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Figure 3.1  Construction of a periodic signal by periodic extension of g(z).
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Figure 3.10  Gate pulse and its Fourier spectrum.

G(w) =/ rect (—) e /¥ dt
o T

Since rect (¢/t) = 1 for |t| < t/2, and since it is zero for |¢t| > 1/2

t/2 )
Glw) = / e~ dr

/2

We have

’

_ __1_(6_14(01/2 _ gier/y _ 2sin (wt/2)

information by a single plot of G(w) shown in Fig. 3.10b.
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jw 3]
sin (wt/2) . ((/)I‘)
=T—— =r<73sinc [ —
(wt/2) 2
Therefore,
t . wT
rect <~) &= Tsinc (—) (3.17)
T 2
Recall that sinc (x) = 0 when x = =nm. Hence, sinc (wt/2) = 0 when

wt/2 = *nm; that is, when w = £2nmw/t (n = 1,2,3,--+), as shown in Fig. 3.10b.
Observe that in this case G(w) happens to be real. Hence, we may convey the spectral




ExampLE 3.3 Find the Fourier transform of the unit impulse 6 (7).

Using the sampling property of the impulse [Eq. (2.19a)], we obtain

FI8(1)] = / §(1)e~iv'dr = 1 (3.18a)
or
8(1) == 1 (3.18b)

Figure 3.11 shows é(r) and its spectrum.

| gn =8 G@) =1

0 11— 0 W—
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Figure 3.11  Unitimpulse and its Fourier spectrum.

ExampLE 3.4 Find the inverse Fourier transform of §(w).

From Eq. (3.8b) and the sampling property of the impulse function,

F )= L /00 S(w)e’® dw = x
27 J_wo 27

Therefore,
1
— <= §(w) (3.19a)
27T
or
] & 27é(w) (3.19b)

This shows that the spectrum of a constant signal g(r) = 1 is an impulse 276 (w), as
shown in Fig. 3.12.

The result [Eq. (3.19b)] also could have been anticipated on qualitative grounds.
Recall that the Fourier transform of g(7) is a spectral representation of g(7) in terms of
everlasting exponential components of the form e/®", Now to represent a constant signal
g(1) = 1, we need a single everlasting exponemial* e/@" with w = 0. This results in a




spectrum at a single frequency @ = 0. Another way of looking at the situation is that
g(t) = 1 is a dc signal which has a single frequency w = 0 (dc).

g =1 G(w) = 2rd(w)
— A

Figure 3.12  Constant (dc) signal and its Fourier spectrum.

If an impulse at w = 0 is a spectrum of a dc signal, what does an impulse at w = wy
represent? We shall answer this question in the next example.

ExAmPLE 3.5 Find the inverse Fourier transform of § (w — wy).

Using the sampling property of the impulse function, we obtain

1 [ . 1 .
F 8w - wp)] = ;);/ §(w— wp)e!” dw = Ee"“”

- o0
Therefore,
1.
Ee““" = §(w — wp)
or
e/ = 28 (w — wp) (3.20a)

This result shows that the spectrum of an everlasting exponential e/ is a single
impulse atw = wy. We reach the same conclusion by qualitative reasoning. To represent the
everlasting exponential e/“', we need a single everlasting exponential e/** with w = wy.
Therefore, the spectrum consists of a single component at frequency w = wy.

From Eq. (3.20a) it follows that

e/ = 278 (w + wp) (3.20b)

EXAMPLE 3.6  Find the Fourier transforms of the everlasting sinusoid cos wpt.

COos !t

HO) G(w)

AANAL -1 T
VARV SYATAV S

Figure 3.13  Cosine signal and its Fourier spectrum.

Recall the Euler formula

1 . .
cos wyt = —7-(6/“’0’ + e7/w0n



Adding Eqgs. (3.20a) and (3.20b), and using the above formula, we obtain
cos wot <= m[6(w + wp) + §(w — wo)] (3.21)

The spectrum of cos wy! consists of two impulses at wg and — wg, as shown in
Fig. 3.13. The result also follows from qualitative reasoning. An everlasting sinusoid
cos wo! can be synthesized by two everlasting exponentials, e/“*" and e~ /@' Therefore,
the Fourier spectrum consists of only two components of frequencies wy and —awo.

EXAMPLE 3.7  Find the Fourier transform of the sign function sgn  (pronounced signum 1), shown in Fig.
3.14. Its value is +1 or —1, depending on whether 7 is positive or negative:

1 >0

-1 r<0 (3.22)

sgnl:{

_ealu(_,) ........................................

Figure 3.14  Sign function.

The transform of sgn 7 can be obtained by considering sgn 7 as a sum of two exponentials,
as shown in Fig. 3.14, in the limit as a — 0:

t =i —al (1) — e u(—1
sgn 31_r>r(1)[e u(t) — e“u(=1]

Therefore,

Flsen 1) = lim { Fle™u()] = Fle"'u(=0))

1 1
= lim ( — — - ) (see pairs 1 and 2 in Table 3.1)
a—0\a+ jo a-—jw

-2 2
- nm( _ sz) S (3.23)
a—0\a- + w jw
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Table 3.1

Short Table of Fourier Transforms

&) G(w)
1 e~ %u(r) ! a>0
a+ jw
1
2 e u(—t) - a>0
a-jo
2
3 e—all\ % a>0
a® +w”
1
4 re”u(r — 0
“ @+ jo) °
ut n!
5 t"e™u(t —_— 0
T @+ jor °
6 8(r) 1
7 1 218 (w)
8 et 2m8(w — wyp)
9 cos wot [8(w — wp) + §(w + wp)]
10 sin wot jr(d(w + wp) — §(w — wyp)]
1
11 u(r) wé(w) + —
jw
2
12 sgnt —_
Jjw
. .
13 cos wot u(r) —[8(w — wp) + 8(w + wp)] + ,"w o
2 wy — w*
. b4 wo
14 sin wot u(t) —[6(w — wp) — 8(w + wy)] + —
2j 2 _ 2
. wo
15 e~ sin wor u(t ——— 0
wol u(t) (a+ jw)* + wj ‘=
16 e coswor u(t) —-——i—t%ai—-—; a>0
(@a+ jw)* +wp
t . T
17 rect(;) T sinc <—2—)
w w
1 — sinc (W t{ —
8 - sinc (Wr) rec (ZW)
t T ., [wT
19 A (;) 3 sinc (T)
w5 (W w
20 2—7; sinc <7) A (2_W)
21 8(t = nT) wp §(w — nwp) wy = =—
Py P 7

12752 _ 2
22 e o 2me w2
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