Chapter 5. Operations on Multiple Random
Variables
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5.1 Expected Value of a Function of Random
Variables

E[g(X. V)] =[" [ g(x.)fy, (x,y)dxdy
Elg0] =[2G fyyGoyydedy =[" g@)|” fiy (x.y)dvds

= [ g(0) fy (x)dx

E[g(XD”.’XN)] = J‘_w.”.[_wg(xl"”’xN)le"",Xy (xl’.”’xN)dxl ...de




5.1 Expected Value of a Function of Random

Variables
Ex 5.1-1:

N N N
E[g(X,, . X )] =E> o X,]=Y Ela,X,]= a,E[X ]
i=1 i=1 i=1
Joint moments
m,=EX"Y"]= LO Lo X"y [y (x, y)dxdy
my, = E[X] my, = E[Y] my, = E[XY]

Correlationof X & Y: Ry, = E[XY]=m,

5.1 Expected Value of a Function of Random
Variables
X &Y --uncorrelated < E[XY]
X &Y --orthogonal < E[XY]=0

E[X]E[Y]

independent = uncorrelated
<

ELXY]=[" " xfyy Geydedy = [~ 7 xuf () £, ()ededy

=" xfv x| yf, ()dy = ELX1ELY]
Ex 5.1-2:  E[X]=3 E[X’]=11 Y=-6X+22
E[Y]=-6E[X]+22=4
R, = E[XY]=E[X(-6X +22)]=-6E[X*]+22E[X]=0 = orthogonal




5.1 Expected Value of a Function of Random
Variables

R, = E[XY]# E[X]E[Y]=12 = NOT uncorrelated
Y=aX+b
E[XY]=E[X (aX +b)] = aE[X*]+bE[X]
E[X]E[Y] = E[X]E[aX +b]=a(E[X])’ +bE[X]
a=0 = E[XY]=E[X]E[Y] = uncorrelated

2
é=—w = orthogonal
a E[X]

ms; s =E[X13X22X35]

5.1 Expected Value of a Function of Random
Variables

Joint central moments
ty =E[(X -X)'(Y-Y)]
o =E[X-X]=0 Uy =E[Y-Y]=0
1y = E[(X - X)]=0 to, =E[(Y -Y)* =07
Covariance of X & Y: C,, =, = E[(X - X) (Y -Y)]

Cy =E[(X-X)Y-Y)]=E[XY - XY -YX +XY]
= E[XY]|- XE[Y]-YE[X]|+ XY =R,, — E[X]E[Y]

uncorrelated & C,, =0




5.1 Expected Value of a Function of Random
Variables
orthogonal = C,, =—E[X]E[Y]
Correlation coefficient of X & V':
Co _ My ZE{(X_X) (Y—?)}

p= =

CXY = pGXO-y

5.1 Expected Value of a Function of Random
Variables
pe Co :E[(X—X) (Y—Y)}

OxOy m Oy Oy

-1<p<1

uncorrelated < p=0




5.1 Expected Value of a Function of Random
Variables

Ex 5.1-3: X=§:aiX, ia’ _q
i=1 i=1

E[X]= E[ia,X,] = ﬁ:a,E[X,] X-E[X]= ia, (X, -X)

oy =E[(X-X)]= E{ﬁ:a,(X, —)?,.)iaj (X, -X)

= ZN:ialajE[(Xi -X)(X,-X))]= ﬁ:ﬁ:a,a]CX”X/

Jj=1 i=l j=1

(o i=j
X;°
CX”X] =

X, 's uncorrelated { )

N
2 2.2
o = 0'X=Ea,0'X
0, i # ] =

5.3 Jointly Gaussian Random Variables

-1 =X 2p(=F)0-T), 0-T)

_ 1 2| ot avoy ol }
Sey(x.) e
XYy > - >

2no,op4\1-p s

fX,Y(xay)SfX,Y()_(aY)
1

2rno o1 p

2

E[X]=X E[Y]=Y
E[(X-X)]=07
E[(X -X)(Y-Y)]= po o,




5.3 Jointly Gaussian Random Variables

(x=X)?
© 1 - 202
@ =] foreydy=-= e ™
fx I_wfx,y Ly \/ZO‘X
_-1y?
f;(y):waXY(x’y)dx:...: 1 e 20}
T \/ZGY
p=0 = fX,Y(xay) = fr () f ()
jointly gaussian & uncorr. = indep.
Ex 5.3-1:
Y, =Xcosf+Ysind Y, =—Xsinf+Y cosd

