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Model and Estimation objectives Signal model and flat fading channel

SIGNAL MODEL

yn =
√

ρanhn + nn, n = 1, . . . ,N

ak: a known transmitted signals with |an|2 = 1

ρ def
= Eb

N0
: Average SNR

nk: I.I.D noise samples with nk ∼ N(0,1)

hk: Rayleigh fading gain

COMPLEX GAIN: RAYLEIGH MODEL WITH JAKES’ POWER SPECTRUM

Jakes’ model: hk ∼ N(0,1) with correlation matrix RJ
h(k, l)

def
=

E(hkh∗l ) = J0(2πfdT|k− l|)
Variations of gain can be well approached by AR 1 model.

hk = γhk−1 + ek, with ek ∼ N(0,1− γ2) and γ def
= J0(2πfdT).

Correlation matrix: RAR
h (k, l) = E(hkh∗l ) = γ |k−l|

fd : Doppler frequency.
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Model and Estimation objectives Signal model and flat fading channel

SAMPLES VECTOR REPRESENTATION

y =
√ρAh + n

y def
= (y1, . . . ,yN)T ; n def

= (n1, . . . ,nN)T ∼ N(0,I)

A def
= Diag(a1, . . . ,aN); h def

= (h1, . . . ,hN)T ∼ N(0,Rh)

COVARAINCE MATRIX

Ry
def
= E(yyH) = ρARhAH + I

Rh
def
= E(hhH): fading-channel correlation matrix Rh = RJ

h or
Rh = RAR

h

PROBABILITY DENSITY FUNCTION

p(y;ρ) = p(z;ρ) = 1
πN det(Rz)

e−zHR−1
z z

Rz
def
= AHRyA = ρRh + I is the covariance matrix of z def

= AHy

Objective: Estimation of SNR, ρ from y.
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SNR Cramér-Rao bounds (CRB) General expressions for the CRB

RESULT 1

The CRB on SNR estimation under time-variant flat Rayleigh fading
channel and known modulating symbols is given by:

CRB(ρ) = 1
Tr(R−2

z R2
h)

RESULT 2

The CRB on SNR estimation over slow and uncorrelated fading
channel are given by

CRBSlow(ρ) =
(Nρ +1)2

N2

CRBUncor(ρ) =
(ρ +1)2

N
.
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SNR Cramér-Rao bounds (CRB) General expressions for the CRB

PROPERTIES

1 If Rh is positive semidefinite, the CRB on the SNR estimation is
lower bounded by Ch

CRB(ρ) ≥ Ch

where the constant Ch depends on the channel parameters only,
and is defined by

Ch
def
=

1

Tr(R2
h)

.

2 For uncorrelated and slow fading channel, we have

CRBSlow(ρ) ≤ CRBUncor(ρ), ρ ≤ 1/
√

N

CRBSlow(ρ) ≥ CRBUncor(ρ), ρ ≥ 1/
√

N
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SNR Cramér-Rao bounds (CRB) Approximate expressions for the CRB

HIGH SNR EXPRESSION

PROPOSITION1

For high SNR, the CRB on SNR estimation under time-variant flat
Rayleigh fading channel is given by

CRBHigh(ρ) =
ρ2

N
(1+

2
ρ

α1

N
),with α1 = Tr(R−1

h )

For AR1 channel model: α1 = N+(N−2)γ2

1−γ2

⇓
CRBHigh(ρ) =

ρ2

N

(

1+
2

ρ(1− γ2)

(

(1+

(

N −2
N

)

γ2
))

PROPERTY1

For sufficiently large N and SNR, the CRB is a monotonically
decreasing function of the channel correlation parameter γ which
varies from the slow fading bound (γ = 1) to the uncorrelated fading
bound (γ = 0 ).
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SNR Cramér-Rao bounds (CRB) Approximate expressions for the CRB

LOW SNR EXPRESSION

PROPOSITION2

For low SNR, the CRB on SNR estimation over time-variant flat
Rayleigh fading channel is given by

CRBLow(ρ) =
1
β2

(1+2ρ
β3

β2
), βk = Tr(Rk

h),k = 1,2,3.

PROPERTY2

For very low SNR, the CRB for SNR estimation under fast fading
channel is upper bounded [resp. lower bounded] by the associated
CRB for uncorrelated fading channel [resp. slow fading channel].

