9.2 The Sinusoidal Response

Vs (t) =10cos(3t +40°) <t>

1 () 20
AVAVAY
+Vv () -
_|_
v, (t) 2 H

KVL L9 4Ri =10cos(3t +40°)

dt

Solution for I(t) should be a sinusoidal of frequency 3

i (t)=1.58cos(3t —31.56")
Vr(t) =3.1cos(3t —31.56")
v, (t)=9.5c0s(3t —58.43")

We notice that only the amplitude
and phase change

In this chapter, we develop a technique for calculating the response directly without

solving the differential equation




Time Domain Complex Domain

E
10

Deferential Equation Algebraic Equation

di
Ldt+R| =V (t)



9.3 The phasor

The phasor is a complex number that carries the amplitude and phase angle information
of a sinusoidal function

The phasor concept is rooted in Euler’s identity eij 0 _ COS(Q) + J sin(@)
Euler’s identity relates the complex exponential function to the trigonometric function

We can think of the cosine function as the real part of the complex exponential and the
sine function as the imaginary part

cos(d) =R{e '} sin(0)=3{e '’}

Because we are going to use the cosine function on analyzing the sinusoidal steady-state
we can apply

cos(0) =R{e '’}



e*1?=cos(@) + jsin(@) cos(@)=R{e'’} sin(@)=J{!%

vV =V, cos(at +¢) =V, Rfe i@+ 2 Rfeideid}

We can move the coefficient Vm inside ‘ V ZER{/ me J¢e Jwt}

The quantity [ \/ @ jo is a complex number define to be the phasor
m that carries the amplitude and phase angle
of a given sinusoidal function

Phasor Transform

P{ , cos(at +¢)} = Vel? =v
Were the notation P{/ m COS(a)t +¢)}

Is read “ the phasor transform of \/ m COS(a)t +¢)



The V-1 Relationship for a Resistor

R
—MWN— v (t)=Ri ()
toov(t) -

Let the current through the resistor be a sinusoidal givenas i (t)=1,cos(at + &)

mm) v (t)=Ri() =R[I,cos(et + )] =Rl [cos(at+ 6)]

) V(t)=R|m{COS(COt+ fL )} Is also sinusoidal with

voltage phase

amplitude vV, =RIl, And phase € =0

‘ The sinusoidal voltage and current in a resistor are in phase

'
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i
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— AMA——e ()=l cos(at+ ) /A /\ m
+ V(t) - V(t)=RIm[Cos(a)t+ gl)} \/ \/
—1(})

Now let us see the pharos domain representation or pharos transform of the current and voltage

I(t)=1cos(at + 61) PhasorTransfoE | = |mej‘9i =1, f@l

v(t)=RIm[cos(a)t+ 61)] PhasorTransfoE V = RIel? = leéﬁi = R

R
—MWN—
V = RI
+ Y/ -



The voltage and the current are in phase

Imaginary

» Real




The V-1 Relationship for an Inductor

L
— (MM, di (t)
v(it)=L=—>1
+ v (t) — dt

Let the current through the resistor be a sinusoidal givenas i (t)=1,cos(at + &)

X O’\ /X
,f \)(/

ﬂ The sinusoidal voltage and current in an inductor are out of phase by 90°

v(t):L% ——oLl,sin(at+ 6)

The voltage lead the current by 90° or the current lagging the voltage by 90°

You can express the voltage leading the current by T/4 or 1/4f seconds were T is the period
and f is the frequency



v, i

L . ~
e I A\ W
T v () - v (t)=-oLl,sin(ct+ 6) ‘””W w ‘
— i) /|

90

Now we rewrite the sin function as a cosine function
( remember the phasor is defined in terms of a cosine function)

m) v (t)=-oLl,cos(et+ 6 —90°)
The pharos representation or transform of the current and voltage

i(t)=1,cos(ct+ 6) mmm) | = 1,el” =|m£

vV ({t)=-wLl,cos(et + & —90°)~ V = —oll el -90) = —owlLl el? e ?00 |: ij|mejei|
=]

Butsince j=1e!% =1 /90°

Therefore vV = joLlel? = oLl e el = oLl @+ =gLl, /(6 +90°)

mm) V. = oll, and & =6 +90° Vi 6,



—(YYN__, V = jolLl

and & =6i +90°

— I \/m:a)l_lm

The voltage lead the current by 90° or the current lagging the voltage by 90°

Imaginary

» Real




The V-1 Relationship for a Capacitor

C
. € . i )=c 20
o) T

Let the voltage across the capacitor be a sinusoidal given as

i (t)=C d\(’jt(t) =—w CV sin(at+ §)

v (t)=V,cos(at+ &)

v

o
g | M ;

