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0RKDPHG /DUEL 5HEDLDLD

&RPSXWHU 6FLHQFHV 'HSDUWPHQW

8QLYHUVLW\ RI %DWQD �������� $OJHULD

(PDLO� ZZZ�XQLY�EDWQD�G]

7HO� ����������������

$EVWUDFW

:H SUHVHQW DQ DXWRPDWLF DQG WHUPLQDWLQJ DSSURDFK IRU YHULI\LQJ H�FRPPHUFH SURWRFROV� ,W LV EDVHG RQ D

SRZHUIXO IRUPDO GHFODUDWLYH SURJUDPPLQJ ODQJXDJH EDVHG RQ UHZULWLQJ ORJLF� 7KH PRGHO FKHFNLQJ LV DQ

HQGHDYRU WR WKH D[LRPDWL]DWLRQ RI FRPSXWDWLRQDO WUHH ORJLF RSHUDWRUV DQG RIIHU D QHZ GHGXFWLYH DELOLW\ WR

WUDQVIRUP .ULSNH VWUXFWXUH IRUPXOD WR QRUPDO IRUP DQG WKXV WR FKHFN HDVLO\ LWV YDOLGLW\� $ FRPSXWDWLRQ DQG

GHGXFWLRQ VFKHPH ZLOO EH LQWURGXFHG WR SURYH WKH IHDVLELOLW\ RI UHZULWLQJ ORJLF WR GHDO ZLWK YHULILFDWLRQ

V\VWHPV� ([SHULPHQWDO UHVXOWV DUH REWDLQHG IURP WKH DSSOLFDWLRQ RI WKH GHYHORSHG WRRO WR DQ H�EXVLQHVV

SURFHGXUH EDVHG RQ DQ ,(& �,QWHUQDWLRQDO (OHFWURWHFKQLFDO &RPPLVVLRQ� VWDQGDUG ����� ���� LQWHUIDFH

SURWRFRO IRU SURJUDPPDEOH PHDVXULQJ LQVWUXPHQWV�

.H\ZRUGV � 9HULILFDWLRQ� 6LPXODWLRQ� 5HZULWLQJ /RJLF� 7HPSRUDO /RJLF� H�FRPPHUFH�
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7KH ODUJH GHPDQG IRU HOHFWURQLF DFFHVV WR LQIRUPDWLRQ DQG HOHFWURQLF WUDQVDFWLRQV LQ LQWHUQHW

