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Chapter 10 Sinusoidal Steady-State Power Calculations

In Chapter 9, we calculated the steady state voltages and currents in electric circuits
driven by sinusoidal sources.

We used phasor method to find the steady state voltages and currents.

In this chapter, we consider power in such circuits.

The techniques we develop are useful for analyzing many of the electric devices we

encounter daily, because sinusoidal sources are predominate means of providing electric
power in our homes, school, and businesses.

Examples are:
Electric Heater which transform electric energy to thermal energy
Electric Stove and oven
Toasters
Iron
Electric water heater
And many others

10.1 Instantaneous Power
Consider the following circuit represented by a black box.

i)

— it)=I1pcos(at + 0 )
+

V() V()= Vcos(at + 4 )

The instantaneous power assuming passive sign convention
( Current in the direction of voltagedrop + 0O — )

pt)=v @)i(t) (Watts )

If the current is in the direction of voltage rise (—[J+) the instantaneous power is:

i PO=-—vOIO)
i(t)




i)

— it)=Iycos(at + 6 ) i(t)=1,cos(at )
= V()= Vncos(at + 6 - 6)

+

v_(t) V()= Vncos(at + 6 )

pt)=v®)it) ={Vncos(at + & — 6 )XIncos(et)}
= Vpylgcos(at + 4 — 6 )cos(at)

Since 1 1
COS(COS ﬂ:acos(a— ﬁ)+5cos(a+ A
Therefore
pt)= Yrlmcos(@ - ) + Vnlmcos2at +4, - 9)
2 i 2 i
Since

cos(x+ fB)=cosacos — sinasinf

‘ cos(2at +&, — 6)=cos(d, — 6 )cos(2at)-sin(q, — 6 )sin(2at)

) pt)= \%cos(@ -6)+ %cos(a, - 6i)cos(2a)t)—vm2|m sin(@, — 8,)sin(2at)

i)

T | i(t)=1,cos(at )
v (t) V()= Vncos(at + & -6 )

p(t)= %cos(&(, - 0)+ %cos(@ - ¢9i)cos(2a)t)—%sin(a, — 8)sin(2at)

You can see that that the frequency of the Instantaneous
power is twice the frequency of the voltage or current
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10.2 Average and Reactive Power

Recall the Instantaneous power p(t)

p(t)= \%cos(@ - 0)+ \@cos(@ - Q)cos(za)—%sin(a, — 8)sin(2et)

pt)= P + Pcos(2at)—Q sin(2at)

where
pP= \%cos(@ -6) Average Power (Real Power)
Q= %sin(@ -6) Reactive Power

Average Power P is sometimes called Real power because it describes the power in
a circuit that is transformed from electric to non electric ( Example Heat ).

Itis easy to see why P is called Average Power because
1 to+T 1 to+T
T—J. p(t)dt :T—J. {P + P cos(2wt)—Q sin(2wt )}dt =P
t

to 0

Power for purely resistive Circuits

pt)= P + Pcos(2at)—Q sin(2at)

q =6, -P:lemCOS(Q,—Hi) =Vm2|mCOS(O) _Valn

2 2
Vol i Vilmsin) = Vil
Q= “zymsin(@ - §) = ~2,msin(0) =0
3
5 20
_Valn o Vala 8 P
) plt)= mT + mTcos(Za;t) 5 i
&
S 1P
Vil ‘/E/(:—
2 2
£ 0 L L 1 J
-5 0 0005 001 0015 002 0025

Time (s)
The instantaneous power can never be negative.

mmm)  Power can not be extracted from a purely resistive network.
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Power for purely Inductive Circuits  p(t)= P + P cos(2at)—Q sin(2at)
4=6+90° m) 4, -0=90° ) P= %cos(&, - 0)= \%cos(goo)-

mm) 0(0)= - Ynlnsina) Q= YJmsin(@ - 6) = Yol msin(90°) -
Valn

2
. Q(VAR)/

P (W)

The instantaneous power g(t) is continuously
exchanged between the circuit and the source
driving the circuit. The average power is zero.