5.3 Jointly Gaussian Random Variables
Cyy, = Bl - 1)(Y, - 1)]
= E[{(X = X)cos@ + (Y =Y)sin@} {—(X — X)sin@ + (Y —Y)cos6}]
= (62 —02)sin@cosd +C,, [cos> O —sin® O]

=l(0'2—0'2)sin29+C cos2«9=l(0'2—0'2)sin20+p0' o, c0s20
2 Y X XY 2 Y X X-Y

0 = o=t [M}

1.y, 2
v 2 oy —0y




5.3 Jointly Gaussian Random Variables

x — X
_ ro ¢, G, C;
x-X=|x-X Cy=1Cy €y Cy
X3 — A3 G G, Gy
7 ( ) 1 =Y €T
X X, Xy)=—=¢€
X1.X5.X5 1°7%2>%3 N/2 1/2
Qm)"?|C,|
X
1 P
2 2
C. = O-Xl pO-Xlo-Xz C—l_ 1 O-Xl O-Xlo-Xz
- : T T - 1
POy Oy, O, P P
2
O-Xl XZ O-XZ

ICy|=03,0%,0-p")

5.3 Jointly Gaussian Random Variables
Properties of jointly gaussianr.v.'s X, X,, & X;:
1. 1st & 2nd moments = p.d.f
2. uncorr. = indep.

3. linear transforms of gaussian r.v.'s is also jointly gaussian.

4. marginal density fy , (x,,x,) is also jointly gaussian.

5. conditional density le»Xz‘ v (xl,x2|x3) is also jointly gaussian.




Recall: Leibniz’s Rule

sletG(u) = ff(;u))H(x, u)dx

* Then

dG(u) _ dpu) da(u) B (uw) 0H (x,u)
du —H[ﬁ(u),u]( du )—H[a(u),u]( du )+fa(u) au dx

5.4 Transformations of Multiple Random
Variables

One function Y =g(X,X,) Srx, (X%,)

FE0)=PlgX, X0 <yl= [ fiv (6.5, )dxdx,
g(x,x;y)<y

_ dr, (y)

K= 0

.. X,
Ex 5.4-1: positiver.v.'s X, & X, Y = ?
2

X DR YXy
FY(y)=P[?13y]=jo .[0 le,Xz(xlaxz)dxldx2 y>0

2




5.4 Transformations of Multiple Random

Variables
dF,
5= (y) J. 2fX,,X2 (yx,,x,)dx, y>0
Use Leibniz s Rule 5
Nt
0<x Syxz\

Line
X TYx,

gl
N

(=
o

5.4 Transformations of Multiple Random
Variables

Ex 5.4-2: Y =X +X; S x, (X1:%,)

F()=PlJX2+ X2 < y]= j [ Jy_ Frow, (1,3, )y, = j_yyl(y,xz)arx2

y —xz
I(y,x,) = J_mfx,,xz (%, X, )dx,

Using Leibniz s Rule

_dR () _ e AW e )
K ==g == 10D+ j_y ] e v

a“y’xz) = fo e (Y ) S




5.4 Transformations of Multiple Random
Variables

1= Fas,

y —
S I O I e
V=X

HW: Solve Problem 5.4-3.

B X} =2 pxxy+x7
203 (1-p°
e v (1=p%)

1

Ty, (%) = ————=
XX, W22 272_0_)2{ ,—l—pz
p=0 Y =JX2+ X}

= H()=?

5.4 Transformations of Multiple Random

Variables
Multiple functions d =T(X,.X,)= T(X,.X,)
¢ I, (X, X))
f)(,,)(2 (x;,x,)
le,YZ(yPyz)=fX1,X2(x1’x2)|J|
oT~' o1
- 0 0

et ) =l
% o Tz_l(ylayz) oT, 0T,
v,

jacobian

10



5.4 Transformations of Multiple Random

Variables
Ex 5.4-3:

Y, (T.(X,,X,) ]| [aX,+bX,| [a b X,
Y, T,(X.X,)| |eX,+dX,| |c¢ d] X,

B T (57,0) 1 [da -b]|»
1}=T1<y1,y2>= R ‘
% T, (0., ] ad=bel—c a ||y,

or™'  or!
dy,—by, —cy, +a
o, o, 1 lesz( 3%\ yz’ W Tdy,
J=| ‘= £ (v,y,)= ad—bc __ad —bc
or;'  or'| ad—bc el 2 |ad - b]
M