DQG :RUOG :LGH :HE KDYH GHPRQVWUDWHG WKDW SURYLGHUV DQG FRQVXPHUV QHHG D UHDVRQDEOH

SURWHFWLRQ IRU WKHLU WUDQVDFWLRQV� 7KXV� QXPHURXV SURWRFROV KDYH EHHQ SURSRVHG WKDW FODLP WR

JXDUDQW\ WKH LQWHJULW\ RI WUDQVDFWLRQ EHWZHHQ LQWHUYHQHUV� +RZHYHU� PDQ\ RI VXFK SURWRFRO

SURFHGXUHV IDLO WR SUHYHQW WUDQVDFWLRQ HUURUV� 1RZDGD\V� VSHFLILFDWLRQV DQG YHULILFDWLRQ RI

UHDFWLYH V\VWHPV VXFK DV GLJLWDO KDUGZDUH FLUFXLWV DUH FRQYHQLHQWO\ JLYHQ LQ PRGDO ORJLFV� $

IDLOXUH LQ WKH FRPSXWHU VRIWZDUH V\VWHP FRXOG KDYH VHULRXV FRQVHTXHQFHV DQG FDXVH WKH ORVV

RI KXPDQ OLYHV DQG KXQGUHG¶V RI PLOOLRQV �HJ� $ULDQH URFNHW IOLJKW ��� DQG ,QWHO
V 3HQWLXP

SURFHVVRU��

7KH V\VWHP WKDW LV WR EH FKHFNHG FDQ EH GLUHFWO\ YHULILHG XVLQJ WKUHH PDLQ FDWHJRULHV ZKLFK

DUH IRUPDO WHFKQLTXHV DV WKH WKHRUHP SURYHUV VXFK DV $&/� >�@� 0RGHO�&KHFNLQJ DV WKH

V\PEROLF PRGHO FKHFNHU RI 0F0LOODQ �609� >�@� DQG WKH ZHOO�NQRZQ VLPXODWLRQ WHFKQLTXHV�

8QKDSSLO\� VLPXODWLRQ WHFKQLTXHV DUH QRW FDSDEOH WR WUDFH RXW DOO WKH EHKDYLRU H[SHFWDWLRQV

DQG WKH SURRI V\VWHPV �SURYHUV� DUH KDUG WR EH XVHG E\ LQH[SHULHQFHG SUDFWLWLRQHU�

'XULQJ WKH ODVW GHFDGHV� D ORW RI WHFKQLTXHV DQG WKHRUHWLFDO IRUPDOLVPV KDYH EHHQ SURSRVHG WR

DEVWUDFW KXPDQ WKLQNLQJ WR UHVROYH FRPSOH[ SUREOHPV� $PRQJ VXFK IRUPDO WHFKQLTXHV�

5HZULWLQJ /RJLF GXH WR 0HVHJXHU HW DO� >�@� FRQVWLWXWHV D XQLYHUVDO IUDPHZRUN IRU XQLI\LQJ



GLIIHUHQW FRPSXWDWLRQDO PRGHOV DV 7XULQJ FRPSXWDEOH QXPEHUV� 3HWUL 1HWV >�@� OLQHDU ORJLF

>�@� DQG KDV EHHQ H[WHQGHG WR UHDO�WLPH FRQFHSWV RI FRQFXUUHQW DQG K\EULG V\VWHP DQG VR RQ�

0DXGH V\VWHP >�@� GHYHORSHG E\ WKH WHDP RI 0HVHJXHU DW WKH 65, /DERUDWRU\� ZKLFK LV

VLPLODU WR (/$1 >�@ DQG &DIH�2EM LV HVVHQWLDOO\ EDVHG RQ WKH VHPDQWLF RI WKH UHZULWLQJ ORJLF�

,Q WKLV SDSHU ZH JLYH DQ RYHUYLHZ RI WKH UHZULWLQJ ORJLF DQG LWV DSSOLFDWLRQ WR REWDLQ VROXWLRQ

RI FULWLFDO V\VWHPV EDVHG�FRQVWUDLQWV� ([SHULPHQWDO UHVXOWV DUH REWDLQHG IURP WKH DSSOLFDWLRQ

RI WKH GHYHORSHG WRRO WR YHULI\ D SDUW RI WKH WUDGH SURFHGXUH RI DQ H�EXVLQHVV SURWRFRO EDVHG

RQ DQ ,(& �,QWHUQDWLRQDO (OHFWURWHFKQLFDO &RPPLVVLRQ� VWDQGDUG ����� ���� LQWHUIDFH

SURWRFRO IRU SURJUDPPDEOH PHDVXULQJ LQVWUXPHQWV >�@� :H SUHVHQW WZR DWWHPSWV WR GHDO ZLWK

YHULILFDWLRQ EDVHG RQ UHZULWLQJ ORJLF� 7KH ILUVW RQH LV D GHGXFWLYH PHWKRG PRGXOR VRPH

D[LRPV RI &7/ RSHUDWRUV� DQG WKH VHFRQG WU\ WR FRPSXWH &7/ IL[SRLQWV XVLQJ D 6$7

SURFHGXUH ZULWWHQ LQ 0DXGH� %RWK WKH WZR PHWKRGV JLYH D JRRG UHVXOWV� EXW LQ FDVH RI

FRPSOH[ V\VWHPV WKH\ IDLO LQ D UHDVRQDEOH WLPH�

7KH SDSHU LV RUJDQLVHG DV IROORZV� ,Q VHFWLRQ � ZH LQWURGXFH WKH WKHRU\ RI UHZULWLQJ ORJLF�

6HFWLRQ � SUHVHQWV WKH 0DXGH 6\VWHP DQG LWV ODQJXDJH DQG VHFWLRQ � GHDOV ZLWK WKH

YHULILFDWLRQ RI 6SHFLILFDWLRQ XVLQJ 5HZULWLQJ /RJLF� 6HFWLRQ �� SUHVHQWV FRPSXWDWLRQDO WUHH

ORJLF DV D PRGHO RI YHULILFDWLRQ DQG ZH JLYH DOO WKH WKHRUHWLFDO DVSHFWV RI PRGHO FKHFNLQJ DQG

WKH UHZULWLQJ ORJLF DSSURDFK DV D PRGHO RI GHGXFWLYH FRPSXWDWLRQ� )LQDOO\� LQ VHFWLRQ � ZH

GHPRQVWUDWH WKH IHDVLELOLW\ RI RXU DSSURDFK RQ D EHQFKPDUN�
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7KH VSHFLILFDWLRQ ODQJXDJH LV EDVHG RQ 5HZULWLQJ ORJLF DV GHYHORSHG E\ 0HVHJXHU HW DO� >�@�

