LECTURE OBJECTIVES

INTRODUCE the Z-TRANSFORM
Give Mathematical Definition

Show how the H(z) POLYNOMIAL simplifies
analysis

CONVOLUTION is SIMPLIFIED !
Z-Transform can be applied to
FIR Filter: hln]— H(z) n
Signals: x[n]— X(z) H(z)= Zh[n]z
I

-
More intuition on ZT-LT, s-plane - z-plane relationship
el = 2
w axis in s-plane (s = jw) & |z[ = [¢/T| = 1 - a unit circle in z-plan

G

dm
ju-axis lzl=1
s-plane 2-plane
e
LHP RHP
JAHP
LHP in s-plane, Re(s) <0 = |z el < 1, inside the |z| = 1 circle.
Special case, Re(s) =-w0 < [z =0.

RHP in s-plane, Re(s) = 0 = |z| = ¢*!] = |, outside the |z = 1 circle.
Special case, Re(s) =+ < |z| ==,

A vertical line in s-plane, Re(s) = constant < | e*/| = constant, a

circle in :—p]anc;/-

S

Some Intuition on the Relation between zT and LT

2(t) > X(s) = / Ca(t)etdt = £{z(t)}
— 00
Let t =nT . = o N [ oSTN =1
= IIIHIEJ uzz_m:z (nT)(es" )™ 1

x[n]
o0

— i T zln Irz'f‘ —-n
I'm»](} Z r[n](e®")
n=—og
The (Bilateral) z-Transform
e o]
z[n] «— X(z) = Z z[n]z™" = Z{a[n]}
n==—0o0
Can think of z-transform as DT
version of Laplace transform with

z =T

Properties of the ROCs of z-Transforms

1) The ROC of X(z) consists of a ring in the z-plane centered about
the origin (equivalent to a vertical strip in the s-plane)
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(2) The ROC does not contain any poles (same as in L7).




TRANSFORM CONCEPT

Z-TRANSFORM IDEA

Move to a new domain where
OPERATIONS are EASIER & FAMILIAR
Use POLYNOMIALS

TRANSFORM both ways
x[n]—= X(2) (into the z domain)
X(z)— x[n] (back tothe time domain)

POLYNOMIAL REPRESENTATION

x|n| h[n] _l'|H|I
3 H(z)= Zh[n]:_”

yln]

x|n| H(Z)

TR ] Mo MM IR

Z-Transform DEFINITION

POLYNOMIAL Representation of LTI
SYSTEM: H(z) = Z""[”]-'_”
i \

Z-Transform EXAMPLE

EXAMPLE: \ APPLIES to

Any SIGNAL

ANY SIGNAL has a z-Transform:
X(z)= Z.\'[n]_‘_”

i

Example 7.1

n n=—l1 —1 0 1 2 3 4 5 n=5

0

3

x[n] 0 O 2 4 6 4

X(Z) =7 X(z)=2+4z" +6z2 +4z° 227




— X(2)=1-2z"43z"-z27

0 n < (

EXPONENT GIVES 1 n =10
TIME LOCATION -2 n =1
_ ] 0 n =72

3 n =3

0] n =4

—1 n =>3

x[n]="? 0 n =3

x[n] = é[n] — 28[n = 1] + 36[n — 3] — d[n — 3]

Z-transforms of simple time functions
Unit sample function

1

0[;;]

0 otherwise

§[n] = { 1. it = C.'

A0 10

T
The Z-transform of the unit sample is

Z{(\[n]} = Z g"-[})]:_ﬂ = ;-O =1.

n——oa

for all values of z, i.e., the ROC is the entire z planea.

Z-Transform of FIR Filter

Z-Transform of FIR Filter

CALLED the SYSTEM FUNCTION

h[n] is same as {b,}

M M
nl=> bxln—k1= hlklxln—k]
k=0 k=0
| FIR DIFFERENCE EQUATION |

M M
nincnios| H(z)=Y bz ™* = hlk]z™
k=0 k=0

Get H(z) DIRECTLY from the {b,}
Example 7.3 in the book:

vln|=6x|n]-3x|n—-1]+x[n—-2]

(b} ={6,~ 5\\\

H(z)= bkz =6-—5z"" +z"

-2




Ex. DELAY SYSTEM

DELAY EXAMPLE

UNIT DELAY: find h[n] and H(z)

x| n| 5[” _ 1] v|n| =x|n-1]

H(z)= Z()‘[H 1z =z"

x|n| -1 v|n|
—_— ——

Z

UNIT DELAY: find y[n] via polynomials
x[n] = {3,1,4,1,5,9,0,0,0,...}

Y(2)=2z"'X(2)
Y(z)=z'G+z ' +4z 2+ 22 +5274 +927)

