Chapter 7. Random Process — Spectral Characteristics
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1. Power density spectrum and its properties

2. Relationship between power spectrum and autocorrelation function
6. Some noise definitions and other topics

7.1 Power density spectrum and its properties

Goal: Find the frequency component of RP X(t).

For deterministic signal x(¢) it is simple
Fourier transform X(w)= .ro x()e " dt

You can also get the time domain representation of the signal using
1 o ,
Inverse FT x(t)=— J. X(w)e'"dw
2 I

This is not the case with RP X(t). Why?
How to find the frequency spectrum of RP X(t)?




7.1 Power density spectrum and its properties

x(1), -T<t<T
x (1) = 0 o/w

Assume _[_TT|xT (t)|dt < oo, for all finite 7.

@ —jor T —jor
X, (0)= j_wa(z)e ot = j_Tx(r)e dt

Energy contained in x(¢) in the interval (-7,7") / Energy saving property

® ) T ) I (= 2
E(T)= j x, (0 dt = j_Tx(r) di=— j_x|XT(a))| do

average power in x(¢) over the interval (-7,7)
2
P(T)= LJ.T x(t)*dt = LJ"D |XT (w)| do *<_ Power=Energy/time
2T °-1 2 9=~ 2T

7.1 Power density spectrum and its properties

For a RP X(t), we find the average power using the same equation as *
but with two modifications:

1. We take the expectation of X(t) to include all possible sample values.
2. We let T infinity to cover the whole time domain

power density spectrum
Thus we can write the average power of RP X(¢) as

T - E X 2
Po =limas [ ELYO ] == [ HX @1,

Mol 27 -5
_ 2 .
Py = AELX()'1) P =3[ S (rdo
. E[|XT (a))|2] Power Density Spectrum
Sy = hmT <— Power Spectral Density
[ox PSD




7.1 Power density spectrum and its properties

Py = A{E[X (1)’ ]}
wss. = P, =R, (0)

Example 7.1-1: X (1) = A4,cos(w,t +©) O --uniformly distributed on (0,%)

E[X(t)*] = E[4; cos’ (o t +©)] = E[ﬁ + %?cos(%oot +20)]

2 2 2 2
= é Az J. 2cos(2a)0t +260)d6 = A? +2is1n(2a)or + 26?)|
AL A4

=2 _sinRw, t
> T, Caoyt)

LA A A
o = A{E[X(1)*]} = hm j [ - s1n(2co0t)]dt >

7.1 Power density spectrum and its properties

Example 7.1-2:  X(f) = 4, cos(a,f +O)
X, (0)= J._TT A, cos(w,t +@)e™ " dt = J._TT 4, %[e*’Ge“’“’ +e %M e dt

— ﬁejGJ‘T e‘/(”}"_w)ldl‘+ﬁe_j®JJ e—j(a)o+a))tdt
2 - 2 -
_ AOTe"G sin[(w —,)T] N AOTe_J@ sin[(@ +,)T]
(o —o,)T (o +w,)T

r 1 r et —e Pt sin(B8T)
eP'dt =—e'” = =2T
I’T jB =T JB BT

E[|X, (o) ] .
S 1 —T power density spectrum




7.1 Power density spectrum and its properties

B o sin[(w —w,)T] _e sin[(w +w,)T]
Xr(@) =4 Te (o —w,)T +Ade (o +o,)T

o e SN@ =0T o sinl(@+o,)T]
X, (w) =ATe (@ —ayT + A, Te (@ +o)T

Tﬁmmwﬂ%ﬁhjﬁmmwﬂ%ﬁ]
(0-0,)T* (0+0,)T?

sin[(w —w,)T] sin[(o +@,)T]

(0 —wy)T (o +w,))T

X, (@) = X, (@)X, (@) =4[

]

+ AT (&7 +e770)

E[e’*® +e7/?®]= E[2¢c0s20] = FchosZ@d@ =zsin26? =0

o T
E[|X, (o)1 4z I sin’[(0 ~0)T] | T sin’[(o +o)T],
2T 2 7 (0-0)T° 1 (0+0,)°T?