5HZULWLQJ ORJLF LV D XQLILHG DQG UHIOH[LYH ORJLF EDVHG RQ ERWK UHZULWLQJ WKHRU\ DQG HTXDWLRQDO

ORJLF H[WHQGHG WR PHPEHUVKLS HTXDWLRQDO ORJLF ZKLFK JLYHV D ULJRURXV H[SUHVVLYHQHVV DQG D

JRRG LQWHJUDWLRQ RI ORJLFV � $ VLJQDWXUH LQ WKLV ORJLF LV D SDLU �¦� (� ZLWK ¦ D UDQNHG DOSKDEHW

RI IXQFWLRQ V\PEROV DQG ( D VHW RI ¦�D[LRPV �HTXDWLRQV�� 7KH VHQWHQFHV DUH UXOHV RI WKH

IRUPV >W$@(o>W%@( ZLWK W$ DQG W% DUH ¦�WHUPV DQG D WKHRU\ LV D UHZULWH V\VWHP 6  �¦� (� /�
5�� ZKHUH / LV D VHW RI ODEHOV DQG 5 LV D FROOHFWLRQ RI ODEHOOHG DQG SRVVLEO\ FRQGLWLRQDO UXOHV�

7KLV JHQHUDOLVHV WKH XVXDO QRWLRQ RI WKHRU\� ZKLFK LV W\SLFDOO\ GHILQHG DV D SDLU FRQVLVWLQJ RI

D VLJQDWXUH DQG D VHW RI VHQWHQFHV� :KHQ VSHFLI\LQJ UHDO�WLPH V\VWHPV� D WLPH GRPDLQ

VDWLVI\LQJ JHQHUDO D[LRPV LV QHHGHG� :H WKHQ GHILQH D SDUDPHWHU FDOOHG WLPH� 7KH WLPH LV

FRQVLGHUHG DV D SDUWLFXODU DFWLRQ� DFWLQJ RQ VWDWHV RI WKH V\VWHP� 7KH UHVXOW RI WLPH DFWLRQ LV

FRQVLGHUHG DV VWLPXOL DQG LV VSHFLILHG XVLQJ D UHZULWH UXOH�

"�� ����#�����$����������	���!�� �� � �

7KH 0DXGH ODQJXDJH VSHFLILHV UHZULWLQJ ORJLF WKHRULHV� 'DWD W\SHV DUH GHILQHG DOJHEUDLFDOO\

E\ HTXDWLRQV DQG WKH G\QDPLF EHKDYLRU RI D V\VWHP LV GHILQHG E\ UHZULWH UXOHV ZKLFK GHVFULEH

KRZ D SDUW RI WKH VWDWH FDQ FKDQJH LQ RQH VWHS�

$ 0DXGH SURJUDP �DW WKH PHWD�OHYHO� GHILQHV GLIIHUHQW VWUDWHJLHV JXLGLQJ WKH H[HFXWLRQ RI

DQRWKHU 0DXGH SURJUDP� ,Q WKLV ZD\ 0DXGH SURYLGHV D IOH[LEOH H[HFXWLRQ VWUDWHJ\ DQG

SDUDPHWHUL]HG SURJUDPPLQJ ODQJXDJH ZKHUH WKH XVHU FDQ GHILQH DOO WKH VWUDWHJLHV KH QHHGV

IRU DQDO\]LQJ KLV VSHFLILFDWLRQ� 7KH FXUUHQW YHUVLRQ RI WKH LQWHUSUHWHU FDQ SHUIRUP XS WR ���

PLOOLRQ UHZULWHV SHU VHFRQG� PDNLQJ 0DXGH D YHU\ VRSKLVWLFDWHG WRRO ZKLFK XVHV DOO NLQGV RI

WHFKQLTXHV WR LPSURYH SHUIRUPDQFH DQG FRPSHWLWLYH ZLWK JHQHUDO� SXUSRVH SURJUDPPLQJ

ODQJXDJHV LQ WHUPV RI HIILFLHQF\�



7KH 0DXGH V\VWHP LV D UHZULWH EDVHG LQWHUSUHWHU IRU RUGHU�VRUWHG ORJLF >�@� 7KH EDVLV IRU WKH

H[HFXWDEOH SURJUDP LV D WKHRU\� 7KHRULHV FDQ EH GHILQHG XVLQJ WKH QRWLRQ RI VRUWV� VXEVRUWV�

YDULDEOHV� RSHUDWRUV RU RSHUDWLRQV DQG SURSHUWLHV RQ WKHVH RSHUDWRUV� 7KH SURSHUWLHV RQ WKH

EDVLF REMHFWV DUH D[LRPDWL]HG E\ HTXDWLRQV DQG UHZULWH UXOHV�

7R EHWWHU H[SODLQ KRZ 0DXGH FRXOG SHUIRUP D FRPSXWDWLRQ VWHS� ZH SUHVHQW D FODVVLFDO

H[DPSOH NQRZQ DV QDWXUDO QXPEHUV LQ 3HDQR IRUP� 7KH GDWD VWUXFWXUH RI 3HDQR IRUP GHDO

ZLWK WKH QRQ�QHJDWLYH LQWHJHUV EXLOW XS XVLQJ WKH � DQG 6 IXQFWLRQ V\PEROV� (YHU\ HOHPHQW RI

WKLV VWUXFWXUH FDQ EH UHSUHVHQWHG E\ D YDULDEOH�IUHH �JURXQG� WHUP WKDW HYROYHV � DQG 6 RQO\�

6XSSRVH QRZ ZH GHILQH WKH DGGLWLRQ RSHUDWLRQ � E\ WKH IROORZLQJ D[LRPV�

[ � �  [ ���
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,W LV FOHDU WKDW DGGLQJ WZR LQWHJHUV XVLQJ WKH DERYH WZR HTXDWLRQV� \LHOGV D QRQ QHJDWLYH

LQWHJHU� )RU LQVWDQFH� 6�6���� � 6�6���� HTXDWHV WR 6�6�6�6������ E\ GHGXFWLYH UHDVRQLQJ LQ

WHUP RI WKH DSSOLFDWLRQ WZLFH WKH VHFRQG D[LRPV DQG RQFH WKH ILUVW� 8VLQJ VXFK UHDVRQLQJ ZD\�

ZH FDQ HDVLO\ GHPRQVWUDWH E\ LQGXFWLRQ WKH SURSHUW\ RI DVVRFLDWLYLW\ DV IROORZ �

� [ � \ � � ]  [ � � \ � ] � � � [ � \ � � 6�]�  [ � � \ � 6�]� �� ���

3URRI� :H UHDVRQ XVLQJ WKH OHIW DQG WKH ULJKW VLGHV RI WKH HTXDWLRQ� :H GHGXFH IURP WKH OHIW

KDQG VLGH �/+6��

/+6 � � [ � \ � � 6�]�

6��[ � \� � ]�
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6��[ � \� � ]� ��� E\ UXOH �

6�[ � �\ � ]�� ��� E\ LQGXFWLRQ K\SRWKHVLV

7KH ULJKW KDQG VLGH �5+6� JLYHV �

5+6 � [ � �\ � 6�]��

[ � 6�\ � ]�
�
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[ � 6�\ � ]� ��� E\ UXOH �

6�[ � �\ � ]�� ��� E\ UXOH �
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0DXGH ODQJXDJH DQG LWV UHVSHFWLYH WRRO PD\ EH XVHG IRU YHULI\LQJ DVVXPSWLRQ RI FULWLFDO

