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4.1 Vector Random Variables

vector r.v.'s = r. vector
rv. X:S—>R rv. Y:S—>R

X 2
Z= y :S—>R r. vector

Ex: §={HH,HT,TH,TT} P({HH})=---= P({TT}) =%
X(HH)=2, X(HT)=1, X(TH)=1, X(IT)=0
Y(HH)=1, Y(HT)=-1, Y(TH)=-1, Y(IT)=1

P(X =2,Y=1)=P({HH})=0.25 Joint probability
P(X =1,Y =1)= P({HH,TT} " {HT,TH}) = P(¢) =0
P(X <1,Y >0)= P({TTYN{HH,TT})= P({TT})=0.25

4.1 Vector Random Variables

SJ
———————— ® (X(s2). T(s1)

Function X

4.1 VVector Random Variables

P(X <x,Y<y)=P(ANB)

1

Z=|"7*]:S>R"

Zy N —dim r. vector




4.2 Joint Distribution and Its Properties

Joint probability distribution function of X & ¥
Fy (x,»)=P(X Sx,Y <Y)
Ex 4.2-1:
P(X=1Y=1)=02  P(X=2Y=01)=03 P(X=3Y=3)=05
Fyy(21.3)= P(X <2,V <1.3) = P[{(1,1),(2,)}] = 0.2+ 0.3=0.5
P =1)=P[{(1.1),(2,1)}]=0.5 P(Y =3)=P[{(3.3)}]=0.5

P(X =1)=P[{(1.1}]=02  P(X=2)=03 P(X=3)=0.5

FXI_’XzﬂX}(xl,xz,x3) =P(X, <x,X,<x,, X;<x,)

4.2 Joint Distribution and Its Properties

Properties:
(1) Fyy(=0,=0)=0, Fy,(=0,y)=0, Fy,(x,—0)=0
(2) Fyy(0,0)=1
(3) 0<F,,(x,y)=1
(4) Fy,(x,y) -- nondecreasing function of both x & y
(5) P(x,<X<x,,y,<Y<y,)
= Fyy (0, 00) = Fy y (31, 0,) = Fy y (65, 0) + Fyy (3, 37)

(6) Fyy(x,00)=Fy (%) Fyy(0,y)=F,(») marginal distribution
Fyyzw(x,00,2,00) = Fy ,(x,2)

4.2 Joint Distribution and Its Properties

Ex 4.2-2:
P(X=1Y=1)=02  P(X=2Y=1)=03 P(X=3Y=3)=05

Fyy (x,¥)=02u(x—Du(y—1)+0.3u(x = 2)u(y —1) + 0.5u(x = 3)u(y - 3)

marginal distribution

Fo(x)=Fy ,(x,0)=0.2u(x-1)+0.3u(x—2) +0.5u(x - 3)

F(»)=Fy(0,)=02u(y—-1)+0.3u(y—1)+0.5u(y-3)
=0.5u(y-1D)+0.5u(y-3)

4.3 Joint Density and Its Properties

Joint probability density function of X & ¥V

B 62FX’Y (x,»)
fXJ('x’y)_ axay
Properties:
(1) fey (5,2)20 @ [ [ ferCoy)drdy =1

G) Fey ) =[" [ fey(&.é)dédé,

@ F=[" [ fo@.épdsds, RO =] [ fiy(&.8)déds,




4.3 Joint Density and Its Properties

(5) Py <X <,y <Y <p) = [ [" £y, (xp)dedy
©) fr(x)= f vy (x,)dy marginal density function of X

L= feyx )

dF, (x) dary (y)
X)=—"" =T
Sr)==10 ;) dy
Ex4.3-1: becosy, 0<x<2&0<y<m/2
fx_y(xay)z
0, elsewhere
b=2?

4.3 Joint Density and Its Properties

_Ec J.i Sy (2, )dxdy = .[0”/2.[: be™ cos y dxdy = bjoz e’xdx.[oﬂ/zcosy dy
=b(1-e7)=1
1
1-e?

marginal density

o 72 1 _x
fX(x)=Lf”(x,y)dy=jﬂ be "cosy dy=———e”, 0<x<2

= b=

fy()’)=J:fx,y(x,y)dx:--=cosy, OSyS%

[\ fede=1 [" o)r=1

4.3 Joint Density and Its Properties
Ex 4.3-2: fX,Y (x’y) — u(x)u(y)xe—x(yﬂ)
marginal density
fy(x)= I:fX_, (x,y)dy =J.:u(X)u(y)xe”‘(y“) dy

=u(x)e™”

= u(x)xe’xj'we’xy dy =u(x)xe™ Le’xy
0 —x 0

L =] foryde= [ utuxe 0V dx - sen gy

o

_ u(y)J.:xe—x(yH) dx = —xu(y) )

e 1 —x(y+1)
+u —e "V dx=
y+1 (y)IU y+1

x=0

u(y)
(y+1)
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4.4 Conditional Distribution and Density

Conditional distribution of X, given event B

Fy(x|B) = P(X <x|B) = w
Conditional density
dFy(x|B)

fX(x|B)= o

fX,Y(x>y)
S )

Sy (X,9)
fX (x)

L()%0 = £y =y)= = fo @)

f)((x);to = fy‘)((y|x)=




4.4 Conditional Distribution and Density

vr (&, »)d
fur D) o[ erE e

F Gy == nEpdae=|" £, 5K

Ex44-20 £, (6 p) = uu(y)xe ™™

S (@) =u(x)e™

fy\x (,V|X) = —f,;;((x);)y) =u(x)u(y)xe™
f (x )/) fX (x)
d dy = Y _
I fy\x(,V|X) ly = _Lo f( ) IRe )j Sy (6, )dy = I

