Lyapunov Stability Theory: A Brief Intro.
Consider a quadratic function 


v(x) = xTx = ║x║2

Which represents the square of the Euclidean distance of the state from the equilibrium x = 0.

The stability properties of the equilibrium are then determine by examining the properties of 
[image: image27.wmf], the time derivative of v(x) along the solution 
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 can be determined without explicitly solving for the solutions of (L)
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If the matrix A is such that 
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 is negative for all x ≠ 0, than it is reasonable to expect the distance of the state of (L) from x = 0 will decrease with increasing in time. 

It turns out that the Lyapunov function used in the above discussion is not sufficiently flexible. 

We will consider the generalized distance function given by 

V(x) = xT P x 

Where P is a symmetric positive definite matrix.

The time derivative of v(x) along the solution of (L) is determined by
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where Q = ATP + PA

Note that Q is symmetric i.e. Q = QT

THEOREM:  (Stability Via Lyapunov’s Equation)

Let A be n × n matrix.  A has all its eigenvalues in the left-half plane if and only if for any symmetric positive definite matrix Q the Lyapunov equation:


PA + AT P = -Q

Has a positive definite symmetric solution P.

Proof: (
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) Suppose P is a symmetric positive definite solution to PA+ATP = -Q

Let  λ be an eigenvalue of A

Au = λ u  for some u ≠ 0 , from which follows 

u*A* = λ* u*
Multiplying the Lyapunov equation by u* from the left and u from the right we have:

u*PAu + u*ATPu = - u*Qu

λ u* Pu + λ*u* Pu = - u* Qu

(λ+λ*) u* Pu = -u* Qu
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The result follows since   
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Proof: (
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) Suppose A is sable.

We claim that 
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[image: image24.wmf]is a solution to the Lyapunov equation.  Notice that 
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 exists because eAt      0 as t      ∞  due to the stability of A.

We now prove the claim:
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Integrating both sides from 0 to ∞ we have
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or    – Q = AT P + PA

We now show that P = 
[image: image15.wmf]dt

Qe

e

At

t

T

A

ò

¥

0

 is positive definite.

Let x be a non zero vector in Rn
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Where Q has been expressed as Q = RTR and R is nonsingular.  Now  
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 is equal to 
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Note that positivity follows because x ≠ 0  and R and eAt are nonsingular.

Are the symmetric solutions to the Lyapunov equation unique?

Theorem:  Let Q be any symmetric positive def. Matrix.  Suppose the Lyapunov equation PA + ATP = - Q has a positive definite symmetric solution P (equivalenty A is stable).  Then P is a unique soltion.

Proof:  let P1 and P2 be +ve definite solutions of 

PA + ATP = -Q.

P1A+ATP1 = - Q

P2A+ATP2 = - Q

Then 
(P1-P2) A +AT (P1-P2) = 0
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Integrating both sides from 0 to ∞ we have:
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= - (P1-P2)
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 and the solution is unique.
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*We have used the fact that 
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which  is a consequence of the stability of A.
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