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Chapter 3 The Fourier Series

Adil S. Balghonaim



V =31 +6] +4k

V =al, Tal, tol;+ -+ oyl

o, =Vel, a,=Vel, - ay=V el






X (t)=a,+Y a, cosnat +Y 0, sin Naxt
n=l1 n=1
Integrating both side over one period

jx(t)dt =j

8+ an cosna t+>bnsinne tdt

n=I n=I

aodt+j éan COS na)otdt+j ébn sin N, tdt
0 0 0 0

n=1/7T, n=1 /T,

Tj
= j a,dt +Z ansinn a,tdt +z bncosna,tdt



X (1)=2,+3 a, cos Naxt +3 0, sin Nt

Multiplying both side by COSIM @), and Integrating over one period

j X (t)cosnw tat

T, _j’
0

=j aocosma)otdt+j cosMayt ian cos N, tdt

a0+§an cosna)ot+§bn sinNa U \cosm aytdt

n=I n=I

n=1

n=I

+j cosMayt ibn sin N, tdt



X (1)=2,+3 a, cos Naxt +3 0, sin Nt

n=l n=l1

jx(t)cosna)otdt .
Ty

=j a,co a)otdt+j cosma)otian cos N, tdt

n=1

n=I

+j cosMayt ibn sin N, tdt

n=1

‘ j X (t)cosnamy,tdt 2!‘ cosMat Y an cos no tdt

0 0

n=l1

+j cosm at ibn sin N, tdt



X (1)=2,+3 a, cos Naxt +3 0, sin Nt

j X (t)cosna,tdt = j cos M a,t i an cos Nw, tdt

n=1
0 0

n=1

+j cosMa,t ibn sin N, tdt

o0
> Summation with respect to n
n=1

= cosMat Zlan coshot = Zlan cosNa t cosmat
nN= n=

= cosMa,t Z1bn sinne t = Z1bn sinnew t cosmat
nN= n=



X (1)=2,+3 a, cos Naxt +3 0, sin Nt

n=l n=l1

j X (t)cosma,tdt —j cosmM a,t Zan cos N, tdt

j cosMayt an sin N, tdt

=j > an cosnNa,t cos ma,tdt
n=1
0

+j ibn sin N, t cosma,tdt



cosnNa,t cosma,t = ;cos(n —M)aw,t + ;cos(n +M)w,t

sinNaw,t cosm a,t :;sin(n —M)w,t + ;sin(n +M )@,



1

2

1

2

|

cos(N—M)wet +

sin(N—mM)w,t +

X (1)=2,+3 a, cos Naxt +3 0, sin Nt

n=l

j x(t)cosma)otdtZI

0

n=l1

> an cosNa,t cos Mm,tdt

n=1

i bn sin N t cosm e tdt

n=I

! dt

cos(n+m)w,t

I dt

sin(N+m)wot




X (1)=2,+3 a, cosNaxt +3 0, sin Nt

j X (t)cosma,tdt :j ian[lcos(n—m)a)ot + 1cos(n +M)w,t }it
n=l1 2 2

0 0

+ j ilbn [; sin(Nn—Mm)w,t + ;sin(n +M)w,t }t



X (1)=2,+3 a, cosNaxt +3 0, sin Nt

j X(t)cosmwotdtZI

+j ibn [lsin(n—m)a)ot + ;sin(n+m)wot }it

a, [1 cos(N—M)w,t + 1 cos(N+m)w,t }dt
2 2

i Ds

n=1 2
= i a, 1 I cos(N—M)w,tdt + j cos(N+m)w,t dt
n=l 2
_ TO To a
+ i b, 1 j sin(n—m)w,tdt + j sin(N+m)w,t dt
n=l 2
- TO To a




X (t)=a, ian COs Naxt ibn s1n N axt

d, :ljx (t )dt The average of x(t)
To

To

an=2jX(t)cosnwotdt =0
OTO

2 :
b, = t N avtdt
i TOIX()SIH Q)

To



Example 3-4 WX ()