=1

4.4 Conditional Distribution and Density
Ex 4.4-1: discrete

2
P X =T
(x. ) 15
P(Y=y3)=P(x1,y3)+P(x2,y3) )
_2
15 I
P(x,, 4
P(X=x1|Y=y3)=M=-—
P(Y=y3)
P(X=x2|Y= ¥, _ P(x,, J’3)=
S P(Y=y) 9

4.4 Conditional Distribution and Density
B={y, <Y<y}

P <3y, <V <y L [ S Gy
Py, <¥Y<y,) jv [” fep(&pracdy

_ Fx,y(xayb)_Fx,y(xaya)
Fy(yb)_Fy(ya)

Fe(x|y, <¥Y<y,)=

dFy (x|y, <Y <y,) J')) Fey(y)dy
“ [T rercyacdy

fX(x|ya <Y<y)=

4.4 Conditional Distribution and Density
Ex443:  fo,(y)=u@u)xe " f(x|y<y)=?

[ feredyde [ frr(nd)dé

fX(x|YSy)= —
[ fo@ndedy  BW)
u(y)
Sy )—( o)
F»=] P b BT S

(§+1) §+1|50 y+l o y+l

[ frred)dé =u@)| xe™¢VdE =u(x)e“(1-¢™), y>0




4.4 Conditional Distribf%!gm and Density

1.0

fX(x|YSY)

=u(x)y—+1e'x(1—e'xy), y>0 o8|
Yy

= u(x)u(y)yTHe’x (1-e™)

4.5 Statistical Independence

X &Y -- independent
& P(XEx,Y<y)=P(X<x)P(Y<y), Vx,y

< FX,Y(st)zFX(x)Fy(J’)

St fX,Y(x>y) = fe () f, (»)

X & Y -- independent =
PX<x,Y<y) Fo,(ny) FWMEQ) _
P(Y <y) £O) £ )

Fir) _ £,04,0)
e Aw Y

Fy (x)

FX(x|YSy)=

S =

4.5 Statistical Independence

—x(y+1)

Ex4.5-1: Sy (X, ) =u(x)u(y)xe
u(y)

v+

for = f(0f,(») = X &Y - NOT independent

fr() =u(x)e™ S =

Xy

Exd2 )= Suu(e

e e by Lue’
fX(x)=J‘ﬂ Eu(x)e e dy—4u(x)e
fX,Y(xa,V)zfX(x)fy(y) =

© 1 <21 -
HO) _.[0 Eu(y)e te tdx _gu(y)e X &Y --independent

19

4.5 Statistical Independence
X,Y,& Z --independent = fX,Y,z (x,,2)= fy (X).fy ()13 (2)

= g(X) & h(Y,Z) -- independent




4.6 Distribution and Density of a Sum of
Random Variables ,
W=X+Y X & Y --independent

fW (w)=?
E,(W)=PW <w)=P(X+Y <w)
= [T fer o)y

[ £ )y

[ A0 A

S0 =T [ (001, (0= 3= £, 00 £ )

4.6 Distribution and Density of a Sum of
Random Variables

Ex 4.6-1: W=X+Y X & Y --independent
1_ e—as 1_ e—bs 1_ e—as _ e—bs + e—(a+b)s
W) =fiW*f,(w)=? = 5
as bs abs
1 l_e—aS
Sr (x) =—[u(x)-u(x-a)] ©
a as
1 l_e—bs
Jfr(x)= Z[u(y) —u(y->b)] PN
bs

Jw (W)= ib[wu(W) —(w—a)u(w—a)—(w-bju(w->b)
a
+(w—a—-b)u(w—a->b)]

4.6 Distribution and Density of a Sum of
Random Variables

T >

Cad

(€23}
S Gy

[€=>)

4.6 Distribution and Density of a Sum of
Random Variables
Y=X+X,+X,

f){,,)(z,)(3 (X, %,,%;) = fX, (xl)fX2 (xz)fx3 (x;)

= L= le(y)*sz(y)*sz(y)




4.7 Central Limit Theorem

Yy =X, +X,++X, independent

N

iid (indep. identically distributed)

o} = [(ﬁ(xn X)]]=E[(Z ]] EZZXX]

=1

=YY EXX )= ZE[X 1+ D EIXJE[X ]

i#]

ol = 2
Oy, =Noy

4.7 Central Limit Theorem

=YN—E[YN]=Z(X’_X’) 1

= X -X
WN O'Yv N % \/NO'X;( i ;)
]
E[W,]1=0 Ey]=1

Central Limit Theorem:

lim ,, -- gaussian with zero mean and unit-variance

N—xo

PF:

o

lim @, (@)= lim [ ]==e *

4.7 Central Limit Theorem
Ex4.7-1: W=X+X, iid
10F

fu()= %[u(x) —u(x-a)]

£ 0 =Lt
a a

gaussian approx.=

_(w-a? = ‘

Gaussian approximation
\/E ¢~ Or-aiay)
T

afy(w)

1

(@ /3)

a*/3

4.7 Central Limit Theorem
Yv=X+X,+-+X,

For not iid case, central limit theorem still holds under some conditions.
independent & not identically distributed = (4.7-1)

not independent = (Cramer, 1946, p.219)




