such
that p(t;) = F;, in other words, p interpolates to the data
points. The process of obtaining the interpolatory rational
cubic B-spline with interval shape control is accomplished
through

n+1
> PiB;(t)=F;, Vi (20)

i=—1

where the matrix Bj;(t) is the tridiagonal matrix. From
equation( 14) F;’s,i =0, ..., n can be written as

F; :Pi—l)‘i+Pi(1—/\i—,u,‘)+P,'+1,u,' (21)

TP=F (22)

The above set of equations for F;,¢ =0, ,n,ie the
given set of data points, through which the resulting curve
must pass, and the control points P's can be written as in
equation(22). As such the above system is underdefined
and for a unique solution we need to specify two further
conditions, one at the start and one at the end of the curve.
We shall repeat the two end control points, although it is
not the only end condition available. The above system of
equations is tridiagonal- only the diagona el ements and the
two neighbors are nonzero. By exploiting the structure of
the tridiagonal matrix we can solve the resulting system of
equations more efficiently and bypass the standard elimina
tion techniques.

From equation(22) we get

P=T-.F (23)

That isthe control vertices of the curve which passes through
the given data points F;’s are given by the P;’s as in
equation(23). When these values of P;’s are substituted
in equation(12), we get the required C? interpolatory B-
spline curve with interval tension.

Examples The shape behavior of the interpolatory ratio-
nal splines with interval tension are illustrated by the fol-
lowing examples for the data set in R2. The globa tension
behavior is shown in Figure 5, where al shape parameters
are progressively increased with values 3, 7, and 50. The
effect of the high interval tension is clearly seen in that the
resulting spline curve in Figure 6(c) approaches the control
polygon. Figure 6(b) and Figure 6(c) display the interval
tension behavior applied to the curve of Figure 6(a).
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Figure 5. Interpolatoty curves
with global tension
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Figure 6. Interpolatoty curves
with local tension

735

6 Freeform Rational B-Spline Surfaces

In this section we generalize the idea of section(4) to sur-
faces.

6.1 Rational B-Splines and the Design Surface

Suppose that we are given points
Pi.j ER}vz‘:—lv"""L"'lajz_la'--7n+1 (24)
and knot sequences

o<t <...<tm
to <t < . < tn

with appropriate additiona knots

toa<t_p<it_<tip ?m<zm+1 < ?m+2 < t~m+3,

3 <ty <t 1<ty tn <tngi < tnga < tnts

We need to find a parametric rational B-spline surface p(t,1)
in such away that p(t,¢;)and p(t;,t) are freeform rational
cubic splines with tension in ¢— and t-directions for all i and
j respectively.

Suppose we are given tension parameters

(ri;>2 and v ;>2,4=—3,m+2,j=3....n+2), (25)

with By(%,t) and By(t,t) the corresponding rationa B-
spline basis functions, as in section(4) but with variable

cubic B-spline tensions 7; (t) and r; (¢) defined as:
Fi(t) = Zﬂjh’j(t), (26)
1) =) riNi(®)

where IV, (t)’s are cubic B-splines. These can be computed
as a specia case of the rational cubic splines of section(4).
Remark The convex hull property of /V; and equation(25)
show that 7;(t),r,(t)> 2, Vi, j,t, and t. Also, for any |

Ti(t) = 0,t & (tj-2, tj+2)

and for any i

ri(f) = 0, € & (tiza, tis2)

Furthermore, a large value of the shape parameter7; ; for any
J results in large values of 7;(t) in the intervals [t;_, 5],
[tj,tj=1) and [t;,t;41]. A similar characteristic is pos-
sessed by rj(?). Thus a sufficiently large value of any of
the shape parametersin equation(25) (for : =0, ..., m -1,
7=0,,n— 1) results in a sufficiently large value of the



variable weight in the corresponding interval. In particular,
ifanyof7; jandr; ;,i =0,...,m—=1,j =0,...,n—1ltend
to infinity, it causes the corresponding values from amongst
?‘v,'(tj) and 7']‘(Ftv,'),’l'=0,...,m— 1,7=0,....n— 1 re
spectively to approach infinity. Hence the shape parameters
in equation(25) are chosen in such a way that one shape
parameter is associated with each interval.

