Methods for Computing eAt

1. Taylor Series 
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This method does not give closed form solution.
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To show this 

It is well known that the infinite series

F(λ) = (1 – λ)-1 = 1 + λ + λ2 + …

Converges for | λ | < 1.

 Now
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but 
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Example:

A linear time-invariant system has the following state-Space description
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Find y(t) for t ≥ 0 if u(t) = unit step and x(0)=[2  0]T.

Solution:
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So we need to find eAt
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Zero input response = 
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Zero state response = 
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y(t) = [1
0]x  + 2


  = 4 + e-t – e-2t

t ≥ 0

Other Methods for Computing eAt

We will look at other methods that will allow us to compute any function of a square matrix.

To do this we must review some concepts from linear algebra. These are:

i.        Eigenvalues and eigenvectors

ii.        Jordan Form of a matrix

iii. Minimal polynomials

iv. Cayley-Hamilton Theorem

v.        Functions of a square matrix

Definition:

Let A be n × n matrix whose elements are in C. The scalar λ ε C is said to be eigenvalue of A if there exists v ≠ 0 in C such that Av=λv. Any nonzero vector satisfying this equation is called an eigenvector of A associated with the eigenvalue λ.
How do we find the eigenvalues?

Solve for all λ satisfying Av= λv   v ≠ 0.
Equivalently,
(λI – A)v = 0.
This equation has a nontrivial solution if and only if (λI – A) is singular (i.e. det (λI – A) = 0).

Conclusion:
A scalar λ is an eigenvalue of A if and only if it is a solution of

∆(λ) = det(λI – A)=0.

∆(λ) is a polynomial of degree n in λ and is called the characteristic polynomial of A. Therefore, there are n eigenvales of A.

Example:
Find the eigenvalues and eigenvectors of A=[-3].

 det (λI – A)= det(λ +3)= (λ +3).   
Now λ +3 = 0               λ = -3 is an eigenvalue.

Any nonzero number is an eigenvector associated with λ =-3
Example:
Find the eigenvalues and eigenvectors of
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∆(λ) = det(λI – A)=det 
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Thus the eigenvalues are λ1 = -1 and λ2 = -3.

Eigenvectors

v1 = [1
-1]T,


v2 = [1
-3]T 

The Jordan Form:

Let A be n × n matrix.

Then there are two cases: 

Case 1 A has distinct eigenvalues.

Let λ1, …, λn be eigenvalues of A. Let v1, …, vn. be the corresponding eigenvectors.

Theorem: The set {v1, …, vn} is linearly independent.
Now 
Avi = λivi

i=1, …,n.

This can be written in a matrix form:

A[v1, v2, …,vn] = [v1, v2, …,vn]
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Define Q = [v1, v2, …,vn]. Q is nonsinglur.

Define
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We have 
[image: image18.wmf]A

Q

AQ

ˆ

=

.  Since Q is invertible


[image: image19.wmf]1

ˆ

-

=

Q

A

Q

A

.
This is called diagonalization of A.

Note that 
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Case 2: The eigenvalues of A are not distinct.

In this case there are two possibilities

(i) If λi is an eigenvalue repeated mi times, there exist mi linearly independent eigenvectors associated with λi.

(ii) For some  eigenvalue λi repeated m times, there does not exist m linearly independent eigenvectors associated with λ.

· For possibility (a) we can proceed exactly as in the case of distinct eigenvalues.  
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 where Â is diagonal.

· For possibility (b) there does not exist Q such that 
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 with Â is diagonal. i. e. A cannot be diagonalized. 
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