0
—A

T
0 0
2

The average value of x()=0 = g, = 0

T0/2

To
anzzjx (t) cos naxtdt 2 j A cos natdt 2 j (—A)cos naxtdt
TOT TO TO
0 0 To/2
_2A_sinna)ot TO/z_sinna)ot o =0
To N o 0 N @y To/2

> Thus all the a, coefficients are zero

Note : x(t) odd > X()cosnat 1s odd > a,=0




T0/2

bn=1_2()jx(t)Sinn0)0tdt == jAsmﬂcoJ[dt +I(—A)smna)otdt

To T0/2

I—} n odd —cosnz =—1
_2A

(1 COSnﬂ')
Nz
L n even—cosnz = +1
iA n odd
T
‘ b, 2A(1 COSnﬂ') =
Nz n even

\

X(t)— sma)ot+lsm3a)ot+lsm50)ot+
T 3 5
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A half-wave rectified cosine function

f(t) A
1
-5 -3 -1 0 1 3 5 3

This is an even function sothat b, =0 7T =4, wy = 27/T = 7/2
Over a period
(0, -2 <1< -]

) = S cos—g—t, -1 <<

L0, | <1 <2



Over a period

A (0, —2 <1< -]
1 ‘ T
/'\ /\ /\ f(). = o Cos 1. -1 <<
> L0, | <1 <2
-5 -3 -1 0 3 5

H
b,=0 T=4 wy=27/T=mn/2

J JU) &t = Z ) cos—z—tdt + | O 1 =5 Wsm?t

9

! l

~ o
3 |

iy =

0

F73
_ 4 . . 4 S nrt
iy = — f(’) COS ]10)()[ (If = — cCOs—1 COS d[ -+ ()
| " 4 411 2 o

!
But cosAcos B = ;IC()S(A + B) + cos(A — B)]

—

___1_ : - f’., ] + ¢ _7.7._ ]
a, = 5 Los,)(n + 1) L().\z(n— L) | dt

0 -

] T I T
= sin—(n + 1) + sim—((n — 1) n > |
win +1) 2 mn — | 9

T(n ) 2 |



Over a period

Hi 0. << —]
]
/’\ /\ /\ ) =4 cos—g—t, 1<t <
-5 -3 1 0 3 s L0 F<r<2

T:4,b,I:OZ']T/T: 77-/2 a() __._____l_

v

| ' Tr( + 1) + | sinw(n jy | > 1
= sin—{(n sin—(n —
1'T(n~1~l)S 2 7n—1) 2

(IH =

¥r/2
J f(1) cos nwyt dr

0

~ | &

Forn=odd(n = 1.3.5....) —» (7 + 1)and (n — 1) are both even

0 0

] i ] i
Hy = sin—/ + 1) + sinz(n 1)y =0
wn+1) 2 7n—1) 2




Over a period

Hi 0. << —]
] 'rs
/’\ /\ /\ (). = cos—1, —1 <1<
-5 -3 1 0 3 s L0 F<r<2

T:4sbi1:OZ7T/T=7T/2 (g ~_-—__..l_

v

] T I T
= sin—(n + 1) + sin—(n — 1) |n > 1
wn+ 1) 2 7n—1) 2

(IH =

¥r/2
J f(1) cos nwyt dr

0

~ e

Forn=o0odd(n=1.35..,) — a, =0

Forn =even(n =2.4,6....) =—» (n+ 1)and (n — 1) are both odd
. T n/2 . T n/2
smz(n +1)=(-1) smz(n —-1)=—(-1)

F /D /
(_])H;-_ | _(____])”,._ _2(‘])”2
thy = ———— == n o= even

min + 1) win — 1) min® — ])




Over a period ;

/\ /\ /\ f).= o cos—g—t, -1 <<

4

L0, I <1 <2
b” — O (y = _..l_
41/2. ] _7r(+]+ ] . T | >
— vy e Sin— SINn— — 7
4 = : f(1) cos nwyt dr — ])sz n ) et — l)%mz(” )
a, — -2 i 2
_0 n = odd = =) n = even
- a, " — 1)
! I | sin7t = l
Now for n='1 @ =3 [cosmt + 1] dt = ) — + 1 ]
| < Z 0
( 1
— n=I1
2
_2(_1)n/2
an = < 7 N even
(N~ —1)
0 n odd