When p(t) is positive, energy is being stored in
the magnetic field associated with the inductive

element. 05 -

P (W)

_0-5 \/ \/

T 7 I I J
The dimension of reactive power Q is the same 0 W05 001 0015 002 0025
as the average power 2. To distinguish them we Rimcies)

use the unit VAR (Volt Ampere Reactive) for Vol

reactive power.

When p(t) is negative, energy is being extracted
from the magnetic field.

The power associated with purely inductive
circuits is the reactive power Q.

Instantaneous, average and reactive power

Power for purely Capacitive Circuits p(t)= P + Pcos(2at)-Q sin(2at)
0,=6,~90 wm ¢, —0,= ~00° mmp p = Vrincos(q - )= Yy cos(-90°) ED
Vilm ai Voalna
) P(t):szlm sin(2at) Q= “mymsin(g - §)= Tmsm(_goo-

The instantaneous power g(t) is continuously Vol

exchanged between the circuit and the source / 2
1.0 -

driving the circuit. The average power is zero.

8
. . . . . S
When p(t) is positive, energy is being stored in g
the electric field associated with the capacitive 2 pW)
element. g 03
. . o 5 P (W)
When p(t) is negative, energy is being extracted & 0
from the electric field. &
The power associated with purely capacitive g —051
circuits is the reactive power Q (VAR). g B 0 (VAR)
3 _
g L
g
§ _15 1 L 1 I I
49 0 /0005 001 0015 002 0025
Vil Time (s)
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The power factor
Recall the Instantaneous power p(t)

pt)= szlm cos(d, — 0.) + szlm cos(4, — Q)cos(Za;t)—V m2|m sin(d, — 6)sin(2at)

P aT/‘érarge P stvéralge - Q reactive
powe powe power

=P + Pcos(2at)-Qsin(2at)

The angle ¢,— 6; plays a role in the computation of both average and reactive power

The angle 6,— 6; is referred to as the power factor angle

We now define the following :

The power factor pf=cos(@ - 0)
The reactive factor rf=sin(@ - 0)
The power factor pf=cos(@ - 0)

Knowing the power factor pf does not tell you the power factor angle, because
cos(, — 6,)=cos(6, -4 )

To completely describe this angle, we use the descriptive phrases lagging power factor
and leading power factor

Lagging power factor implies that current lags voltage hence an inductive load

Leading power factor implies that current leads voltage hence a capacitive load
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10.3 The rms Value and Power Calculations

Assume that a sinusoidal voltage is applied to the terminals of a resistor as shown

L
+

V. cos(at +0)) § R

—]

Suppose we want to determine the average power delivered to the resistor

2 .

to+T to+T {V cos(at+0 )} 11 (T,

lej p(t)dt :lJ' im____ v/, = V) gt _R-TL V “cos”(at +6 )t
i

0 0

1 tot+T .
However since Vims= j V “cos(at+6 )dt
t m Vv

T 0
Vi 2
- P=_ms If the resistor carry sinusoidal current P =RI2,
R

Recall the Average and Reactive power
szimzlmcos(@— ) Q:V—mzlmSin(@— 4)

Which can be written as

— lem _ - lem i — 6
P= \/Ex/ECOS(a/ 0|) Q \/E\/ESIH(@ 9|)

Therefore the Average and Reactive power can be written in terms of the rms value as
P:Vrmslrmscos(@_ 9,) Q:VrmslrmsSin(@_ 9,)
The rms value is also referred to as the effective value eff

Therefore, the average and reactive power can be written in terms of the eff value as:

P=V 4l qc08(6 - 6) Q=V 4l qsin(@ - 6)
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Example 10.3

10.4 Complex Power

Previously, we found it convenient to introduce sinusoidal voltage and current in terms
of the complex number, the phasor.