7.1 Power density spectrum and its properties
)
T Ik=z  (C-54)
X

on ZSinz(aT)da—r Zsin2x 1

—o0

~ =1
- (aT)Z -0 71 x2 T (a)
Zsinz(aT) T if =0 (b)
r>o 71 (al)’ 0, ifa#0
. 2
@& ®b) = lim 3@ 500

T>w (aT)2
EllX, (@)1 _ 437
2T 2
_ip L 4
Pu =7 I_wSXX(w)dw - j_w 180 =) + 60 +0,)ldo ==

SXX(w)z;inl [6(@ —wy)+ (0 +0,)]




7.1 Power density spectrum and its properties

Properties of the power density spectrum:
(1) Sy (@)=0
2) X(@) real = S, (—w)=S,,(®)

(3) S, (@) is real E[| X, (@) ]

S, (@) =lim

| o ) o7
4 [ Su(@)do = AEX 0]}
s
PFof 2): X, (w)= J'_TTX(t)e‘«’””dt
X, (o) = I_TTX(r)*ef“”dr - j_TTX(r)e-fw'dr = X, (o)
S, (-») = lim E[XT(_CU)XT(_CU)*] — lim E[XT(W)*XT(W)] =S, (o)
T 2T T 2T

7.1 Power density spectrum and its properties

Properties of the power density spectrum

5) S, (@) =0Sy (@) %X(z‘)zlimX(Hg)_X(t)

>0 £
PF of (5):
. limX(Hg)_X(t), -T<t<T
X, (t)=1>0 <
0, o/w
f(t—a) <2 > F(w)e '™
. Jjog _
XT(t) FT 111’13 XT(w)e XT(a)) :]C()XT(C())
£ £
. 2
E|X, (o EljoX, (o) EIX, (o)




7.1 Power density spectrum and its properties
Bandwidth of the power density spectrum
X(t)real = S, (@) even

o2
Sy (@) lowpass form = ) __LOCU Sy (@)do

root mean square Bandwidth I_ Sy (@)de
[0S (@)do
jo S . (@)do
4.[000 (@ =3,)" S (@)de

[ S (@)do

S,y (@) bandpass foorm = o, = mean frequency

rms BW

W =

rms

7.1 Power density spectrum and its properties

10

Example 7.1-3: S (w0)=——— S (@) lowpass form
["Sp@do=]" —— j’”z 10sec’ @ d6
[T+ (@ /10) #/2[1+ tan’ 49
_j’”z 100 49— j 100cos> 6 do = j’”z 00159529 4o _ 50
=12 gec’ O 2
100?
25 (w)d —d =5000
[Lo*Su@do=[ 0+ @/107F " d
@’S . (0)do
W s I = =100
j S (@)do

ms BW =10 rad/sec




7.2 Relationship between power spectrum and
autocorrelation function

©) [ Sc@)e e = ARy (.0 +7)

S, (@)= J’i AR, (.t +7)le " dr

S (@) = lim E[XT(“;)TXT(“’)] = lim LE[IT X(eedr, [ X (1,)e ")
— jo (h—1y)
Pl‘}oﬁf j E[X (1) X (1,)]e” " d1,d1,
_;E?OEJ. J Ry, (1,,1,)e’ "2 dt dlt,
1 jot _ 1 Jo(t,—ty) jor
ZJ. S,y (w)e da)—g _m%Lwﬁf I R, (t.t,)e dr,dt, e’ do

‘%‘E&EI j Ry, (4.1, )—j 100 ot

7.2 Relationship between power spectrum and
autocorrelation function

CS(e " dt =1
§(t) FT 1 J-—oo
S(t) =LJ-® e’ do
72- —0
1 ® Jjot
2—[_ S (@) do —hm—j j Ry (4,,6,)8(z +1, —1,)diydl,

lim— " Rty + 2t =lim — JRH(tt+r)dt

=A[R,, (1,1 +7)]

