Proof Methods & strategies

Section 1.7



Proof by Cases

We use the rule of inference

P,vP,v..vP,—>Q
=P >N AP > A AP, — )



Exhaustive Proof
A special type of proof by cases where

each case can be checked by examining
an example.

Good for computers.



Examples

(n+1)3 > 3", forn=1, 2, 3, 4
Proof: (Exhaustive)

~orn=1, 23=82>3

~or n=2, 33=272>3%=9
~or n=3, 43 =64>33=27
~or n=4, 53=1252>34=281




Examples

The only consecutive positive integers < 100
that are perfect powers are 8 and 9

Proof:

Perfect squares < 100 are 1, 4, 9, 16, 25, 36,
49, 64, 81

Perfect cubes < 100 are 1, 8, 27, 64
Perfect 4th powers < 100 are 1, 16, 81
Perfect 5t powers < 100 are 1, 32
Perfect 6t powers < 100 are 1, 64
So all perfect powers < 100 are

1, 4, 8,9, 16, 25, 27, 32, 36, 49, 64, 81
So the consecutive perfect powers are 8 & 9




Examples

n?>n for all integers.
Proof:
Case I: when n=0, then n°=0 > n =0
Case Il: when n = 1, then
nN=nxn=nx1=n
Case Ill: when n £ -1, then
nN?>0>-12>n



Examples

VX, yeR, Ixy|=I[x]lyl
Proof:
Case |: x 20 & y =20, then
X'y | =xy= [X] lyl
Case Il: x >0 & y <0, then
Xy | =-xy=x(y)=IX] |yl
Case Ill: x <0 &y >0, then same as |l
Case IV: x <0 &y <0, then

Xy | = xy=(-x) (-y)= x| |yl



Ccommon Error

Not all cases are considered.
Example: if x € R, then x2 > 0
Case I: x> o, then ..

Case ll: x< 0O, then ..

But Case Ill is forgotten!



Unigueness Proof

Existence first, then unigueness

31 x P(X)
=3XPMX)AVY (y=x—> =P(y)))



Example

If a, beR & a0, then
d!'reR st.ar+b=0
Proof:
Clearly r=-b/a (existence)

Suppose as+b =0, then ar+b=as+Db,
l.e. as = ab, and hence s=r because
a #0.