Y
L

90°

L 1 ﬁ\l t
T 3T7/2 2T
f v

‘ The sinusoidal voltage and current in an inductor are out of phase by 90°

The voltage lag the current by 90° or the current leading the voltage by 90°



The V-1 Relationship for a Capacitor

|C/ V(t)=Vncos(at+ &) i(t)=—w CVysin(at+ §)
— I

toy) - V

— 1 (1) /ﬁwﬁw

v

v

The pharos representation or transform of the voltage and current

V)=V cos(at+ &) mm) V =Vnel" =V, 6 <

i (t)=—c CVpsin(et+ §) =-» CV cos(at+ 6 —90°) BIE) | = _yLV el 90
mm) | =-0CV,el?el ™ =jocCv.,el” =joCV
-]
I | @lt | el -90) |
vV = —— — — =—n- /(6,-90°) «

- Jo C £ ) C Toc 0t L6759)

| ) v
) = _m

o C and G =0 —90° Vim O



. IC . VA
I\ joC
+ v, —
|
| \/m=wmc and & =0i —90°

The voltage lag the current by 90° or the current lead the voltage by 90°

Imaginary

» Real




Time-Domalin

R
[ AN °
o) -
— () vi)=Ri)
i(t)=In,cos(at+ &)
v (t)=RI; cos(at + 6)]
L
—Mn__,
()
— 1D
it)=1ycos(at+ 0) o dif(t
v()=L9O
V({t)=-wLl,sin(ct+ &)
C
| £
I€ . —>
o) T dv ()
i(t)=C Tt

— i ()
v (t)=V,cos(at + &)
i(t)=—w CVsin(at+ §)

—

Phasor ( Complex or Frequency) Domain

Imaginary
V = RI
» Real
Imaginary
V =jall
» Real
V = d
jo C
» Real




Impedance and Reactance

The relation between the voltage and current on the phasor domain (complex or frequency)
for the three elements R, L, and C we have

V = RI V = jolLl V=— =—"-|
Jo C jo C
When we compare the relation between the voltage and current , we note that they are all of
form:

vV = ZI Which the state that the phasor voltage is some complex constant ( Z)
times the phasor current

This resemble (4% ) Ohm’s law were the complex constant ( Z ) is called “Impedance” ( 4% 1)

Recall on Ohm’s law previously defined , the proportionality content R was real and
called “Resistant” ( 4« lis) v
Solving for ( Z) we have Z= 1

The Impedance of a resistor is Z.=R In all cases the impedance is measured

The Impedance of an indictoris Z =joL in Ohm’s Q

The Impedance of a capacitor is _ 1

Jo C



V=Rl V=joll Vi e

Jo C
Impedance Z= \:
The Impedance of a resistor is Z.=R In all cases the impedance is measured
The Impedance of an indictoris Z =joL in Ohm’s )
The Impedance of a capacitor is _ 1
Jo C

The imaginary part of the impedance is called “reactance”

The reactance of a resistor is X,=0 We note the “reactance” is associated
with energy storage elements like the

The reactance of an inductoris X = oL ) .
inductor and capacitor

The reactance of a capacitor is X, = —(1:
)]

Note that the impedance in general (exception is the resistor) is a function of frequency

At ® =0 (DC), we have the following
Z =joL =j0O)L =0 mm)  short

1 1l - =) open

~joC T jOC



9.5 Kirchhoff’s Laws in the Frequency Domain ( Phasor or Complex Domain)

Consider the following circuit Phasor Transformation
"W OV cos(et+ 6) iy V,=Vel
_ —— " v, (t)=V,cos(et+ 0,) ) V,=V 1%
R, §v1(t) O 3L Vit)2V,cos(et+ 6,) mmp V.=Vel®
’ _v,() +_ v,(t)=V,cos(ct+ 0,) mmmp V,=V el

) KVL i v (1) + v, () + V() +v,({) =0

m) V cos(at+ ) + V,cos(at+ 6,) + V,cos(at+ 60,) + V ,cos(at + 6,)=0
Using Euler Identity we have R{/ g% 1“1+ R /% 1411 R/ £ %13+ RY 1% 111=0
Which can be written as R/ e/ % v g% ict 1y g% et 1y gllgiacty=(
Factoring eict mmm)p R{{/e'2+V g%/ g%V gl%)eid}—0 mm) Vv +V,+V +V,=0
V. Vv, Vv, v, b Can not 1
Phasor be zero
KVL on the phasor
Soingeneral V +V, +---+V,=0 Sl




