Chapter 7 The Laplace Transform

Consider the following RC circuit ( System)
R
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+
+

X (t) C T v)

System analysis in the time domain involves ( finding y(t)):

Solving the differential equation RC d%t(t) +y({t) =x(t)

OR
Using the convolution integral y(t) =X ('[)*h('[)

Both Techniques can results in tedious ( Ja« )mathematical operation



. * Rc%wa):xa)
X (t) -y (t)

O
I
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Fourier Transform provided an alternative approach

Differential Equation ‘ Algebraic Equation

RC d%t@) Ly @) = x () RC (j2xf )Y (F)+Y (f)=X (f)

solve for Y (f)
A —S)

Inverse Back ’ [(j 27fRC) + 1]

y(t)



+ W - Rc%wa):xa)
o c Ty RC(j2xf)Y (F)+Y (F)=X (f)
_ B Y(f)= X(f)

[(j27fRC) + 1]

Inverse Back
Y () t——t”

Unfortunately , there are many signals of interest that arise in system
analysis for which the Fourier Transform does not exists

A more general transform is needed



Fourier Transform pairs was defined

x(t):]ix (f )’ df X (f )=]§X(t)ej2”ftdt

Now mu_ﬁiply X (t) by et and takes the Fourier Transform

FT [e 'y (t)}:]ix (te “e'“d -=Tx (te “dt=X (o+j w)

0 0

Let s U o+]Jw Complex Frequency

o0

—> FT [e‘“tx(t)J:jx(t)e‘“d =X (s) U L{x()]

were L[ ] Denotes the operation of obtaining the Laplace Transform



7.1 DEFINITIONS OF LAPLACE TRANSFORMS

The Laplace transform of a time function is given by the integral

umm=mﬂ=ljmww

where ¥ - | indicates the Laplace transform

This definition is called the bilateral, or two-sided, Laplace transform—hence, the
subscript b

Notice that the bilateral Laplace transform integral becomes the Fourier transform
integral if s isreplaced by jo

The Laplace transform variable is complex s = o + jw

F(s) = / f(t)e orirgy = / (f(H)e” e Iodt

8

This show that the bilateral Laplace transform of a signal can be interpreted as the
Fourier transform of that signal multiplied by an exponential function e =



The inverse Laplace transform

. c+ o0
f“] — -f—][F(s}] = 2:_}] F(S}E"ﬂ ds where j _ ,\._—1
i r_—-_j'g.;.

where #7'[ -] indicates the inverse Laplace transform

» D0 (] 0o
Flf ()] = Fi(s) = / fyede = [ f(eoedr + L F()e™ dr

We define f(t) to be zerofor t <0
Lf ()] = F(s) = f(t)e™ dt

0
where J|[-] denotes the unilateral Laplace transform

This transform is usually called, simply, the Laplace transform , the subscript b dropped

f(t) <L F(s) Laplace transform pairs



Unilateral (single sided) Laplace transform pairs

f(t) <= F(s)

Ff(t)] = F(s) = f f(t)e ™ dt Forward transform

flt) =

)

. c+joc
'I"][F(s}] = 2}_}/ | F(S'}g'ﬂ {-? Inverse transform
i c— joc

s = 0 + jo

Complex domain

Because of the difficulty in evaluating the complex inversion integral

Simpler procedure to find the inverse of Laplace Transform (i.e f(t) ) will be
presented later

—

Using Properties and table of known transform ( similar to Fourier)




EXAMPLE 7.1 Laplace transform of a unit step function

= _—I[Iim e S — l}
0 5 [—00

__l i —(o+jo)t __1 i —jot
~m e -] Fllime e -1

ot

= » O —st
Flu(t)] = / u(t)e dt = / edt = ©
] 0

—5

-0 = o>0 =Re(s >0

region of convérgence (ROC)

For this to converge then Iim e~

Flu(t)] = % Re(s) = 0

j@
s domam
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EXAMPLE 7.2 Laplace transform of an exponential function

We derive the Laplace transform of the exponential function f(t) = e ™™

\ 00 00 E—[s+a}a‘ o 4
F{S} — / E—are—.ﬂdr — / E—f_s-l—a}.rdr _ _ lim E_{SJFH*” 1
! 0 —(s +a)lo s+ al| t—x