V\VWHPV� 0DXGH LV DEOH WR FRPELQH V\QFKURQRXV DQG DV\QFKURQRXV PRGHOOLQJ RI WKH

UHZULWLQJ ORJLF DQG WKH UREXVWQHVV DQG WKH IOH[LELOLW\ RI REMHFW�RULHQWHG FRQVWUXFWLRQ �IRU

DUFKLWHFWXUH DQG GDWD GHVLJQ�� 0RGHOLQJ FULWLFDO V\VWHPV RQH QHHG WR UHSUHVHQW WKH UHODWLYH

EHKDYLRXU XVLQJ ZKDW ZH FDOO D %RROHDQ $XWRPDWRQ� 6XFK UHSUHVHQWDWLRQ LV EDVLFDOO\ D NLQG

RI ILQLWH VWDWH PDFKLQH HQFRGHG E\ D VHW RI %RROHDQ YDULDEOHV DQG HTXDWLRQV� %RROHDQ

YDULDEOHV DUH XVHG WR UHSUHVHQW SURJUDP VLJQDOV �OLQHV RI FRPPXQLFDWLRQ� DQG VWDWHV� (DFK

%RROHDQ YDULDEOH PD\ EH WUXH RU IDOVH� LW GHSHQGV RI WKH SUHVHQFH RI VXFK VLJQDO� ,QSXW DQG

RXWSXW VLJQDOV �YDULDEOHV� DUH MRLQHG WR IRUP %RROHDQ HTXDWLRQV� 7KXV� &7/ �&RPSXWDWLRQ

7UHH /RJLF� >�@� D EUDQFKLQJ WLPH WHPSRUDO ORJLF ZLWK IXWXUH RSHUDWLRQ� FDQ EH XVHG IRU

VSHFLI\LQJ SURSHUWLHV� 8VLQJ WKH 6\PEROLF 0RGHO &KHFNHU >�@ DQG WKH UHODWLRQV LQ WHUP RI

HTXDWLRQV IXUQLVKHG E\ WKH %RROHDQ $XWRPDWRQ� RQH FDQ YHULI\ IRU H[DPSOH WKH 6DIHW\ DQG

WKH )DLUQHVV VSHFLILFDWLRQ� ,Q WKH VHTXHO ZH LQWURGXFH 3URSRVLWLRQQDO &DOFXOXV /RJLF

SUHVHQWHG DV D PRGXOH LQ 0DXGH� ZKLFK ZLOO EH XVHG E\ WKH V\VWHP WR REWDLQ D UHGXFWLRQ



IRUP LQ WHUP RI QRUPDO IRUP� 6XFK SUHVHQWDWLRQ LV IROORZHG E\ D GHVFULSWLRQ RI WKH &7/ ORJLF

DQG D V\PEROLF PRGHO FKHFNLQJ DOJRULWKP�
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,Q UHFHQW \HDUV� WKHUH KDV EHHQ PXFK HIIRUW WR H[WHQG WKH ZLGH UDQJH RI WKHRU\ DQG PHWKRGV