— jnayt

e =cosnNayt — ] sinnapt
g " =cosnayt + | sinnat
a Jnat _l_e—jna)ot
coshat =
2




X (1)=2,+3 a, cos Naxt +3 0, sin Nt

n=l1 n=1
. o Jnapt 1o — jnapt . e Jnapt 4@ — jnayt
X (t)=a,+3a. Y o _
nzzl 2 nzl 2]

o ] . inogt =, 1 - — Jnayt
x(t)=a0+z_;2(an—jbn)eJ +Z_2(an+1bn)e‘



o | - 'na)ot o ] - — Jnayt
X(t):a0+z_2£an_anpj Z_zg n+anF J )

' '
1 2

term 1 and term 2 are complex conjugate of each other

Then we can write x(t) as
X()=+X, e 20 X eI X 40X, et X, e 204
Where
X 0 =03

1

1 : : 1 .
Xlz al_ bl X2: a.z_ b2 *e :>Xn:* an_ bn
2( J0) 2( J0,) 2( J0n)

| : 1 : | ,
X a=t b1 X L=t bz v X :(a”+Jb”)
2( J0) 2( J0,) ,



< | " nCf)ot o 1 - — jnagt
X(t):a0+z_2£an_an)eJ Z_2£ n‘|‘an)e J )

v ~\
1 2

X(E)=f-+X e 2% X e 41X o+ (X, e 1, e P

~ ~ - \ ~ J
ix e —jna)ot: f X e inayt ix e jnagt
n=l1 n=-1 n=1
—00 : t 00 . t . o0 jna)()t
XH)=3 X"+ X +3X " = X8
n=-1 n=1 N =—o0
jna)Ot

X (t)=a,+3 a cosNeaxt +> b, sin Next= 3 X €
n=1 n=1 N=—o0



jn &)01:

X (t):a0+ian COS Naxt +ibn SIn Nt = i X e
n=I n=I N=—o0
How to find X, ?

Since X, =;(an — Jbn)

Xn= 1) 2 X (t)cos naxtdt —jzjx(t)smna)otdt
2/Tos Tos
1

Jnayt
To X(t)[cosna)ot ] smna)ot]dt _RIX(t)e dt



jn a)()t

X (’[):610+ian COS Naxt +ibn SIn Nt = i X e
n=I n=I N=—o0

Lo —iby =L [x e "t
Xi= (@-jon) = [XOF

To

Another method to find X, ?
Multiplying both side of x(t) by e "'and integrating over T,

j x (e "dt = j ( i X e j”“’ot) e Imetdt

To



—1 1 1 —inapt
inay Xn="(aa—jbn) = |xte "™dt

To

To

Xt)=3 X.e

j X (e "dt = j ( i X e j”“’ot) e matdt

To T()
_ 00 X ej(n—m)a)()tdt
nzz—oo !
4 TO

J‘ejm—m)wotdt - 0 if m=#n

T To 1f m=n

| - k 1 — mapt
et X

OTO

To |

Since it 1s true for all m then it is true for all n ‘ anl X(t)e—Jna)otdt
To



Example 3-6 Find the complex Fourier series coefficients for
A half-rectified sine wave

X (t)

A N
—To _To 0 To To
2 2
Asinaot 0<t SE
X (t) =1 ; 2
0 <t <Ty




-

A Asinaot 0<t SE

X (t) =+ ; 2
t 0 2 <t <To
\ 2

0 T2 T,

. 1 Ty/2 ) ;
anlxapﬂmmtz—J A sin wyt e " di
T To o | jot _,—jot
1o since sinat = ° ;e
J
T0/2 . . 1 T0/2 To/z
oy = _A_ [[ (efwot _ e“jwof)e_jnwol dt — A [f eloll=mt qp [ o Jwlltn) dl‘]
27T, Lo - 24T, Ly 0
an =27 /To
A ej(]—n)w -1 ej(1+n)1r _ 1]
= . | +
X, -



