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Image Enhancement:

Histogram Based Methods

What is the histogram of a digital image?

e The histogram of a digital image with gray values PN CTRAAN I

IS the discrete function

N
p(rk) =K
N

n,. Number of pixels with gray value r,

/7. total Number of pixels in the image

e The function p(r,) represents the fraction of the total number of pixels with
gray value 7.




e Histogram provides a global description of the appearance of
the image.

e If we consider the gray values in the image as realizations of a
random variable R, with some probability density, histogram
provides an approximation to this probability density. In other

words,
Pr(R=r) = p(r,)




e The shape of a histogram provides useful information for
contrast enhancement.
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>> clear;
[ix,map]=imread('Fig3_l5a.]jpg')’
imshow(ix)

figure;

ix=double (ix):

h=histogram(ix)

ficqure
steP(O:ZSS,h]:
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Histogram Equalization

e \What is the histogram equalization?

e The histogram equalization is an approach to enhance a given image. The
approach is to design a transformation 7(.) such that the gray values in the
output is uniformly distributed in [0, 1].

e Let us assume for the moment that the input image to be
enhanced has continuous gray values, with 7= 0 representing
black and r= 1 representing white.

e We need to design a gray value transformation s = 7(r), based
on the histogram of the input image, which will enhance the
image.




e As before, we assume that:
(1) 7(r)is a monotonically increasing function for 0<r<1
(preserves order from black to white).

(2) 7(r) maps [0,1] into [0,1] (preserves the range of allowed
Gray values).

S A

s =T(ry)

Output Sk

grayvalue

0 Vi 1 3

Input grayvalue
(normalized)




e Let us denote the inverse transformation by r= 71(s). We
assume that the inverse transformation also satisfies the above
two conditions.

¢ \We consider the gray values in the input image and output
Image as random variables in the interval [0, 1].

o Let p,.(nand p,,[S) denote the probability density of the
Gray values in the input and output images.




o If p,(n) and T(r) are known, and r= 7 (s) satisfies condition 1, we can
write (result from probability theory):

dr
S)=| p..(r)—
pout( ) |:p|n( )dS:|rT1(S)

e One way to enhance the image is to design a transformation
7(.) such that the gray values in the output is uniformly
distributed in [0, 1], i.e. p,,,(s)=1, 0< s<1

e In terms of histograms, the output image will have all
gray values in “equal proportion” .

e This technique is called histogram equalization.




Next we derive the gray values in the output is uniformly distributed in
[0, 1].

eConsider the transformation
r
s=T(r) :jo p,,(Wydw,  0<r<1

e Note that this is the cumulative distribution function (CDF) of p,, (r) and
satisfies the previous two conditions.

e From the previous equation and using the fundamental
theorem of calculus,

ds

il Pin (1) ]




e Therefore, the output histogram is given by

1
pin (r) r=T‘1(s)

e The output probability density function is uniform, regardless of the
input.

pout (S) — pin (r) ) — [1]I’=T_1(S) — 1, 0<s<1

e Thus, using a transformation function equal to the CDF of input gray

values r, we can obtain an image with uniform gray values.

¢ This usually results in an enhanced image, with an increase in the
dynamic range of pixel values.




How to implement histogram equalization?

Step 1:For images with discrete gray values, compute:

nk
pin(rk):F Ogrkgl 0<k<L-1

L: Total number of gray levels
n,: Number of pixels with gray value 7,

n: Total number of pixels in the image

Step 2: Based on CDF, compute the discrete version of the previous
transformation :

K
Sy :T(rk)zzpin(rj) O0<k<L-1 ]
i-0




Example:

e Consider an 8-level 64 x 64 image with gray values (O, 1, ...,
7). The normalized gray values are (0, 1/7, 2/7, ..., 1). The
normalized histogram is given below:

k i ne  p(ry)=m/n
0 0 790 0.19
1 1/7 1023 0.25
2 2/7 850 0.21
3 3/7 656 0.16
4 4/7 329 0.08
5
6
7

5/7 245 0.06
6/7 122 0.03
1 81 0.02

NB: The gray values in output are also (0, 1/7, 2/7, ..., 1).
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e Applying the transformation,