This transform exists only if Re(s + a) 1s positive

1

[ o] — + =
£le™] s+a Re(s +a) >0
Re(s) = —Re(a)
jo — - |
\ o N
s domain §Ta
%
Pole (s =—Re(a)) / e ot bsolute
/ Convergence A o

/ | P



A short table of Laplace transforms is constructed from Examples 7.1 and 7.2
and is given as Table 7.1

TABLE 7.1 Two Laplace Transforms

f@®.t >0 F(x)

u(r)

—di

€




L[ 5@) ] :Té(t)e “dt

Assuming the lower limitis 0~

t=0

L[ 5() 1 :Té(t)e“dt —e| =1

The value of S make no difference i
s domain

Region of Convergence

Region of Convergence




i )&_

Fl6(t — 1) = / 6(t — to)e V'dt = | = e

8(t — fy) <> e

We also can drive it from the shifting in time property that will be discussed later



We know derive the Laplace Transform (LT) for a cosine function

e}bf L oe bt
cos bt = _
2
F[cos bt] = 3[L[e] + F[e "]
Si —at l
Ince @ =5
s+ a

»Eﬁ br—l | N | _S+jb+s—jb: S
Heosbl =3 15— "5+ 6| 26 - jb)s + jb)_5* + 17

By the same procedure, because sin bt = (e/”* — e /7)/2j

F[sin bt] = L,[E:E[ef“] — P[] = ! L1
2] " 2j|s—jb s+ jb
s+ jpb—-—s+jb b
~ 2j(s — jb)(s + jb) | s*+ D’




74 LAPLACE TRANSFORM PROPERTIES

linearity Flayfi(t) + axf2(t)] = a1Fi(s) + axF(s)

HFW) = HUf10) + F0)] = ﬂ [110) + Fa(t)le

= l fi(t)ede + l fa()e™ dt

= Hf1(0)] + LLf20)] = Fi(s) + Fa(s)
Iafs(t)] = l afs(t)edt = a £ fs(t)e ™ = a¥[fs(1)] = aFs(s)

Flafi(t) + axfa(t)] = a1Fi(s) + axFy(s),



complex shifting Fle™f(t)] = F(s) = F(s + a)

§—5+da

Proof w
Lle™f ()] =[[e™f (t)ed t=£f (t)e "t

Let s*=s+a » L[e™™f (t)]:Tf te*'d =F(@*)=F(+a)

— S » —af — St «a
L[ cosat | = S24 o Fle™ ™ cos wyl] Gt apT

L[ sinot ] = @ » Lle™* sin wyl] = !
[Slna)() ] - Sz_l_a)oz 0 (S+ a)z " wg



Example

L[ cosaf ] =L| ‘e’ 4 e | = L [aies] + L [e-ien]
2 2 2 2

I -t — 1

Since L[ e-au(t) ] (o45)

Then jont ] — 1 —jot | — 1

Lie!|=_. Lle”']=, .
o) T e

Tcosat =1+ 1 41 1 S

25+jm)  20—ja) S+

C()O
“+ax

Similarly L[ sinapt | = .



Real Shifting
(), t=>0

Foyue) = {0 .

f(t—1), t=>1

Let t — tou(t — ty) =
f( 0)u( 0) {{}‘ f <t

where 1y = 0

The Laplace transform of the function

0

f@)
‘ N~
0 rﬂ

LIt — tult — 1)) = / f(t — tou(t — ty)e ™ dt = / f(t — to)e "dt
0 Iy

We make the change of variable (r — #5) = 7 - t=(t+ 1) dt=dr

PIf@ — tout — 10)] = £ | f(r)e " ) dr = e l | f(r)e dr

F?s)

SIf(t — to)u(t — t9)] = e "F(s)



EXAMPLE 7.4 Laplace transform of a delayed exponential function

Consider the exponential function

f(1) e
\ 5§ + a
5
5

f (t)=5 0% \ “ F(s) = <253

0

fi(t) = 5e 3Dyt — 2)

flt=2)u(t—2)
Se >

M @) 750 =F) =eFs) = s




EXAMPLE 7.5 Laplace transform of a more complex delayed function

Consider now the function  f,(¢) = 5% y(t — 2)
g\
5.