Definition
Let the complex power be the complex sum of real power and reactive power

S=P+jQ

were
S isthe complex power
P isthe average power
Q isthe reactive power
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Advantages of using complex power S=P+jQ

— We can compute the average and reactive power from the complex power S
P=®{S} Q=3{5}
— complex power S provide a geometric interpretation

S=P+jQ =|s| e’

IS| Q
where (reactive power)
0
_./p2,~2 iscalled the apparent power
S1=yP?4Q pparent p >
(average power)
0 :tan‘l(%) :tanfl‘"V mlmcos(é - &) \:tanfl‘/ cos(@, - )]

=tan”!(tan(g, - §))= G- 6

— 1
power factor angle]

Valnsin@—8) " |sin@- )

The geometric relations for a right triangle mean the four power triangle dimensions
(19, A, Q, 0) can be determined if any two of the four are known.

Example 10.4
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10.5 Power Calculations

$=P+jQ=Ynlncos(q - ) + j Yrjmsin(a - )

:%[cos(@— 0) +j sin(g, - ¢9|)} :%e = Vel e

ig g _ 2
= Veffe Ieffe Veﬁleff
were ':ﬁ Is the conjugate of the current phasor |
Ieff
+ B - -
Vo Circuit
Also S :% VI

@] -6) | i€ -6)

Alternate Forms for Complex Power

Ieff

> The complex power was defined as

S=P+jQ

+ Cireu
Vi ircuit

C Then complex power was calculated to be

. e
S=Vegl: OR s=o VI

However there several useful variations as follows:

First variation

*

A

- 2 X2
Q_x“eff| _XIeff

1
_ 2 _ 2 — ipy2
=) P=R[l P =RIZ 2le

Icff * *
S=Verl o= @1 N =21l g

+
Vo Z=R+jX = R+IX =R P+ X1 P

- 2
—Z|Ieﬁ|

= Ixp
m

2
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Second variation *
vV V”® NV P
— *=\V [vﬂ] _ ff off _ ff
Icff: S Veffleff e 7 = ezi*e = ;*
+ 2 2
Vit _ Neﬁ_l _ I\/eftl R+jX _ R+jX 2
= R—-X R—-JX R+JX R2yx2 °f
R 2, X 2
= — +
ar e gVl
P Q
m p-_R vy p -_R vy -1 R _y:
R2+x2 R2+x2 T 2R24x2 "
__ X o = Xy _1 X 2
Q R2+X2Neﬁ| R2+X2 eff 2R2+x2 m
- _ R 2 2
If Z= R (pure resistive) X=0 ml) FP= RZix2 il = Ngfl Q=0
. X 2 NP
If Z=X (purereactive) R=0 mm) P=0 Q=—"=7N_F_ Derl
RZix2 ° X
Example 10.5 Line
- Load
10 jAQ
In the circuit shown a load having +'
an impedance of 39 + j26 Q is fed from a voltage 390
source through a line having an impedance of 1 + 250/0° v I
j4 Q. The effective, or rms, value of the source V (rms) - 26({
voltage is 250 V. B /
Source T Line +=— Load
a) Calculate the load current I and voltage V.
SOLUTION
a) The line and load impedances are in series 250 £0° )
across the voltage source, so the load cur- ‘ I = m =4-j3  rms because
rent equals the voltage divided by the total n the voltage is
impedance, or =3 L3687 A (rms) given in terms
of rms.
‘ VL = (39+ j26)I;, =234-j13 =23436 /—3.18° V (rms)
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I =4-j3 =5 /-3687° A (rms)

Vi =234- 13 =123436 /—3.18° V (rms)

Source } Line

b) Calculate the average and reactive power de-

livered to the load.
S=Vili =(@34-j13)(4+)3) A

Q =650 var

m) P=975 W
Another solution The load average power is the power absorbed by the load resistor 39 Q
V RIR
—_m _m = R |R
2 off eff

Recall the average Power for purely resistive Circuits
Avre the rms voltage across the resistor and the rms current through

where VR and IR
eff T the resistor

_VRIR = R|2
P=v"l —RIeﬂ

eff eff

IL =4—j3 =5 /-3687° A (rms)

Vi =234- 13 =234.36 /—3.18° V (rms)