Kirchhoff’s Current Law

A similar derivation applies to a set of sinusoidal current summing at a node
i, (t)=1cos(wt+ &) i,{t)=I,cos(awt+ 6) - i,({t)=1I,cos(at+ 6,)

Phasor 1,10 —1 A0 —1 ~l6
Transformation

KCL ‘ i,t) +i,@&) + - +i,(t) =0

m) |+l ++],=0 KCL on the phasor
1 72 n .
domain



9.6 Series, Parallel, and Delta-to Wye Simplifications



Example 9.6 for the circuit shown below the source voltage is sinusoidal

90 O 32 mH

A%
=i vV (t)=750cos(5000t + 30°)
Vs " 1 5 uF

(a) Construct the frequency-domain (phasor, complex) equivalent circuit ?

(b) Calculte the steady state current i(t) ?

The source voltage pahsor transformation or equivalent mmm) V,=750e1%* =/50230°
Z =jol =(5000)(32 X 10%) = 1600

1 =-j40 O
j (5000) (5 X 10°9)

The Impedance of the indictor is

The Impedance of the capacitoris ~ Z. = J'Q)LC:

a 90 O j160 Q
P /VV\/ Y Y Y e
—
|

750/30° o —j40 Q
\




90 O j160 Q

i I
i
-+ / o =+ —— - .
Vs () T~ 5uF ‘ 753 * C) T

Vv, (t)=750c0s(5000t + 30°)

:
3
:

To Calculate the phasor current |

[V, 750e)% _ 750e'% _ 750230

zb - 90+j160 —j40  90+j120 150.53.13°
a

=5/-23.13

mm)  j(t)=5c0s(5000t — 23.13°) A



Example 9.7 Combining Impedances in series and in Parallel

1~ 1uF

i (1) =8c0s(200,000t) A

(a) Construct the frequency-domain (phasor, complex) equivalent circuit ?

(b) Find the steady state expressions for v,i;, i,, and i; ? ?

(a)

\4

10(1§ ¢ I

6 )

i8Q

—~—50




1
60 Y1 = E == 01 S
8% A% TOQ;‘“ ¢[2 ;__\fj5ﬂ 1 6—]8
j8Q Yy = mz Too_ = 0.06—j0.08 S
— 1
* Y= —— = jO.2§
_js

The admittance of the three branchesis Y =Y+ Y2+ Y3 =016+ j0.12 =02 /36.87° S

Z = % =5 /-3687° @ V=2ZI=40 /=3687" V. mmmly v =40cos(200,000t —36.87°) V

711 = il I§6‘87 =4 /-3687° =32-j24A ‘ i1 = 4c0s(200,000t — 36.87°) A

_36.87° — _90° — _ i = 4 c0s(200,000: — 90°) A
Lo 40 L3681 =4 /90" =—j4A —>
6+ j8
I o 40 : /_’ _36870 - 8 153130 :4.8+J64 A ‘ i3 = 8C0$(200,000t s 53130) A
TS oo

We check the computations It +I+1I3 = 32— 24— j4+48+ j6.4|=8+ [0| =1



Delta-to Wye Transformations

a o b
A toY
a e Ly
le btc
Za+ Zp + Ze
E i 7, = Loty
Za+Zb+Zc
AN
&y =
¢ Za+ Zp + Z;
Y toA

' ZVZy+ ZrZ3+ 232,

“

Z)
VAV A YA AVA
Zy = -
i)
ZWZr+ 2273+ 232,
7= _

Z3



Example 9.8 Use a A-to-Y impedance transformation to find
In, I, I, I3, Ly, Is, Vi, and V3 in the circuit

b

(204 j60)(10)

- =12 id Q
'= T30+ 740 sl
10(—420) ;
T e

_ (20 + j60)(—j20)

zZ
2 30 + ;40

—8—j24Q



Io= =4 /53.13° =24+ j32A
I{J

—_—

Voa = (8 — j24)Ip =96 — j32 V.

V=Vu + Vg

Van =120 - 96+ j32 =24+ j32 V.