ARy, (L1+7)] < S, (@)

S (@) = j“; A[R (6,1 + 7)) dr




7.2 Relationship between power spectrum and
autocorrelation function

X(@) wss. = A[R,, (1,t+7)]=R,(7)

Ry(t) <« S, (o)

S (@)= Ry (e dr

Ry (7) = i [ Sy @e"do

Example 7.

by Ex

o (T

x()e’™

1 25 275(w)

(@) =

7.2 Relationship between power spectrum and
autocorrelation function
2-1: X (1) = Acos(w,t +O)

2

6.2-1, R, (7)= icos(a)oz')

A\ N/
V,

s Xo-a) ®

Ai”[&(a)—wo)+5(a)+a)o)]




7.2 Relationship between power spectrum and
autocorrelation function

Example 7.2-2: X(t) - w.s.s.
7
1-—=1, -T<rt<T
Ry (7)= Al T]
0o ., elsewhere

_ @ —jort _ 0 1 -jot r _1 —-jot
S (@) =] Ry (v)e"dr = 4, j_T (1+)e " dr+ 4y jo (1=)e"dz
0 T\ —jor _ 0 o o _ T _1 213
I_T(1+?)e T dr = L a —?)ef (—dar) = jo a T)ef dr
r T Jjot —jor _ r T
S (@)= 4, jo (1= +e)dr =24, jo (1-1)cos(@r)d

v=1-+ = v':_—l u' =cos(wr) = u=lsin(a)r)
T T @

7.2 Relationship between power spectrum and
autocorrelation function

\\\\\\

sin(@7) !

Sﬂ(w>=2Ao<1—§> o |

L 24 J-Tsin(a)r) s /N
T 0 a) .on .en

-2 _COS(COT)F 24 [1-cos(wT)] o

T o |, T
) )
44, sin (az)T/Q) AT sin (a)T/22)
o’ T (0T /2)

= A,TSa*(wT /2)




7.6 Some noise definitions and other topics

white noise & colored noise N (¥)

Ry (@) F ()

No2, Nol2

(@) ©®)

white noise

i I: Syw(@)dw =0 = unrealizable

colored noise

7.6 Some noise definitions and other topics

band-limited white noise bandpass type

lowpass type

10



7.6 Some noise definitions and other topics

Example 7.6-1:  w.s.s. N(¢)

Ry (7) = pe

Sw(@)=[" Pe™ e dr

0 . ) .
= J P dr +IO Pe CHO7 gr
—o0

0 © 2}}’
= PLe@—Jfﬂ)f +P -1 e—(3+ja))r P
3-jo . 3+jo . : 1
1 1 6P | _

. + . = 2
3—-jo 3+jo 9+

7.6 Some noise definitions and other topics

X(D) ¥
Y (1) = X(1)A4, cos(a,t) Fex () (@)

Agcos (wel)

R, (t,t+7) = E[Y(1)Y (t +1)] = E[4; X () X (t +T) cos(@,t) cos(@,t + @,T)]
= Ry D eos(,7) 0520 +0,)] JL
X(®) ~wss. = Y() ~NOT wss. /| \e
ARy 110 = 2 R () cox(0)

Syy (@) :%?[SXX(CO — )+ Sy (@ +0,)]

11



7.6 Some noise definitions and other topics

Example 7.6-2:

Y(t)=X(t)A,cos(wyl)

Ny /2, |o+a,|<W,. /2
S (@) =N, /2, |o—ay|<W, /2

0, o/w

Nody /8, |0 +20,)|<Wpy /2
N, A2 /4, |o|<W,./2
O e
Nod; 18, |0 =20 | < W, /2
0, o/w
: N A 14, |o|<W,. /2
After lowpass filtering, Sy (w)=4""" | | R
s o/w
: 1 ¢#wl2 NyAy N, AW,
output noise power = — | —C0 g = 00 RE
27 /2 4 87
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