-

Asinaxt 0<t SE

A
™\
0 Ty

A

X (t) =1 ; 2
! 0 30<t<To

Ty

n+1 or —1

o dar

X, —— [

since

) .-

ej(]—n)w . 1 ej(1+n)1r _ 1]
+
1 —n 1+ n

ej(1+n)7r _em tjlnz  =—(-1)

-/ \

0 n odd

n = 1
A N even

\72'(1—”2)



Asinaxt 0<t SE

A
X (t) = ; 2
t 0 zostsTo

0 T2 T,

0 nodd Xo=1 [x e " dt
X n —< n # il TOTO
A n even
z(1-n")
To/2 To/2 N A
ot —jont . A j 2t _ "
2JTO g 2JT0 0
Similarly
X, =-A



NN

0 T2 T,

( A N
m(l — n?)’

X={0’

H

) —ijnA,

First Entry in Table 3-1

Asinaot 0<t SE

X(t)=+

0 ES'[ <Ty
2

n odd and # *1

i = + ]



1. Half-rectified sine
wave

(£

. Full-rectified sine
wave®

3. Pulse-train signal

4. Square wave

5. Triangular wave

Table 3-1

A
———— n=0,*2 *4, ...
w1 — n?)’
'{{}‘ nodd and # *1
k—ajnA, n= =1
24 neven
s e = » c
= { m(l = n)
l{] n odd

AT . ) N
— e SINC nf”TL’ ;..?.'n_!_,:,l‘ ﬁ} .

0

(24 )

m, n==1,%x5
=4{ —2A

ll— n=+3,+7,..:
nlw

\ 0, neven

(44

2 n odd

4 2

0, neven

\



Symmetry Properties of Fourier Series coefficients

X (t):ao-l-ian CcOS N axt -I—ibn Sinna)ot — i X e inat
n=l1 n=1 =
| . )

— Xt t — = Jnaot
ao To_IJ; ()d Xn To_‘;x(t)e
811:sz (t)cosnaxtdt  n=0

TOTO

bn=2jx(t)sinna)otdt
TOTO
X ,=4a,

: _1 TS
X,=L@=jb)  Xa=p@+ib) =X,

B a-2Re(x,] bi=—2Im[X]
bn:X:TXn

an =X ,+X, i




3.6 Parsevals Thm

From chl, the average power defined as
2 1
P :ij\x (t)| dt =—jx(t)x (t)dt
T, . T, :

Now we would like to express P, in terms of the Fourier
Coefficients of X(t)

*
1 > |
P, =[xy =—jx<t>[ > Xej "
TOT TOTO

N=—o00
:ijx(t)( > X :einwotjdt
TOT N=—0o0



*
00 _ 1 Q0 .
P., =ijx(t) > X et | dt =—jx(t)( > Xe! Otjdt
Tos Toy

n=—0o0 N=-0

The order of integration and summation can be inter changed

o0 1 _ o0 -
:n;oox ﬁ"[T—OIX(t)e‘”“")tdt] =nZ XKy =nZ ‘Xn‘z
TO J - 7

.

4

Xn

Parsevals Thm

_ 1 2 X 2 o0
P, —TOTj\xm\ = Y =x 23

o v o J/

. Y . Y .
Time domain Frequency domain DC power i

Note =

Harmonic Power

Average power 1s the sum of DC power and harmonics power



Example

Let x(t)=Acosw,t ( real signal)

Then, i ) 1 1
P :—j\x(t)\ dt :—Ix(t)x(t)*dt =T—jx2(tﬁt
TOT TOTO OTO

T, , Ty
:LJ‘Azcos2 ot dt =A—jl[1+cos2w0t]dt
T, T, J2
0 0
T T —
AP f . AT A® 2 oy _[A
=— dt+—J‘cosza)t dt =2 =lns =V =| 7=
oT .(‘: T, ’ 2 V2

The same result can be shown for x(t)=Asinw,t

Now let us apply Parsavel Thm next



ejwot_l_e—jwot A o A jmt — inapt
x(t)=Acosw,t =A =_¢!™ R
2 2 2 N=—o0

1 —jnat
Without evaluating the Fourier Series complex coefficient X n ZJX (t )e e