24 + j32 8
l f— o i —
abn D 2+ j3 A,
24 + 32 4 8
lacn — d . e A

60 0

the branch currents

8
Ilzlabn=2+j§A

4 8
IZZIacn:“"+]1SA

check the calculations L+L=24+j32=1



9.7 Source Transformations and Thevenin-Norton Equivalent Circuits

Source Transformations

Zy

—

v.'-' = ZJI II

a &
=Y,/
£ v.’i z.f_‘

® 4

eb

b

Thevenin-Norton Equivalent Circuits

Frequency-domain *4
linear circuit;

may contain

both independent

and dependent eob
sources. '

..._.—_,.h
® ®3a
In | 2Zn




Example 9.9 Use the concept of source transformation to find
the phasor voltage Vj in the circuit shown

20 060
1Q 30 o200 Jj06Q N _U&N J .
+
1Q 90 003

90% 10 0 |
o . WO

-j3 0 -i190Q j39 T-jﬁﬂ —ﬂ.gﬂT
Il 1= [
&

7 — (1+j3)0—J3) _ 184 249,
10
180 240 20 Jj060
o 36— j12 123 — j1)
T R-j6 46—
27
= 39——;5{— — 1.56+ j1.08 A.

‘ Vo = (1.56 + j1.08)(10 — j19) = 36.12 — j18.84 \



Example 9.10 Find the Thévenin equivalent circuit with respect
to terminals a,b for the circuit shown

—j40 © L
i
1 LAY
I
Source Transformation
_ 10 Q 120 )
12 ) 1200
A AA——o i AM——wa
o = 100/0° 7+ 2w,

e C:) v.s600 )10V, v <_> Vs 0V Vm
—_é ® ob

100 = 101 — j40I + 1201 + 10V, = (130 j40)I + 10V,

Since V=100 — 101 then I= 18 /—126.87° A

mm) V,=100-180 /—126.87° =208 + j144 V

) V=10V, +1200 |=835.22 /—20.17° V.

Next we find the Thevenin Impedance



Thevenin Impedance

—j40 Q
I
1A%
I, ~j38.
91.2 Q ]3|8(4Q,
I WA Ay ®a
120 120 Q e
—W—e e 784 — j288 CL)
I, \% i
' +
60 Q§V 10V, VT<_> . o
4 b
@ @
T i VI Find |, interms of V_ then form the ratio —-
Ir |
Ir=L+I Find 1, and I, interms of V;
X Vr —10V, —V7(9+j4)
L= V, = 101, R Bt 4tk
10 — j40 120 120(1 — j4)
1206002
Vr 9+ j4 V73— j4)
Ir=L 4+l = (1" )
EEARTRE ST D (l 12 12(10 — j40)
Zn LLEET IS j38.4 Q

:IT



9.8 The Node-Voltage Method
Use the node-voltage method to find the branch

currents I,, Iy, and I. in the circuit shown

502

Example 9.11
10 24 50 1] 1@ J29[3
_—- A ——YY YL g AAM - 1:. ? —
10.6/0° r N H}ﬁ,f_ﬂ :
=50 (D 10 O

1)

Vi(1.1+ j02) — V2 =10.6 4 j21.2

Vl_vz:ﬂ I

@

—10.6 + 10 + 1472
— 201, . Vi —
& =0 Since I,=-——
14 52

KCL at node 2 _ .
14 j2 —j5 5
~5Vi + (4.8 + j0.6)V2 =0/ | (2)

i V) = 68.40 — j16.80 V

=68 — j26V

KCL at node 1
\E

Two Equations and Two Unknown , solving



V, = 68.40 — j16.80 V

V, =68 — j26 V
Vi—V RET:
Vi ; S 2=3.76 + j1.68 A
LY=L _ g mA L= i"-g = 6.84— j1.68+3.76 + j1.68
5 e
To Check the work

I, +I, =684— j1.68+3.76+ j1.68 =[10.6 A

L=L+I =—-144—- 1192452+ j13.6 |=3.76 + j1.68 A




9.9 The Mesh-Current Method

Example 9.12  Use the mesh-current method to find the voltages
Vi, V2, and Vj in the circuit shown

1 0 j2 5}

Vv

10 j3Q

KVL at mesh 1 150 = (1 + j2)L + (12 — j16)(T; — ;) )| 150 = (13 — j14)]; — (12— j16)

KVL at mesh 2 0= (12— j16)(I; — I}) + (1 + j3)I + 391,

—

0= (27 + j16)I; — (26 + j13)I

Two Equations and Two Unknown , solving

I, = —26—jS2A

1)

Since IL.=L-0

(2)

= —24 — j58B A L=L-L=-2+4+j6A



O

150 fﬂ_’“"

I, = 26— j52A

Vi=(1+,2I; =78— 104V

=(12—-j16)I, =72+ j104V

Vi=(1+j3)I; =150- 130V

— 24— j58 A

= D j6A



9.12 The Phasor Diagram

the phasor quantities 10 /30°,12 /150°,5 /—45°, and 8 /—170°

10/30°
12/150° L%

30°

—45°
@

8 1707 =170%

5 /[—45°
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