=975 4 j650 VA

S=VLI} =(234—j13)(4 + j3)
=) P=975 W

Q =650 var

Line

Source

From Power for purely resistive Circuits
o

P otn Vala PG L
39 234,36913.18" _ 195ej36.87“ ‘Vei -195

39,
\

eff

VR = =
eff  39+j26 L 39+26

=(195)(5) =975 W

/R R
= P_Veffleff
-/ RIR _— R IR — R Y2 _ 2:3925=975W
BRI PV[1T =RIF)NE =ROF) = @9E)= (9C9)
i ; joz
\/ Inductor _ j26 vV = j26 234.368*1318“:130@
39+j26 L 39+j26

= —\/ Inductor | Inductor
Q=Veyler ™ Q Vet | off
I, =5
Inductor _ -1 — VAR Q= XI%2 =650 var
B Vo130 B Q=(30)(5)=650 OR i
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Line

40

10
L AM———
i

+V Line _
eff

250/0°
V (rms)

.
Source } Line

¢) Calculate the average and reactive power de-
livered to the line.

OR using complex power

I =4-j3 =5 /-3687° A (rms)

Vi =234- 13 =123436 /—3.18° V (rms)

=12 P=(5%1)=25W,
P=I2R =) (5)%(1)
Q=12x M) Q=574 =100 VAR
eff

eso) BRI V=20,

S = \/ Linep * \/ Line 1+j4
Line eff = eff eff (2+j 4)+(39+]) 26)
VL =206,39.1° V rms
eff
— Li * .
=) Stine= Ve Vot -206 /39.1° 5,36.87°=103 /75.97° =25+j100 VA

Load
IL =4—-j3 =5 /-36.87° A (rms)

plied by the source.

From part (c)
Loat= (25+ j100)

Line
10 40
_JWV_I'YW\.A.,__,__|

" [ w0

250/0° v Y VL =234 j13 =23436 /—3.18° V (rms)
V (rms) L Ly
26 Q2
Source f«——Line t+=— Load

d) Calculate the average and reactive power sup-

From part (0)_ ¢, 975)+ j (100 + 650)=1000+ ] 750 VA

+ (975+650)

Absorb: Line
=) SSunply: _SAbsorb =—(1000+j750) VA

BEl Soo” ~250,/ 00 (1%)= 250,/ 0 5 L 368 _ _150,/3687° VA
—_1000-j750 VA
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Example 10.6 Calculating Power in Parallel Loads

The two loads in the circuit shown can
be described as follows: Load 1 absorbs an average
power of 8 kW at a leading power factor of 0.8.
Load 2 absorbs 20 kVA at a lagging power factor
of 0.6.

a) Determine the power factor of the two loads
in parallel.

L =Li+0 §=Q@50 =250 +kh) =@500 + @250 =S+S5

—36.87° 8000(.6
SkW §1 = 8000 — j (8() ) = 8000 — 76000 VA
— V o
VA PEVAR
20 kVA

16 kKVAR 8> = 20,000(.6) + j20,000(.8) = 12,000 + 16,000 VA

12 kW

0050 J050Q
*—"M\ YY"\

~36.87°
+ -IJ- SkW - Sy = 8000 — _,80(()(;()6)
v 250/ VA PEVAR '
4 V (rms) %
. = 8000 — j6000 VA
I = I+ 20 kVA ;
s =hith 16 KVAR 2 =20,000(.6) + j20,000(.8)
TR = 12,000 + j16,000 VA
—36.87° 20 kVA 22.36 kVA
10kVA s KW

- § =20,000 + ;10,000 VA

= I;=20_‘0.09_;§6M=80+f40A I, — 80— j40 = 89.44 /—26.57° A

pf=cos(g, - 4) pf =cos(0+26.57°) = (.8944 lagging

The power factor of the two loads in parallel is
lagging because the net reactive power is pos-
itive.

1/30/2014

13



b) Determine the apparent power required to
supply the loads, the magnitude of the current,
I,, and the average power loss in the transmis-
sion line.

I, = 80— j40 =89.44 /-26.57° A

S, =8000-j6000 VA 5 =12000+ 16000 VA S =20000+ 10000 VA

The apparent power which must be supplied to these loads is

S|=/20000+ j10000| VA =22.36 kVA

The magnitude of the current that supplies this L] =180 — j40| =89.44A
apparent power is

The average power lost in the line results from Piine = |I; |2 R = (89.44)2(0.{}5) =400 W
the current flowing through the line resistance

Note that the power supplied totals 20,000 +
400 = 20,400 W, even though the loads require
a total of only 20,000 W.