— _2 — -
Y(z)=020+3z L4 z24+423 4274452549776

i =0 0 1 2 3 4 5 [ =6

y[n]| 0 0O |3 |1 4 |1 |5 |09 0

DELAY PROPERTY

GENERAL 1/O0 PROBLEM

A delay of one sample multiplies the z-transform by z7°.

x[n — 1] = 2 'X(z)

Time delay of ny samples multiplies the z-transform by z

x[n — ng) — 27" X (2)

—Hy

Input is x[n], find y[n] (for FIR, h[n])
How to combine X(z) and H(z) ?
Example 7.5

x[n] =dn=1] = 8n = 2]+ dn = 3] = dn — 4]
and h[n] = 8[n] + 28[n — 1] + 3d[n — 2] + 45[n — 3]

X)) =0+ 7' =172 4127 =171
and H(z) = 1+27 14372 44773




CONVOLUTION PROPERTY

PROOF:
M
v[n] = x[n] * hln] = Zh[k]x[n — k]
M =
Yz) = Zh[k](z_"X(z]) MULTIPLY
k=0 Z-TRANSFORMS

M x
— (Zn[k]z-*) X(z) = H()X(2).
k=0

Convolution Property and System Functions

hin]  ——yn] = z[n] * An]

z[n]

Y(z) = H(z2)X(z), ROC at least the intersection of
the ROCs of H(z) and X(z),
can be bigger if there is pole/zero
cancellation. e.g.

1
H(z) = pr— |z| > a
X(z) = z—a, z#x
Y(2) = 1 ROCallz
oo
H(z) = Z h[n]z=™| — The System Function
Nn=—0oc

H(z) + ROC tells us everything about system

CONVOLUTION EXAMPLE

MULTIPLY the z-TRANSFORMS:

Example 7.5
x[n] = 8[n — 1] — é[n — 2] + 8[n — 3] — d[n — 4]

and h[n] = 8[n] + 28[n — 1] 4+ 38[n — 2] + 48[n — 3]

1274

X =0+1z' —1z72 41277 —
and H(z) = 14227 43277 44277

MULTIPLY H(2)X(z)

CONVOLUTION EXAMPLE

Finite-Length input x[n]

FIR Filter (L=4) TR
Z-TRANSFORMS

Yiz) = H(z2)X(2)

_—7

=142z " +3z "+ Dz =24z =2
=z (14220 24D (12 -3+ 9

+ (243 -+ (=3 4+ Dz + (=
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Unit step function

ee[n]

(] = 1 forn =0,
=Y 0 forn <0

-01 0 10

The unit step and unit sample functions are simply related.
d[n] = u[n] —uln — 1],

i.e., the unit sample is the first difference of the unit step func-
tion.

uUnit step function, cont’d

mn

uln] = Z &[m],

m=—o0

i.e., the unit step is a running sum of the unit sample.

-10 10
m

Unit step function, cont’d
The Z-transform of the unit step is

o

Z{uln]} = Z uln]z"" = z 2T — Z (:—l)u.

n=-—o0 n=>0 n=0

This is a sum of a geometric series of the form

=, 1
Y oa'= for |a| < 1.
l1—na

n=0
Therefore, the geometric series for Z{u[n]} converges provided
that |27!| < 1 or |z| > 1. Therefore,
Z{u[n]} L = for |2 > 1
LU = = Z R
1—z-1 z—1

Unit step function, cont’'d

Z{uln]} = 1_—1:_1 =- i T

The region of convergence is outside a circle of radius one called
the unit circle.

for |z] = 1.

Imaginary part
=)

-1 1

0
Real part

On the unit circle, = = & As we shall see, the unit circle in
the z-plane plays a role analogous to the jw-axis in the s-plane.




Causal exponential DT time function
If z[n] = a"u[n] then the Z-transform is

=] o 1

X)= Y o zMuqn] =) (u:_l)” =TT

n=—00 n=>0

The sum converges provided |az—1| < 1 or |z| > |a| so that

. 1
_\.(:) :ﬁ for |:‘ > |([|.

The region of convergence (ROC) of X(z)is |z| > |a|, i.e., outside
a circle of radius a.

Causal exponential DT time function, cont'd

Thus we have

) = 1
xz[n] = a"u[n] N N(z) =—— for |z| > |a].
1—az"1
g a=1.1 ; a=1 f a= 0.9
4
: I <
eI . . i
-5 0 5 10 15 5 10 15 -5 5 10 15
n n n
1 1 1
5 B =
g0 §ol. g0
E—W Oc] §-1 ROC E—'\ ROC

0
Real part

1 0
Real part

0
Real part