CRBSlow(ρ) ≤ CRB(ρ) ≤ CRBUncor(ρ).
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SNR Estimation Maximum Likelihood (ML) estimation of SNR

ML ESTIMATION OF SNR

Definition of the ML estimation of the parameter ρ

ρ̂ = Arg maxτ L(τ)

L(ρ) is a function depends nonlinearly on ρ

L(ρ) = −
(

log(det(Rz))+Tr(R−1
z Z)

)

with Z def
= zzH

Difficulty to find analytical SNR ML estimate
For high and low SNR, ∂L(ρ)

∂ρ becomes linear in ρ ⇒ Closed-form
expressions for the estimate of ρ can be found.
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SNR Estimation Maximum Likelihood (ML) estimation of SNR

RESULT 3

In the high and low SNR environments, the ML estimate of the SNR, ρ ,
for the fast fading Rayleigh channel are given by:

ρ̂ =
Tr(RhZ)−Tr(Rh)

Tr(R2
h)

for low SNR

ρ̂ =
Tr(R−1

h Z)−Tr(R−1
h )

N
for high SNR

and in the particular cases of slow (i.e., Rh = 11T ) and uncorrelated
(i.e., Rh = I) fading channels, we have

ρ̂ =
Tr(RhZ)−N

NTr(RhZ)
for slow fading

ρ̂ =
1
N

(Tr(Z)−N) for uncorrelated fading

H. Abeida, T. Y. Al-Nafouri, S. Al-Ghadhban () SNR Estimation in Fading Channel 20 June 2010, Marrakech 13 / 21



Simulation Results Simulation parameters

SIMULATION PARAMETERS

The transmitted sequence of known symbols is the length N.

The channel is simulated according to the Jakes and AR1
correlation model with doppler-time product of fdT.

MSE obtained by averaging over 2500 Monte Carlo independent
runs
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Simulation Results Analysis

ANALYSIS: CHANNEL EFFECT ONSNRESTIMATION

COMPARISON OF THECRB FOR SNR ESTIMATION CALCULATED WITH

THE JAKES’ AND THE AR1 CORRELATION MODELS
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FIGURE: Exact CRB for the Jakes and AR1 correlation model versus SNR for
three values of fdT with N = 200.
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Simulation Results Analysis

ANALYSIS: APPROXIMATEDCRB

HIGH AND LOW APPROXIMATIONS OF THECRB
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FIGURE: Exact CRB and its approximations for the AR1 correlation model
versus SNR for two values of fdT with N = 200

H. Abeida, T. Y. Al-Nafouri, S. Al-Ghadhban () SNR Estimation in Fading Channel 20 June 2010, Marrakech 17 / 21



Simulation Results Analysis

ANALYSIS: SNRESTIMATION

MSE OF THE SNR ESTIMATION VERSUSfdT
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Exact CRB−fast fading Jakes model

ML estimator−fast fading Jakes model−Low SNR approx

Approx. CRB−fast fading Jakes  model−Low SNR approx

ML estimator−fast fading AR1 model−Low SNR approx

Exact CRB−fast fading AR1 model

Approx. CRB−fast fading AR1 model−Low SNR approx

Exact CRB−slow fadingl

FIGURE: Exact CRB(ρ) with a fast fading and its approximations for the Jakes
and AR1 correlation model, CRBSlow(ρ) and estimated MSE E(ρ̂ −ρ)2 given
by the ML estimator, versus fdT for SNR= −20dB and N = 200.
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Simulation Results Analysis

ANALYSIS: SNRESTIMATION

MSE OF THE SNR ESTIMATION VERSUSSNR
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ML estimator−Slow−fading channel

ML estimator−fast−fading AR1 channel−High SNR approx.

ML estimator−fast−fading AR1 channel−Low SNR approx

ML estimator−uncorrelated fading channel
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FIGURE: Exact CRB(ρ) with a fast fading, CRBSlow(ρ), CRBUncor(ρ) and
estimated MSE E(ρ̂ −ρ)2 given by the ML estimator, versus SNR for N = 200.
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Conclusion

CONCLUSION

DA CRB for SNR parameter over time variant flat Rayleigh fading channel:

Modelisation of the flat fading channel using the well-known Jakes’
model and using an AR1 model.
Analytical closed-form expressions for the CRB over correlated,
slow and uncorrelated flat fading channels.
Analytical approximate expressions for the CRB on SNR estimation
for low and high SNR.

Data-aided ML estimation for SNR parameter:

Derivation of the DA ML SNR estimators for slow fading and
uncorrelated fading channel.
Two approximate solutions of DA ML SNR estimators for high and
low SNR in the case of fast-fading channel.
The dependence of performance on the channels time variation.

The simulation and theoretical results show good agreement.

Perspectives: extension to NDA estimation, and in the case of unknown channel
parameters, ...
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