T

OTO
We conclude

e
-2 " X =D X =A
0 2 2

else

) P, -X: -2

[M]s
3
Il
o
_|_
)
7~ X\
o | >
~—
I
N‘ZDN

Note here that X(t) contain one harmonic



Example

Let x(t)=Acosw,t + Bcosw,y,t

We can find Xn Without evaluating the Fourier Series complex coefficient
1 —jnat
Toz

Where ®,, is the fundamental frequency which can be found as

Wy — N, Wy, — NN W,

Since X(1) is periodical , then n; and n, are integers which can be determined as
follows

Now let us apply Parsavel Thm next



Let x(t)=Acosw,t + Bcosm,t Wy = Ny,

n, and n, can be determined as follows

X(t) :é[e Jat +e_JCf)01t]+E[e J @yt +e—jw02t]

(\&
(\)

:éeja)mt_'_ ée ja)mt_'_ Eeja)ozt+ Ee J oppt

\K/%

A2

Wy, — NN W,

+B”

P, =X, + 2Z\xn\ =0+2 + D
n=1 4



X(t)=Acosw,t + Bcoswy,t Wy = N, 0, Wy, = N, @,

J ot —Japt

A A B B _:
=—e!?" 4 e + —el!™typ —piowt

NP

P, =X, + 2n§:1:\xn\ 0 + 2( y n 4} ==

Where T, is the
fundamental

Try to verify this by computing Pav :TLJ‘X 2(’[ Yt
071 period



Line Spectra

X(t)=3 X"

N =—0o0
=fetX e 12 X ety X+ (X e X, e

where

X n— X n H Hn In general a complex number that can be represented as
a phasor

‘ X e jnagt Is a rotating phasor of frequency Ny
n

Therefore, X(t) consists of a summation of rotating phasors



Recall from chapter 1 (phasor signals and spectra p12) , that is X(t) 1s a sinusoidal,

X (t)=Acos(af +0) =Re[Ae! @] =Re[x(1)]

where i(t) — Ae ] (ot +06)

X(t) also can be written as

X({t)=Acos(at+60) _ lAej(a)ot+9)_|_1Ae—j(a)ot+9) = 1)’Z(t) +1~*(t)

o ) 2 2



single-sided spectrum

Amplitude phase
AF---- ® oF---- ®
| |
| |
I I
| - f | - f
fo fO
h
Amplitude P Aase
';‘ double-sided spectrum 0 F———- @
|
®--------- ® |
I I —f |
0
| I ) I >
I | | f
I I > f , 0
_f ) !
0 ‘_ _____ -6



Now let X(1) be

Xt)=3 X.e"

N=—00

=fet X e 2 X ety X+ (X el X, e

Foreach nf;, (—owo<n<w), X ZXH‘@

n

X[ =X, | entneisn
Hn — _H—n _



Example 3.5 X ()

Find the complex Fourier ’
Series coefficients _ ) 7
0 to_g to t0+5 t0+T

1 1 to+% _A inxt t0+2

Xo="|x(te ""dt =_ | Ae"""dt = e
jnay:  —jnay:
= 2A granel e 21 o
Nl o 2J
=2A6‘j”“’°t°sin na)OT n=0
Nanl o 2




X (1)

.
e = e
0 fo '[0+|T0
X =2A6‘j”“’°t°sin na)OT n=0
Naol o 2

sm(ﬂnf Orj

x n— e J 27nf ot
since a,=2xf, ‘ P s

Define The sinc function

_ sInzz
SINC Z = 7

m Ll 1 1 1 1 I T 1 1 1
L T T L T LI LI 4] T T T L] L T LI U T T T T T T T T i z
—3 -\/ﬂ 0 1\/2 3

‘ X n_ AT o -ina Sm(ﬂnf orj _ A’Z‘sinc (nf Oz_je—jZﬂnfoto

znf o7 T,




—j 27nf ()t()