IRU YHULILFDWLRQ RI FULWLFDO UHDO WLPH V\VWHPV� 7KH UHVXOW RI VXFK LQWHQVLYH ZRUN ZDV WKH DELOLW\

WR PDNH GLIIHUHQFH EHWZHHQ RQ PRGDO�WHPSRUDO RI ILQLWH DQG LQILQLWH YHULILFDWLRQ PRGHOV DQG

RWKHUV OLNH VLPXODWLRQ� WKHRUHPV SURYLQJ FRPSLOHUV DQG HTXLYDOHQFH FKHFNLQJ� 7HPSRUDO

ORJLF PRGHOV FDOOHG PRGHO FKHFNLQJ DUH GLYLGHG LQWR WZR ZHOO NQRZQ PHWKRGV�� D OLQHDU

WHPSRUDO ORJLF �37/� /7/� 3/7/� >�����@ LQWURGXFHG E\ 3QXHOL DV D IRUPDO ODQJXDJH XVHG

IRU PRGHOOLQJ DQG FKHFNLQJ FULWLFDO V\VWHPV� 6XFK WHPSRUDO ORJLFV DUH FDOOHG OLQHDU� EHFDXVH

WKH TXDOLWDWLYH QRWLRQ RI WLPH LV OLQHDU� EHFDXVH DW HDFK PRPHQW RI WLPH WKHUH LV RQO\ RQH

SRVVLEOH VXFFHVVRU VWDWH DQG WKXV RQO\ RQH SRVVLEOH IXWXUH� 7KH RWKHU NLQG RI WHPSRUDO ORJLF

LQWURGXFHG E\ &ODUNH 	 (PHUVRQ LQ >����@ DQG LQGHSHQGHQWO\ E\ 4XLHOOH 	 6LIDNLV >��@�

WDNHV LQWR DFFRXQW QRQ GHWHUPLQLVWLF DQG EUDQFKLQJ WLPH QRWLRQV RI FRQFXUUHQW V\VWHPV� 6XFK

ORJLF LV FDOOHG &RPSXWDWLRQDO WUHH ORJLF �&7/�� ZKLFK ZDV H[WHQGHG VRPH WLPH DIWHU WR &7/


WKH XQLRQ RI ERWK /7/ DQG &7/� DQG 7&7/ �7LPHG &7/� WR YHULI\ UHDO WLPH V\VWHPV� 7KH

IDPLO\ RI &7/ ORJLF LV QRW EDVHG RQ D OLQHDU QRWLRQ RI WLPH� EXW RQ D EUDQFKLQJ QRWLRQ RI

WLPH� %UDQFKLQJ WLPH UHIHUV WR WKH IDFW WKDW DW HDFK PRPHQW WKHUH PD\ EH VHYHUDO GLIIHUHQW

SRVVLEOH IXWXUHV� 7HPSRUDO ORJLFV DUH LQWHUSUHWHG XVLQJ WKH VDWLVIDFWLRQ UHODWLRQ GHILQHG LQ

WHUPV RI FRPSXWDWLRQ� QRWHG N� V _ $� ZKLFK PHDQV WKDW WKH WHPSRUDO IRUPXOD $ LV YHULILHG

�KROGV� RQ D SDWK �D VHTXHQFH RI VWDWHV� RI D PRGHO N DOVR FDOOHG .ULSNH VWUXFWXUH DQG WDNHV V

DV WKH ILUVW VWDWH RI WKH SDWK� 7KH VHPDQWLFV RI &7/ LV EDVHG RQ WUHH RI VWDWHV UDWKHU WKDQ D

VHTXHQFH RI VWDWHV DV LQ OLQHDU WHPSRUDO ORJLFV�

7KH WHPSRUDO RSHUDWRUV LQ EUDQFKLQJ WHPSRUDO ORJLF DOORZ WKH H[SUHVVLRQ RI SURSHUWLHV RI

�VRPH RU DOO� FRPSXWDWLRQV RI D V\VWHP� )RU H[DPSOH WKH &7/ RSHUDWRUV () I �WKHUH H[LVW D