= C?

¢) Given that the frequency of thesource is 60 Hz,
compute the value of the capacitor that would
correct the power factor to 1 if placed in paral-
lel with the two loads. Recompute the values
in (b) for the load with the corrected power
factor.

ill cancel this

As we can see from the power triangle

We can correct the power factorto 1 if we place a capgfitor in parallel with the existing load

- 2
the capacitive reactance o Veal” _

9y
2 I il
Recallthat x —_ 1  0=21(60=37699rads C=— = (37699625 =244 1F
aC

1/30/2014
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0050 Jj0S0Q
*—AN—— Yo
+ —

L 250/0°
Vs V (rms)

22.36 kVA s
. 10kvAR + [T10kVAR = 20kW
20kW
When the power factor is 1, the apparent
power and the average power are the same . IS|'=P =20kVA
The magnitude of the current that supplies this L] = 20,000 Z80A
apparent power is 250
The average power lost in the line is thus re- Pine = ILI’R = (80)1(0.05) =320W

duced to

Now, the power supplied totals 20,000+320 =
20,320 W

The addition of the capacitor has reduced the line loss from 400 W to 320 W

Example 10.7

V, = 150/0°V
V, = (78 - j104) V
V, = (72 +j104) V
V, = (150 - j130) V

I+ (—26— j52) A
L= (-2+j6)A
L= (-24 - jS8)A

a) Calculate the total average and reactive power
delivered to each impedance in the circuit

1., 1
Si==Vili —5(78-j104)(—26+j52) =1690+ j3380VA =P +jQ:

-—) PL=1690 W and Q.= 3380 VAR
. Vi § 2
Another solution P =R|lr[’ :% mm) P=()|L= (1)(, [(-26) + (_52)2) =1690 W
1 2
OR Ve=p (V) = p=MVel 1600w
J 1

1/30/2014
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V, = 150/0°V

V,=(78-j104)V I ¥ (=26 j52)A
Vo= (T2+j104)V I =(-2+j6)A
Vi= (150 - j130) VI, =(-24 — j58) A

.1 .
Sl:%Vﬂl =i(78—j104)(~26+j52) =1690+ j3380VA =P, +jQ:

‘ P =1690 W and Q.= 3380 VAR
i 2 ‘VR‘Z 2 2
Another solution P=R]|Ir| = = ) Po= (1)1 :(l)(«/(—26)2+(—52)2) =1690 W
1 — Vel
Vs =———(V: —IVRI
OR WR 1+j2( 1) Pi== - =1690 W

simitarty 0=xIi" = 4. mmp Q.= @I1f= o) ({20 + (-52) ~2OW
~ 2 vy o M _gagow

OR Wx

1+ ~

10.5 Maximum Power Transfer

Zm = Rm + jXm Zu=Ri+ XL

What is the value of Z, that will absorb maximum power

Recall

.5 Vi i
) =i"R; = ( _) R
" ' 4 T \RmtR )"
h R,

l 5 [ (R 2 Ry 2Ry +
dp '.’I-]‘[l m+ Re) Ry - 2( Ry, R,r):l -0

dR. (R + k)

[ R. = Rn.
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Similarly

Zm = Rm + jXm ZL=RL+jXL
. = Vm
load current Iis = R+ RO+ (Xm + X0)
. . 2 [Vml?RL
The average power delivered to the load is P = |I|"RL P= R T R? + (A 7 X2
3P —IVm[*2R (XL + Xm)
aXL  [(RL+ Rm)® + (XL + Xm)*]
9P [VPl(Re + Rm)? + (Xr + Xm,)* — 2Ry (RL + Rm)]
aRL [(RL + Rm)? + (X + Xm)??
aP/aXy iszerowhen XL =—Xm ) (7. =27y

aP/3Ry iszerowhen Ry — [RZ + (XL + Xm)2

\ =0 (since X, =—Xy,)
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