2744 |—————=

f(t)=5"0% ft)yu(t = 2) 4

‘ T

Se

—0.3¢

u(t —

|
|
|
|
|
|
0 2 [

(1) = 5 u(t — 2)

56—0.3! H[f . 2)[Eﬂ.3(2}€—ﬂ.3{2)]

— {SE—D.ﬁ)E—ﬂ.B[I—E}H{r _ 2]
= 274479302y (1 — 2)

2.744e7%

2)



EXAMPLE 7.3 Laplace transform of a unit ramp function

We now find the Laplace transform of the unit ramp function f(f) = ¢

St] = / te S'dt
0



EXAMPLE 7.6 Laplace transform of a straight-line-segments function

It is sometimes necessary to construct complex waveforms from simpler waveforms

f(

10 —

1. The slope of the function changes from 0 to 10 at¢ = 1: fir) = 10(t — Nu(t — 1)

2. The slope of the function changes from 10 to O att = 2: L) = fi(r) — 10t — 2)u(t — 2)
3. The function steps by —3 att = 2: f(t) = folt) — 3u(t - 2)

4. The function steps by =7 at¢ = 3:

f(t) = f3(t) — Tu(t = 3)
=10t — Du(t — 1) — 10(t — )u(t — 2) — 3u(t — 2) — Tu(t — 3)



f(

10 —

f(r)=10(t — Du(t — 1) — 10t — 2)u(t — 2) — 3u(t — 2) — Tu(t — 3)

Laplace transform of the unit ramp function f(r) = ¢

> 1
Ft] = / te™dt = 5 (See example 7.3)
0

Since FIf(t — to)u(t — ty)] = e ™ F(s) (Shift in time property)

10e™  10e® 3¢ T 10 — 10e™> — 3se > — Tse >*
F(s) = —F— = —5—— — = 5
5 5 § § 5



Transform of Derivatives

fvan=‘£ Ftye ™ di

We evaluate this integral by parts /u dv = uv — /'vdu

Evan=‘4 FOF i

/o

f(t), dv=edt

d —5t
»d _ f ’UZE
)

0o 'xd t — 5t
N / () e it
0 o dt S

- 1 \ 1 [Tdf(t)
= — | — i 5
(5) S [ 0+ f({}}] + SL‘ T tdt

: 1
Hf@] = F(s) = —f()e ™

. _E},,[df(r)}
» {ﬂ} = sF(s) — f(0) L odt

dt



dt

Proof

Integrating by parts,

o )

dt

=sk(s) —f (0)

CRIRICTI

u=e" dv(t)=df ()

= du=-se™ v(t)=f ()

b

J'udv = uv|’

a

a

b
- Ivdu

a



b b

udv = uvl|’ - [vdu
Joav =], =

u=e™ dv(t)=df ¢) du=-se” v(t)=f (t)

L_df t) ]‘3 [df (’t)}e q

- +sjf(t)e 'd

/

= e (o) O (o-)]+ sF() = sF(s) - f (0)

= %ﬁ & sF@) - f (0)




Consider the circuit shown

i 1H
[ X o
92 .
di(t) _ 4, t=90
4V = + =
T 248 dt 24(1) {0, t >0

i

Taking the Laplace transform of both sides starting at 1 = 0~

sl(s) —i0°) + 2I(s) =0

4
Assuming that the circuit was in steady state for ¢ < 0 ‘ i(07) = 5= 2

‘1<s)(s+2)—2=o ‘ 1(s)=sf_2 ‘ i(t)=2e"u(t)
B




Efdzf(t)_ . o o
T | = SISF(s) = F(00)] = £1(07) = $°F(s) = sF(0) = £'(0°)

where f'(07) is the value of df(f)/dt ast — 0"

d*f(t
f[—;i ) } = S°F(s) = $f(07) = sf'(0") = £(0)

where £”(0") is the value of d’f(t)/dt* ast — 0"

dﬂ,
“’P[ d]:f)} = §"F(s) — 5" 1f(0") = 8" 2f1(0) == sf" (0% — f D)

where f®(07) is the value of d'f(t)/dt' ast — 0"



%D & sF(s) - f (0)