=T(r,)= Z P (1) we have

=T0)= B (r) = Palr) = 019—>/7

=T(r1)=Zpin(rj)=pin(r0)+pin(rl)=0-44—)%

2 .
s, =T(r)= Zpin("j) = P () + P () + p,, (1) = 0.65 _)%

=0

S%_T(rl) me(r) pm(rﬁ)+pm(} )+ +pm(r".) 081_}/

j=0

s, =T(r)= me("j) =P (i) + P (1) ++-+ p,, (1) = 0.89 — %

=0
5

SS =T(I’5)= Zpin(rj):pin(r0)+pin(rl)+“'+pin(rs)zo'gs_>1
=0
6

S6 =T(r) = 2P (1)) = Pu (1) + P () + 0+ piy (7) = 0.98 - 1
j=0

ST =T(r7)= ipiu(rj):pin(r0)+pin(rl)+"'+pin(r7):]-00_>1

i=()




e Notice that there are only five distinct gray levels --- (1/7, 3/7,
5/7, 6/7, 1) in the output image. We will relabel them as (5,

Sqs -+-s Sy )

¢ With this transformation, the output image will have

histogram

Sk
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p(sy)=m/n
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Histogram of output
ipnage
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>> clear
>> h=[0 790 0 1023 0 850 935 448]:;
400 + ] »> sten(0:7,h)
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e Note that the histogram of output image is only approximately, and not exactly,
uniform. This should not be surprising, since there is no result that claims

uniformity in the discrete case.
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Example

Original image and its histogram
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Histogram equalized image and its histogram
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e Comments:
Histogram equalization may not always produce desirable
results, particularly if the given histogram is very narrow. It
can produce false edges and regions. It can also increase
image “graininess” and “patchiness.”
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Histogram Specification

(Histogram Matching)

e Histogram equalization yields an image whose pixels are (in
theory) uniformly distributed among all gray levels.

e Sometimes, this may not be desirable. Instead, we may want a
transformation that yields an output image with a pre-specified
histogram. This technique is called histogram specification.




e Given Information

(1) Input image from which we can compute its histogram .

(2) Desired histogram.

e Goal

Derive a point operation, A(s), that maps the input image into an output
image that has the user-specified histogram.

e Again, we will assume, for the moment, continuous-gray values.




Approach of derivation

=H() = Gv=s=T(1))

Input image Uniform Output image
image

s=17(1) v=G(2)

A 4

A




e Suppose, the input image has probability density in p(r). We
want to find a transformation z= H (r), such that the probability density of the|ne
image obtained by this transformation is p,,(z), which is not necessarily unifgrn

e First apply the transformation
r
_ _ (*)
s_T(r)_jO p,,(Wydw,  0<r<1

This gives an image with a uniform probability density.

e If the desired output image were available, then the following
transformation would generate an image with uniform density:

V=G@)=| py(Wdw, 0<z<1 ¢y




e From the gray values v we can obtain the gray values z by
using the inverse transformation, z= G*(v)

e If instead of using the gray values v obtained from (**), we
use the gray values s obtained from (*) above (both are
uniformly distributed ! ), then the point transformation

=H(nN= G v=s =T(1)]

will generate an image with the specified density out p(z) ,
from an input image with density in p(r)!




k
s, =T(r)=>pPun(r) 0<k<lL-1
j=0

e For discrete gray Ievekls, we have

Vk:G(Zk):Zpout(Zj):Sk O<k<L-1
i=0

o If the transformation z, —» G(z,) is one-to-one, the inverse
transformation s, — G (s, , can be easily determined, since
we are dealing with a small set of discrete gray values.

e In practice, this is not usually the case (i.e., ) z, > G(z,) is not one-to-one)
and we assign gray values to match the given histogram, as closely as
possible.




Algorithm for histogram specification:

(1) Equalize input image to get an image with uniform gray values,
using the discrete equation:

K
Sy :T(rk)zzpin(rj) 0<k<L-1
i-0

(2) Based on desired histogram to get an image with uniform gray
values, using the discrete equation:

k
vV =G(z) =D Pou(z)) =5, 0<k<L-1
j=0

z=G (v=5)—> z= G [T(1)]
(3)




Example:

e Consider an 8-level 64 x 64 previous image.

k Fy nj p(rk ) = n,\./n
0 0 790 0.19
1 1/7 1023 0.25
2 2/7T 850 0.21
3 3/7 656 0.16
4 4/7 329 0.08
5 5/7 245 0.06
6 6/7 122 0.03
7 1 81 0.02
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k Zk p()ul(zk )
0 0 0.00
1 1/7 0.00
2 2/7 0.00
3 3/7 0.15
4 4/7 0.20
5 577 0.30
6 6/7 0.20
7 1 0.15
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e The transformation 7{/) was obtained earlier (reproduced
below):

r, =S5, nj p(Sk )

ry =58, =1/7 790 0.19
r s =37 1023 0.25
r,—s,=5/"7 850 0.21
ry,r,—s, =6/7 985 0.24
Pty =8, =1 448 0.11

e Now we compute the transformation G as before.