FRPSXWDWLRQ DORQJ ZKLFK II KROGV�� (* I� $) I DQG $* I�

7KH PRVW HOHPHQWDU\ VWDWHPHQWV DERXW V\VWHPV WKDW RQH FDQ PDNH LQ &7/ DUH DWRPLF

SURSRVLWLRQV� DV LQ WKH GHILQLWLRQ RI 3/7/� 7KH VHW RI DWRPLF SURSRVLWLRQV LV GHQRWHG E\ $3�

ZLWK W\SLFDO HOHPHQWV S� T� DQG U�

$ GHFLVLRQ SURFHGXUH IRU WKH SURSRVLWLRQQDO FDOFXOXV SURYLGHV WKH XVXDO WUXWK FRQVWDQWV �WUXH�

IDOVH� DQG WKH IROORZLQJ XVXDO FRQQHFWLYHV �RSHUDWRUV�� � �DQG�� � �RU�� QRU �H[FOXVLYH RU���

�LPSOLFDWLRQ�� � �HTXLYDOHQFH� DQG WKH QHJDWLRQ RSHUDWRU �� 7KH SURFHGXUH UHGXFH WKH

WDXWRORJ\ IRUPXODH WR WKH FRQVWDQW WUXH DQG DOO WKH RWKHUV WR WKH FDQRQLFDO IRUP PRGXOR

DVVRFLDWLYLW\ DQG FRPPXWDWLYLW\�

7KXV WKH ORJLF RI &7/ FRQVLVWV RI 3URSRVLWLRQDO /RJLF DXJPHQWHG ZLWK SDWK TXDQWLILHUV DQG

WHPSRUDO RSHUDWRUV DUH GHILQHG DV IROORZV�

x 3DWK TXDQWLILHUV � GHVFULEH EUDQFKLQJ VWUXFWXUH RI WKH WUHH�

± $ �IRU DOO FRPSXWDWLRQ SDWKV�

± ( �IRU VRPH FRPSXWDWLRQ SDWK  WKHUH H[LVWV D SDWK�

x 7HPSRUDO RSHUDWRUV � GHVFULEH SURSHUWLHV RI D SDWK WKURXJK WKH WUHH

± ; �QH[W WLPH� QH[W VWDWH�

± ) �IXWXUH VWDWH� HYHQWXDOO\� ILQDOO\�



± * �DOZD\V� JOREDOO\�

± 8 �XQWLO�

± 5 �UHOHDVH� GXDO RI 8�

'HILQLWLRQ �� �6\QWD[ RI &7/� 7KH V\QWD[ RI &7/ LV PDGH RXW RI VWDWH IRUPXODH DQG SDWK

IRUPXODH �D SDWK LV D VHTXHQFH RI VWDWHV FRQQHFWHG YLD WUDQVLWLRQV� DQG LV WKH VPDOOHVW VHW RI

DOO VWDWH IRUPXODH DV LQWURGXFHG E\ WKH IROORZLQJ DVVXPSWLRQV�

�L� S �LV D VWDWH�IRUPXOD

�LL� ,I I LV D VWDWH�IRUPXOD� WKHQ ��I LV D VWDWH�IRUPXOD

�LLL� ,I I DQG <�� DUH VWDWH�IRUPXODH� WKHQ I ���<� LV D VWDWH�IRUPXOD

�LY� ,I ��I LV D SDWK�IRUPXOD� WKHQ ( I ��DQG $ I ��DUH VWDWH�IRUPXODH

�Y� ,I I LV D VWDWH�IRUPXOD� WKHQ ; I LV D SDWK�IRUPXOD

�YL� ,I I DQG \ DUH VWDWH�IRUPXODH� WKHQ I 8 \ DUH VWDWH�IRUPXODH

�YLL� $Q\WKLQJ HOVH LV QHLWKHU D VWDWH QRU D SDWK�IRUPXOD

��� 6HPDQWLF RI &RPSXWDWLRQDO 7UHH /RJLF �&7/�

7KH VHPDQWLFV RI &7/ LV GHILQHG RYHU D .ULSNH VWUXFWXUH .