X =ATsinc (nf Orje
To

If t,=* ‘ Xn= —smc (nforj e

2
Since X — H_
Magnitude X, | = ATsmc (nf Orj‘
To
X
ta:
To

11 111 t“ “I,III K > nf
2 1 1 % %

T,



X =ATsinc (nf Or]e
To

Phase @,

e X=X 6

11¢

sinc [nf 02’)

A

:

l;l“ T

AT

Xn= sinc (nfrorj e

—jznfyr

T,
|

Angle is —znfor

Always positive

Can be positive and negative

i

Do not add any angle to the phase

o~

When positive it do not add any angle to the phase

When negative it add = 7T to the phase




sinc [nf Orj

SINC (nf )

T] e_ijOT

—7nf 0T

|

+ 7T

the angle alternate sign to
insure phase 1s odd




-

—jznf oz

SINC (nf Orj e

—nfor

=)—anfor+rx

\

—anfor—m

|

+ 7T

if sinc (nf 02') > ()
if nf, >0 and sinc (nf

if nf, <0 and sinc (nf

—nf 0T

OT)<O
OT)<O



-

—znf o7 if sinc (nf 02') > ()
0 =l—nnfor+7z  1f nf, >0 and sinc (nf oT) <0

—nfor—rx if nf, <0 and sinc (nf ()T) <0




Another look at the Fourier Series Expansion

o0 ino -1 inw 00 inw

Xt)=3 X" =3 X" +X +3 X "
N =—o0 N=—o0 n=1

ej(na)ot-l-gn)

:XO+2\X -

i (—Nagt +6_, 0
eJ(n0)0+ )_I_Z‘Xn
n=1

e—n :_gn ‘X -n

:‘X n

e j (na)ot +9n )

X+

NE

>
Il
—_—

X e j(—nwot—gn)_l_i‘x i
n=1

X +3[X . [ej(nwot+9n>+ej<—nwot—en>}
0

|:e j (nayt+6,) 1 —j(na)ot+0n):|

. J/

ZCos(nZ)Ot +6,)

mm) x(t)=X 0+2i|X " |lcos(Nayt +6,)
n=l

M8

>
Il
—_—

=X, +3 X




X (1)=2,+Y a, cos Naxt +3 0, sin Nt

n=l n=l1

jn a)()t

:ane

_X O+2Z'O]x lcos(Nat +6,)
n=l



X ({)=Acos(at +6)

Since cos(a+ ff)=cos(a)cos(f)—sin(«x)sin(f)

X (t)=A[cos(afl)cos(d)—sin(at )sin(F)]
:A cos(@)cos(wot ) + ¥A(—sin(¢9)J)sin(a)0t )

4 b,

a,=A cos(6) b, =A(—sin(0))



X (t):A Cos(a)ot +¢9) :A e J (ot +0) _Eej(a)oug)

_ ALit+o | A 5-iet+o)
= Neg +Rg@
2 2

Amplitude

2 2



X({t)=Acos(ot+6) - .“'“f Jo

—A cos(&)cos(a)ot) + A( s1n(<9))sm(a)0t)

a Acos(@) b, =A(- sm(H))
Amplitude ph.ase
4 double-sided spectrum 8 === -
X({t)=Acos(at+0) o=, o
; no ! i m

Ae]gelwot Ae j@e—ja)ot

2 2
A A__j
Xlzfjg X—lzf )0




X ()

} —> «— T t

0 t '[0+T0

X o ="Tsinc (nf ofje_jm““ Xo=3 Xy Hﬁ

T, (
—nfor if sinc (nf,zr) >0

0 =l—-nnfor+7z  if nfy, >0 and sinc (IlfoT) <0

—anfor—7  if nfy, <0 and sinc (nf oT) <0

X .| = ATlinc nf 07}‘

To
Rl &
At A
To
‘ ‘ Hh”h”h L Sy
th_zt]t_ltl 1]1111121113 ,n}% kK _;_ﬂllullull”

T T



X

N =

At
To
® Y
® ®
b0 1 %
To T,
0,
A
¢ - T
Y
‘ 1
[ |-
» nf,




o,
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