%ﬂ & SFE) - st ) -

d’f

d'f
dt

t
3

t

" 2d ft)
Sdt

t

=0

n-1

— S
=0

oo - (t)

dt”

df (t)

dx (t)

dt

t =0

t=0

t

) d f ()

dt

d"f ()

dt"™

t



Integration

TE r — i
.i|:‘/£;f(1')d1':| = SF(S)
Proof
EP{/]C(T) d*r] = / .|:/.f(1'}d1':|€_ﬂ dt
0 0 0

We integrate this expression by parts

[
u= ‘/ﬂ' f(r)dr, dv = e “dt ot

|:ff(7)d1':| = — /f(T)dT
= —[0 — 0] + %F(s)

f |
E[/f(?)dT:| = iF{S]l
{] S

e
+— [ f(t)e Vdt
=0 SJo




EXAMPLE 7.8 Illustration of the integration property

Consider the following relationship, for ¢ = 0

t

fu{T)dT =T
0 0

| 1
The Laplace transform of the unit step function is 1/s Flu(t)] = 5 Re(s) = 0

=1

. _ p ! _l-;', —ll:i
Ft] = f.[lu{r) dT:| = S-fz[u{f]] 585§

which is the Laplace transform of f(t) = ¢



find the Laplace transforms of the following integrals:

t |
i{i|:/f(T)dT:| = iF(s)
0 §

e} -
L

£
{ [ i) - s
0 ) s((s—a)®+b?)

0 J (s+3)° s(s+3)°



Multiplication by ¢

dF
tif ()] =~

ds
Proof (See the book)
EXAMPLE 7.9 Illustration of the multiplication-by-r property
We now derive the transform of f(t) = tcost
Since

5
¥ bt] = ——=
leos bt] = 57

‘ F(tcos bt] = —i[%:l _ _'[S_ + b7)(1) — 5(2s)

(s> + bY)?

st — b?

(s* + b?)*



TABLE 7.2 Laplace Transforms

fit),t = 0 F(s) ROC
1. (1) 1 All s
2. u(t) % Re(s) = 0
1
3.t — Re(s) = 0
52
!
4. 1" o Re(s) > 0
§
1
5.e™ Re(s) > —a
s+ a
1
6. e ™ ( 7 Re(s) = —a
5+ a)y
n!
T.t"e™ ﬁ Re(s) = —a
s+ a)"”
b
8. sin bt Re(s) = 0
st + b ()
§
0. cos bt = Re(s) = 0
52 + b (s)
b
10. e ™ sin bt I —— Re(s) = —a
(s + ay* + b?
+
11. e cos bt % Re(s) = —a
2
(s +a)y +b
2b
12. tsin bt = Re(s) = 0
(s* + b7y
2 _ 2
13. 1 cos bt s b Re(s) > 0




TABLE 7.3 Laplace Transform Properties

Name Property
1. Linearity, (7.10) Flayf1(1) + aaf2(1)] = ey F1(s) + axFa(s)
- L arm .
2. Derivative, (7.15) & | sF(5) — F(O7)
- ML) St
3. nth-order derivative, (7.29) & | sF(s) — 5" A(07)
i —2‘1(0+) _ fl'ﬂ—1}(0+)
[ F(s)
4. Integral, (7.31) ¥ ff('r)dr =
| Jo
5. Real shifting, (7.22) FIf(t — to)u(t — 1y)] = € “F(s)
6. Complex shifting, (7.20) Fle™f(t)] = F(s + a)
7. Initial value, (7.36) lirEIl f(f)y = lim sF(s)
= a0
8. Final value, (7.39) lim f(t) = lin}} 5 F(s5)
=00 >
dF(s)
9. Multiplication by ¢, (7.34) Ftf(n] = s
. . e—.th".ﬁ 5
10. Time transformation, (7.42) (a = 0:b = 0) F[flat — bu(at — b)) = p F P
i
11. Convolution FF(s)Fa(5)] = /f](! — 7)fa(r) drT
0
i
= Af]('r}fg(i‘ — T)dT
12. Time periodicity FIf(D] = %F 1(5), where
— g ¥

,
[f(t)=ft +T)].t =0 Fi(s) = A f(He™ dt




7.6 Response of LTI Systems

Transfer Functions

Consider the following circuit

L
— Y Y Y ) )