5.5 Linear Transformations of Gaussian
Random Variables

e e sxma
E[Y]=E[AX]= AE[X]
C, =E[Y-Y)Y-Y) |=E[AX -X)(X-X) 4"]
=AE[(X - X)(X-X)'14" =4C 4" = ¢, '=4"C, 4"
det(C,) = det(4)* det(C,)

1 =D O =T

Frn ) e P (o22) =7

11



5.5 Linear Transformations of Gaussian
Random Variables

le,Yz(ylayz |d (A)|fX1X2( _ly)
1 S AEY T =T
= e
Q27)"2|C, | |det(A)|

Ay-X)'C, (4 y-X)=(r-D)'47"C, A (y-T1)
=(y-0)'¢(y-1)

e el |

1 ST G

— e (gaussian)
(272_)N/2 |CY |

= f;/l,yz )=

5.5 Linear Transformations of Gaussian
Random Variables

Exss-l [R]_ [x_[1 -2y E[x,17 o
Ll Ul 3 4]y [E[Xz]}z{o}
CX:F 3} ] [EXT) [0
309 e ExG1) Lo
, {1 —2}[4 3}[1 3} {28 —66}
C,=AC, A" = =
3 413 9|2 4| |-66 252
_ G 66

0,0, 284252

= Oy =

=-0.786

»(y—? Y ¢y (v-T)
1/2

v,
Q2m)|Cy|

12



5.7 Sampling and Some Limit Theorems

sampling and estimation

2~ 1
Xy = _an -- estimate of average of N samples

estimator of mean of r.v. X
R 1 I.v.
Xy = NZ X, (sample mean)

5.7 Sampling and Some Limit Theorems

estimator of power of r.v. X X; = iZ:X 2

N A
estimator of variance of r.v. X oL = LZ( X,-X,)

(sample mean estimator is unbiased.)

E[X ZX]— ZEX] X

n=l1

E[)L(Az,]:E[%ZX Z;X]— ZZE[XX]

n=1 n= 1 m=1

=${NE[X2]+(N2 -N)X% =ﬁ{X X+ (N-DX) indep.

n=m = E[XX, ]=E[X] n#=m = E[XX,]=X

13



5.7 Sampling and Some Limit Theorems

O'; =E[(X, - X)|=E[X, -2XX, + X’ ]=E[X;]-X°

N

1 2 _ _2__2=i 2__2:1
= T+ (N =D X7 = X7 = {E[X]- X7

N
2 2
A _ s Oy - >1
P(|X, - X|<g|21-—r=1-— T
€ Ne (Chebychev's ineq.)

X, ——— X w.p. 1 (with probability 1)

Ex5.7-1:  £=0.05X N =50
P( ¢

X, -X

2
ol -
> -——&X _——>095 = X>4160c
<g)_0.95 = 50(0'05)-,)2 X

5.7 Sampling and Some Limit Theorems

' 1 & 2 1 & T 2
2 _ _— 2 o, =—— X -X
XN—N;X,] X N—lzzl"( n v)

E[)/(E 1= %ﬁ:E[Xj] = %i E[X]=E[X*]= X" (unbiased)

' ' N 2 N S S
E[a§]=%2E[<XW—XNY]:ﬁZE[Xj _2X, X, + X2
“ L=l 1 opa

N A N N N N N _
ZE[XW)?N]=ZE[XniZXm]=lZZE[XnXm]=X2+(N—1)X2
n=1 n=1 Nm:l N n=l m=l1

A e N P —
E[O_i]zNX 2{X*+(N 1]3/X1}+{X +(N-DX }=X2_X2=G)2(

(unbiased)

14



5.7 Sampling and Some Limit Theorems
Ex5.7-2: ElX]=4V oy =16
11 samples  (0.1,0.4,0.9,1.4,2.0,2.8.3.7.4.8,6.4,9.2,12.0 V")

sample mean

~ N
X, =%2Xn =%(0.1+0.4+0.9+~-+12.0) =3.973V
n=l

sample variance

| o )
ol :ﬁZ(Xn —X,) :%[(0.1—3.973)2 ++(12.0-3.973)°]
=1

=14.75V1"

5.7 Sampling and Some Limit Theorems

Weak Law of Large Numbers

lim P| X, —E[X]‘ <g]l=1, Ve>0

Strong Law of Large Numbers

P{]lvig;)?]v — E[X]} =1

15