0
Vo =G(z)) = Zpoul (Z_,') = Pou(20)=0.00 -0

J=0

1
Vl = G(Zl)= Z;g)pou!(zj) = poul (ZO)+ poul(zl):O'OO_)O
]=

2
V?. ZG(Z2) = Zpout(zj) :pout(20)+pout(zl)+pout(ZZ) :OOO_>O

J=0

V; =G(z) = % Pou(2)) = Pou(20) + Pou (21) ++-
Vi =0(z,) = gpm (2,) = Pou(20) + Pou (7)) +++-
Vo= G(25) = 5 o) = Posa) P2+
Vo= 6(20) = 3, poa(2) = P )+ P2+

-
V7 = G(Z7) = Zpout(zj) = pout(ZO)+ pout(zl)+' T

j=0

+ Poa(2)=0.155 1

+ Pou(2,)=035 52/

+ Do (25) =065 3

+ Pon(2) =085 9/

+ Py (2,)=1.00 > 1




Compute z=G-1 (s), Notice that G is not invertible.

GY(1/7) = 3/7
GY(2/7) = 47

GL3/7)="?
GL4/7) =7
GL(5/7) = 5/7
GL(6/7) = 6/7
GL1)=1

0
V()=G(Z())=anm(z,i)=poul(z())=0'00_>0
=0
1
I',l :G(Zl)zzpout(zj):poui (ZO)+ poul(zl)zo'oo _>0
=0
2
VZ = G(ZZ): Zpout(zj) = poul(20)+p0Lll(Zl)+ poul(zl) :000_)0
Jj=0
3
V3=G(z3)=anul(zj)=pnul(20)+poul(zl)+'”+poul(z]-)=0'15_>%
j=0
4
l"4 = G(Z4)= anut(zj) = pnu((z())+pnlll(zl)+"-+p0ut(z4) =035 — %
J=0
5
VS=G(ZS)=Zpoul(zj)=pnul(20)+pout(zl)+...+pout(zﬁ)=0'65_)%
j=0

6
Ve = G(Zh)= _Zopoul(z,i) = Pou z())+ pout(zl)+"'+ pout(z(a) =0.85 _>%
J=

7
V? = G(27)= Zpout(z_j) = pnul(zﬁ)+lonlll(zl)+'.-+pnul(z'f) = 1‘00 _)1
J=0
J/




e Combining the two transformation 7and G, compute z=H(N=G

Nv=s=T{7)]

r 2T(1)=s 522G (8)=z r2z=H({)= G [T({)]
rp =0->1/7 Sp =022 rp =0-> G [1/7]=3/7
r, =1/7-2>3/7 | s, =1/7T23/7 r, =1/7-> G1[3/7]=2 4/7
r, =2/72>5/7 | 8, =2/T>4/7 I, =2/7> G [5/7]=5/7
r; =3/726/7 |$;=3/7T27 r; =3/7=2> G1[6/7]=6/7
ry =4/726/7 |s4=4/7T27 ry =4/7> G1[6/7]=6/7
rs =5/7->1 S5 =5/T->5/7 rs =5/7=2 G111
rg =6/7->1 Sq =6/726/7 I =6/72 G1[1]=1
r; =1->1 s;=1->1 r; =12 G1[1]=1




¢ Applying the transformation A to the original image yields an image with
histogram as below:

k Zk Hj ni/n Pout(Zk )
(actual hist.)  (specified hist.)
0 0 0 0.00 0.00
1 1/7 0 0.00 0.00
2 2/7 0 0.00 0.00
3 3/7 790 0.19 0.15
4 4/7 1023 0.25 0.20
5 5/7 850 0.21 0.30
6 6/7 085 0.24 0.20
7 | 448 0.11 0.15

e Again, the actual histogram of the output image does not exactly but only
approximately matches with the specified histogram. This is because we are

dealing with discrete histograms.

/




Original image and its histogram
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Questions !
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