The surface by local support property is defined as:

i+2 2 o N
ptt)= D > PuBi(tt)Bit,t)  (27)
k=i1l=j—1
where §;<t <tiy;; t;<t<tjy,i=0,...,m—

1,j=0,...,n—1

Substitution of the Bernstein-Bezier form of the rationa
B-splines gives the piecewise defined rational Bernstein-
Bezier representation:

pE0) =33 X E O Re(F () Rl 5 (B), (28)
k=0 i=0

where the Bernstein-Bezier points X ,fj(t, t) can be com-
puted from the rational B-spline vertices P; ; as

- .
where
¥ i, i,J
Xy Xod . Xgd
Xl.-J
Xig=| " 1?
i 1)
X3 o X33 7
P17 Pia P42
P; i
Zl] — 1,91
Pityj-1 Piyaj42

and the matrix Y; is given as in equation(16) as well as
Y; provided tildes are put where appropriate. Y; and YjT
now depend on ¢ and ¢ respectively.
Tension Properties The rational B-spline surface represen-
tation equation(28) satisfies the global tension property and
the local tension property as proved in [5].

7 Interpolatory Rational B-Spline Surfaces

Expanding equation(29) we get the points through which
the freeform rational B-spline surface passes, for given con-
trol points say P's. Here in our case we need to find P's (the
new control points) given the data points F's, through which
the interpolatory rational B-spline surface should pass. Let
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us denoteit by F:

Fi.j =X :(xi[l');—l“/—l)‘j'i'l)i—ld(l_)\j_Iij)+-l')1—l‘j+lllj])+ (€10)]
(=X~ 0[Py 5o g+ P (=X — )+ Py )+
(il Pigr g A+ Pigr 5 (1= —p )+ Pigy 40 i45])
For ¢=1,..,nand j =1, . m.
We can observe from the above that the sum of the coeffi-

cients of P's equa to unity. Which means that the resulting
interpolatory surface satisfies the convex hull property. Let

Aig=Pijadj + Pj(l=Xj—p;) + Pijaips  (31)
Equation(30) can be expressed as :
F=TA (32)
Since T is invertible, we get from equation(32)
A=T"'F (33)
Moreover, from equation(31) A can be expressed as:
A=D.P (34)

The process of calculating the new control points P's, is car-
ried out in two stages, first the entire matrix A is calculated.
Then the new control points P's can be calculated as
P=D-".A (35)
which when subgtituted in equation(28), gives the required
interpolatory surface with interval tension which can be con-
trolled both locally and globally.
Examples Consider a set of three dimensiona data. The
figures below show the effect of increase in tension, both
locally and globaly. Figure 7(a) is the control net. Surface
in Figure 7(b) corresponds to the value r =7 = 3 (the bicu-
bic case). Surface in Figure 8(a) converges to the control
polyhedron as ' =7 = 50. The local change of tension
parameters is evident in Figure 8(b).

8 Concluding Remarks

An analysis of arational cubic tension spline has been de-
veloped with a view to its application in CAGD. We found
it appropriate to construct a rational form which involves
just one tension parameter per interval, although clearly the
rationa form defined by equation( 1) could be generalized.
One advantage of the use of C? parametric continuity, com-
pared with that of the more general geometric GC? conti-
nuity, becomes apparent in the application of such arationa
spline method to surfaces. In this case we followed the
approach of [6], in the use of the spline blended methods
of [7]. Nielson proposes a spline blended surfaces of GC?



(a)

Figure 7. Interpolatoty surfaces
with interval tension

curves. However, the use of parametric C? curves in the
blend will aleviate this loss of continuity.

The idea of C? freeform rational B-spline is extended to
achieve a C? interpolatory parametric rational B-spline
which can be controlled localy and globaly. For CAGD
applications, the developed interpolatory spline provides a
parameter to control the shape of a curve on each interval.
The surface has been designed through the sum of the prod-
ucts of bivariate rational B-spline basis functions. The use of
variable tensions allows shape control. This is not a tensor
product surface but a tensor product surface can be recov-
ered as a special case. Thisis not a NURBS representation
either; the NURBS representation of the surface has some
limitations regarding its shape control. Computation of the
surface has been suggested through the Bernstein-Bezier
representation which is quite convenient.
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