X (t) <> 0 §R v ) output

C

We want a relation (an equation) between the input x(t) and output y(t)
t

KVL  x(t)= Ld:jf)+Ri(t)+éJ‘i(t')d't

dx(®)_, di’@) , i) , i()
dt dt dt C




L

— Y Y Y —

—

input T
X (t) f> i(t)>§R v (t) output

C
dx (1) _, di?@) , pditt) , i)
dt dt dt C

Writing the differential equation as

RC dX(t):LC dy “(t) n RCdy(t) +y(t)
dt dt * dt



L

— Y Y Y —

—

input T
X (t) f> i(t)>§R v (t) output

C

dx () _ dy °(t) dy (t)
R

Real coefficients, non negative which results from system components R, L, C




In general,

dy n(t dy n-L(t dx m (t it
2, @0 w2, T 4 ragy @) = by P b, O I by )

n

were a,'s , b, 's arereal, non negative which results from system components R, L, C

Now if we take the Laplace Transform of both side (Assuming Zero initial Conditions)

a,s"Y (5) +a,S"Y (8)+-+ay ) =b,s"X(S)+b,STTX(S)+ - +byX (5)

We now define the transfer function H(s) ,

HE) 0 L)) bus” b e b

(s) a,s" +a,;s"+-+a,

all initial conditions are zero



OO g O L gy = by X0 4y KO L

g dt " dt"™ dt
Y (S) bps™ +by ™t 4+ by N (s)
1)
H @) o X (S) as" +a, 5" t+-+a, D(s)

Since a,s ,b,'s arereal, non negative

The roots of the polynomials N(s) , D(s) are either real or
occur in complex conjugate

The roots of N(s) are referred to as the zero of H(s) (H(s) =0)
The roots of D(s) are referred to as the pole of H(s) (H(s) = £ )



Y () _ bys™ +buays™ 4o +by o N(S)
H(s) U X(S) a,s" +a, 8"+t ag : D(s)

The Degree of N(s) ( which is related to input) must be less than or

Equal of D(s) (which is related to output) for the system to be
Bounded-input, bounded-output (BIBO)

Example: H(S) = 4s” + 25745 41
S%+65+8
: : - .. _ —19s +17
Using polynomial division , we obtain ~ H (S) = 4s+2+

5% +65+8

Now assume the input X(t) = u(t) (bounded input)= X (5) = %

Y (S)=X(S)H(S) =4+ 2,1 [ —:ZLgs L7 J We see that for finite bounded
S S s"+65+8 Input (i.e x(t) =u(t) )

‘ y(t)=45¢)+2+ L B [ —19s +17 J We get an infinite (unbounded)

— s(s % +6s +8) output
unbounded (— o)

‘ m<n for BIBO




Y (S) bps™+b,,s™+- +by : N (s)

MO XE)™ s va s rora, - DE)

The poles of H(s) must have real parts which are negative

‘ The poles must lie in the left half of the S-plan



EXAMPLE 7.13

Poles and zeros of a transfer function

4s + 8 2s + 2)

H — =
) = e 85+6 GG +3)

Im(s)
jw

Re(s)




Convolution
h(t)*x(t) = H(s)X(s)
Flx(t)*h(t)] = H(s)X(s)

Proof (See the book)

( It is very similar to the Fourier Transform Property )



EXAMPLE 7.12 LTI system response using Laplace transforms

Consider again the RL circuit 40

i(t)

(o) 05H

The loop equation (KVL) for this circuit is given by 0.5 di(1) + 4i(t) = v(1)

The Laplace transform of the loop equation (ignoring initial conditions) is given by

(0.5s + d)I(s) = V(s)

We define the circuit input to be the voltage v(f) and the output to be the current i(z)

Is) 1
V(s) 05s+4

H(s) =

1 12 24
If v(t) = 12u(t) find i(t) ? () = HOV() = 05,745~ s(s + 8)




Q)

Now using the Laplace Table 7.2 to find i(t)

The partial-fraction expansion of I(s) is then

24 k k
f.ﬁ': :—1 2
() s(s + 8) 5+5+8

X 24 24
Lol s(s +8) [=o 5 T8

-
'!i —J

I(s) =

5{5+8

H(s) — I(s) 1
it )= V(s) ~ 055 + 4
U-SH v(t) = 12u(t)
24
I(s) =
) s(s + 8)

24 _ 24
k, = (s + 8) G +8) __8_ P

5=—8

The inverse transform, from Table 7.2

§
<—| ) (1) =3[ - ¢



it) R

N I(s) R
—AAN— 1)
o - A
v(t)=Ri{t) < V (5)=RI(s)
Z =R Q
i() L Li(07)

I(s)

Y'Y ) sL
+v (1) - C

+ V() —\
v (t)= Ld'(t) &V (8)= L[sl (5)=i (07)]

— sL| (S ) L (O_) Source Transformation

Z =sL O i(00) /
A)
N

| (5)= V(s)+;“5);) 1(s)




| C ()
1(?) -[CS) \\_a/
N I(s) e |
Fv () — SHC
+ VC(S) —

i (t)= ch (t) & 1(s)= C[sV,(5)~v (07)]

/

= sCV_(s)-Cv (07)

Q
CsC /
v(0)

V. 6)= I(s)— (_) ()




Example Using Laplace Transform Method find i(t)

t=0

_1 _5
L=gH ©C=3
—
i(t)
x(t)=(—0.5cost + 2.53int)u(t)
0.5s 2.5
X({t) = X (8)=— +
© ©) s+l s’+1
_S
L= 1OH = /. = lOQ
_5 _8
C—8 F = Z 5 Q 5 s S2
10 53
R=1Q=/7Z,=1Q — Y Y —]
X()——OSS 2.55 +> 1 (s)
s+l s+l \&

(O0)=0V
v.(0)= -2V
1




0.5 2.5 +> .
X (S)=— (s)
)= S—|—1S—|—1 - > §1

KVL ‘ —X (s)+(10jl(s)+( jl(s)—+(1)|(s) 0
055,255 _[S 8 2
- e 5741 [10+5 +1JI(S)_S

‘ | (S)= 1552+253 +20
(s°+1)(s“+10s +16)




X (5)=— 0 4 2% f) 16) 21
s°+1 s°+1
|(S)— 1532+25S+20

(s +1)(s?+10s +16)

| (s)= 1552+25s+20 (15524255 +20)
(524D)(s2+10s+16)  (s+j)(s—j)(s+2)(s +8)
A, A, A, A, ( Imaginary Roots)

“6+)) 6-j) +2) " (s +8)
‘ i(t)=(co &) +sin () +e*+e* u(t)



Inversion of Rational Function ( Inverse Laplace Transform)

Let Y(s) be Laplace Transform of some function y(t) .
We want to find y(t) without using the inversion formula .

We want to find y(t) using the Laplace Transform known table
and properties

Objective : Put Y(s) in a form or a sum of forms that we know it Is
In the Laplace Transform Table

Y(s) in general is a ratio of two polynomials ‘ Rational Function

S2—25
253—-5524+35 +2

Example Y (s) =



When the degree of the numerator of rational function is less the
Degree of the dominator

‘ Proper Rational Function

Highest Degree is 2

S2—25

=xample ¥ ()= o5 55243542

Highest Degree is 3



Examples of proper rational Functions

¥46) _S +1
_ 252+465+6
() (5+2)(s7+252+2)

Examples of not proper rational Functions

_S+2
¥5(8) = S+1

However we can obtain a proper rational Function through long division

(S)_s+2 _1+1

S+1 S+1



We will discuss different techniques of factoring Y(s) into simple
known forms

Simple Factors

10
(s2+10s +16)

LetY (s) =

If we check the Table , we see there is no form similar to Y(s)

However if we expand Y(s) in partial fractions:

10 _ A N B
(s2+10s+16) (s+2) (s+8)
A and B Are available on the Table

(S+2) (s +8)

Next we develop Techniques of finding A and B



Heavisdie’s Expansion Theorem

10 10 _ A 5
F0)= (i1105416) = (s+26+8) ~ (+2) ' (49

Multiply ( )X) both side by (s+2) and sets = -2

B 7X(S//2) (s +8)

Similarly Multiply both side by (s +8) and set s = -8

(s+2)(s/8) (/8) " @ Y e e

X(s+2)

10
42)6+8 2

_ B(-2+2)
- (—2+8) At Co48)

S =-2

L y(t)—e‘”u(t)—e‘&u(t) (e‘ e u(t)



Imaginary Roots

(15s2+25s+20) _  (157+25s +20)
(s2+1)(s2+10s+16) (S+])(ES—1)(s+2)(s +8)

A, A, A, A,
“6+)) 6-j) 5+2)" (s +8)

LetY (s)=

Using Heavisdie’s Expansions, by multiplying the left hand side and
Right hand side by the factors

s+]),(-J),(+2), (s+8)
and substitute S=—] ,S=] ,5=—2,5=—8  respectively

We obtain A1=§(1+j>, A2=;(1—j), A,=1,A,=—2



From Table

eu(t) e®u()

/ /
_(@2)A+))  W/2)(1-) 1 2
O T o)) T+2) (s+8)

(1/ 2) (1+ J ) and (1/ 2) (1—J ) Can be inverted in two methods:
(5+1J) (5-1)

U2)A+)) = @/2)@1+]) e u(t)

S+])

V(A-J) = W2)@a-j)e'u(t
oy /2)A-)) e'u(t)




combine

Y2)A+)) = W2)1+j) e tu(t)

(5+))

V(A-J) = W2)@a-j)e'u(t
oy /2)A-)) e'u(t)

V2)+j), UAA-)) = Latjyen (t)+;(1_ i) el )

s+j) = (-j) 2
:;(e kgt U(t)+£(e“ —"u(t)

I S L i it
_2(e +e )u(t)+2j " —e ()

—co &) u(t)+sin () u(t)



o W2AH) ., U20-j)
c+j) M o))

Can be combined as

2)A+y) , A2)A-))

5+]) s-1)
_ 2+ )6 -1)+W2)A= ) +])
S+1)s—1)
1

S )
:::11 =gt = cog)u)+sin() u)



cog)u®)+sinQult)  e2ult) esu()

12)+]), W2)(L-]) . 1/_' 2/
s+i) T G-D) (6+2) (s+9)

¢ (5)=1

y (t)=co &) u(t)+sin () u(t)+e2u(t)+e2ut)

y(t):[co ¢) +sin() +e? +e U (t)



Repeated Linear Factor

P(s) 10s

It Y (s) = example Y (5)=

(5+2)"Q(s) (5+2)°(s +8)

Then its partial fraction

B A, A, A R(S)
)= (s +0€) (s +a)’ +(S +a)° i +(s +a)" Q(S)
Were . d(”‘m) )
Am:(Iﬂ—m)! ds "™ [(Ha) ! (S)L:—a



Repeated Linear Factor

Also A, can be found using Heavisdie’s

by multiplying both sides by (s +2)*

10s
et Y )= s ag)
v :
_ A, B
Then ¥ ()= ) 5+2)  (6+8)
1 d@®® | 10s

1 (2-1)1 s @Y

(s +8)°

(5/#2)

- 10(s +8)—10s |

B can be found using Heavisdie’s

1 d""

(s £2) (s +8)

ds=-2

"10(—2+8)-10(-2)

(—2+8)°

m:(n —m)! ds ™™

d [ 10s
ds | (5+8)
80"

36

N2 by multiplying both sides by (s +8)
» —
m =1 ‘//,”‘:2 ,/’/////’/////'

[(s+a)nY (s)}

S=a



/ /

Y (5)=

1 d¥%?

7 (2-2)! ¢s @2

- 10(-2) |
I (—2+38) ]

(542

(s +2) (s +2)2 s +8)

10s

(s/2) (s+8) |

10
3

- 10s |
(s +8)




/’ //

20

//

6=y @+a

To find B , we use Heaviside

10s
¢ +§y(s +2)%(s +/8) (5 +2) X
20

= B=-"" =Y (s)=

9

(s+8)

s=—8 ( 2)
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3
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=8



Repeated Linear Factor

10s

Let Y (S ) — Can be found using Heaviside’s expansion

(5+2)°(s +8) / /

_ A,
Then Y (8)= (S+2) 512) +(S+2) (S+8)

B=(s+8) Y (s)

_10 :
Y. A,=(5+2)" Y ()

S =-2

_ 1 d®7 : _d | 10s 20
_(3_2)| ds (3-2) |:(S ‘|‘2) Y (S):| ds (S _|_8) = 9

S=—2 | 1S=—




¢ ()= A | A

20 20 10

/_27 / 9

(s +2) 5+2)° (5+2)°

/3 /27

(s +8)

A, Can be found using Heaviside differentiation techniques

1

d (3-1)

(31! gs @
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