'HILQLWLRQ �� �.ULSNH VWUXFWXUH� $ .ULSNH VWUXFWXUH N � LV D WXSOH �6�7�6�� $3� /� ZKHUH

x 6 LV D FRXQWDEOH VHW RI VWDWHV/

x 7 � 6 [ 6 LV WKH WUDQVLWLRQ UHODWLRQ�

x 6� � 6 LV WKH VHW RI LQLWLDO VWDWHV�

x $3 LV WKH VHW RI DWRPLF SURSRVLWLRQV�

x / � 6Æ�
$3
LV WKH ODEHOOLQJ IXQFWLRQ

$ IRUPXOD LV VDLG WR KROG LQ N LI LW LV VDWLVILHG E\ HYHU\ LQLWLDO VWDWH RI N�

'HILQLWLRQ �� �3DWK� $ SDWK LQ .ULSNH VWUXFWXUH N�6�7�6�� $3� /� LV DQ LQILQLWH VHTXHQFH RI

VWDWHV V� V� V� } VXFK WKDW �VL� VL��� � 7 IRU DOO L t ��

�V�� ��

^[ z�`

^ [  �` �V�� ��

�V�� �� �V�� ��

^[  �` �V�� �� �V�� �� �V����

^[  �� [ z ��

�V�� �� �V���� �V���� �V���� �V����

)LJXUH � � $ .ULSNH VWUXFWXUH DQG LWV LQILQLWH WUHH

6� 6�

6�

6�



8VLQJ WKH &7/ RSHUDWRUV (;� (* DQG (8� LW LV SRVVLEOH WR ILQG HTXLYDOHQW IRUPV RI &7/

IRUPXODH�

�L� $; M  � (;�� M�

�LL� () M  (�7UXH 8 M�

�LLL� $* M  � ()�� M�

�LY� $)M  � (*�� M�

�Y� $>M 8 \@  � ( >� \8��M � � \�@ � �(*�� \�

�YL� $>M 5 \@  � ( >� M 8 � \@

�YLL� (>M 5 \@  � $ >� M 8 �\@

([DPSOH RI VXFK IRUPXODH HTXLYDOHQFH� WKH VDIHW\ FRQGLWLRQ�

� $*�� �*� � *���  � ()�*��*��

RI WKH PXWXDO H[FOXVLRQ �SURWRFRO�� ZKLFK VLJQLI\ WKDW QR ERWK SURFHVVHV DW WKH VDPH WLPH EH

LQ WKH FULWLFDO VHFWLRQ� DQG WKH )DLUQHVV &RQGLWLRQ�

� () �*� � *� �  (�WUXH 8 �*� � *� � �

ZKLFK PHDQV� WKDW HYHQWXDOO\ RQH SURFHVV HQWHU WKH FULWLFDO VHFWLRQ�

'HILQLWLRQ �� �6HPDQWLFV RI &7/�

/HW S � $3 EH DQ DWRPLF SURSRVLWLRQ� N D .ULSNH VWUXFWXUH� D VWDWH V � 6� ) DQG < D VWDWH

IRUPXODH RI &7/� DQG M D SDWK�IRUPXOD RI &7/� 7KH VDWLVIDFWLRQ UHODWLRQ _ LV GHILQHG IRU WKH

VWDWH�IRUPXODH DV IROORZV �

x V _ S LII S � /�V��

x V _ � ) LII QRW �V _ )��

x V _ ) � < LII �V _ )� RU �V _ <��

x V _ ( M LII V _ M IRU VRPH SDWKV RI N � V � 3DWKV�V��

x V _ $ M LII V _ M IRU DOO SDWKV RI N � V � 3DWKV�V��

:KLOH� WKH SDWK�IRUPXOD UHODWLRQ LV GHILQHG DV IROORZ �

x V _ ; ) LII V >�@ _ )�

x V _ )8 < LII ��M t �� �V>M@ _ \ � ���dN�M� V>N@ _ ) ���

7KH LQWHUSUHWDWLRQ RI DWRPLF SURSRVLWLRQV DV WKH QHJDWLRQ DQG WKH FRQMXQFWLRQ RSHUDWRUV DUH DV

XVXDO�

([DPSOH RI D GHGXFWLYH ZD\ WR YHULI\ D VSHFLILFDWLRQ LQ &RPSXWDWLRQDO 7UHH /RJLF�

'HULYDWLRQ RI � (* )�

V _ (* ) �

^GHILQLWLRQ RI (*`

V _ �$) �) �



^GHILQLWLRQ RI )`

V _ � $�WUXH 8 �)�� �

^VHPDQWLF RI �`

��V _ $�WUXH 8 �)�� �

^VHPDQWLF RI $8 `

���V � 3DWKV�V�� ��M t �� �V>M@ _ �) � ���dN�M� V>N@ _ WUXH� ���

^V _ WUXH IRU DOO VWDWH V� SUHGLFDWH FDOFXOXV`

�V�3DWKV�V����M t �� V>M@ _ ) �

,Q &7/ PRGHO FKHFNLQJ� WKHUH DUH WZR DSSURDFK¶V� RQH EDVHG RQ WKH D[LRPDWLVDWLRQ RI WKH

PRGHO IRUPXODH DQG WKH VHFRQG LV EDVHG RQ WKH IL[SRLQWV FDOFXOXV� ,Q WKH VHTXHO RI WKLV

SUHVHQWDWLRQ WKH WZR PHWKRGV ZLOO EH GHYHORSHG DQG SURYHG WR EH ZHOO�VXLWHG IRU WKH

UHZULWLQJ ORJLF�

��� )RUPXODH $[LRPDWL]DWLRQ YHUVLRQ UHZULWLQJ UXOHV

$Q LQWHUHVWLQJ UHVHDUFK GLUHFWLRQ FRQVLVWV RI WKH DSSOLFDWLRQ RI UHZULWLQJ ORJLF LQ FRPELQLQJ D

UHZULWH V\VWHP 5 ZLWK D VHW RI VLPSOLILFDWLRQ UXOHV YDOLG LQ .ULSNH VWUXFWXUH�

:H KDYH VHHQ WKDW UDWKHU WKDQ D UHDVRQLQJ RQ WKH EDVLV RI WKH VHPDQWLFV� XVLQJ WKH V\QWDFWLF

IRUP RI &7/ IRUPXODH� D[LRPV FDQ EH GHGXFHG IURP DWRPLF IRUPXODH DQG XVHG WR SURYH WKH

HTXLYDOHQFH RI &7/ IRUPXODV� $Q LPSRUWDQW D[LRP IRU /7/ LV WKH H[SDQVLRQ D[LRP IRU XQWLO�

)8 \ � \ � �) � ;�)8 \��

)RU &7/� D[LRPV VLPLODU WR WKH H[SDQVLRQ D[LRP H[LVW� :H QRWH WKDW WKH OLQHDU WHPSRUDO

RSHUDWRU 8 FDQ EH SUHIL[HG ZLWK HLWKHU DQ H[LVWHQWLDO RU D XQLYHUVDO SDWK TXDQWLILHU� ZH KDYH

D[LRPV IRU ( �) 8 \� DQG $ �) 8 \�� 7KHVH D[LRPV DUH OLVWHG LQ WKH ODVW WZR URZV RI

7DEOH �� 7KH VRXQGQHVV RI WKHVH D[LRPV FDQ EH SURYHG XVLQJ WKH VHPDQWLFV RI &7/�

7DEOH �� ([SDQVLRQ D[LRPV IRU &7/

() ) { ) � (;�() )�

$) ) { ) � $;�$) )�

(* ) { ) � (;�(* )�

$* ) { ) � $;�$* )�

�D[LRP ��

�D[LRP ��

�D[LRP ��

�D[LRP ��

(�) 8 \� { \ � �) � (; (�) 8 \��

$�) 8 \� { \ � �) � $; $�) 8 \��

�D[LRP ��

�D[LRP ��

,Q WKH IROORZLQJ SURRI ZH FDQ VKRZ WKDW $) ) DQG ) � $;�$) )� DUH HTXLYDOHQW� DQG VR LW

LV IRU (* ) DQG ) � (;�(* )�� DQG WKXV WKH\ FRXOG EH VXEVWLWXWHG WR HDFK RWKHU�

3URRI RI � ^$) ) { ) � $;�$) )�`

$) )) �

^GHILQLWLRQ RI $)`

$�WUXH 8 )� �

^D[LRP IRU $�)8 \�`

) � �WUXH � $; $�WUXH 8 )��� �



^SUHGLFDWH FDOFXOXV� GHILQLWLRQ RI $)`

))�� $;�$) ))��

3URRI RI � (* ) { ) � (;�(* )��

(* )) �

^GHILQLWLRQ RI (*`

� $) �) �

^UHVXOWV DIWHU WKH GHULYDWLRQ`

� ��) � $;�$) �)�� �

^SUHGLFDWH FDOFXOXV`

) � $;��$) �)�� �

^GHILQLWLRQ RI $;`

) � (;���$) �)���

^GHILQLWLRQ RI (*`

))�� (;��(* ))��

7KH IROORZLQJ VLPSOLILFDWLRQ UXOHV FRXOG EH XVHG WR UHGXFH WKH QXPEHU RI &7/ WHPSRUDO

RSHUDWRUV DQG WKXV WR ILQG WKH QRUPDO IRUP RI D IRUPXOD� :H GLVWLQJXLVK LQ WDEOH �� WZR VHWV RI

UXOHV� 7KH ILUVW VHW FRQVLVWV RI UXOHV EXLOW RYHU WHPSRUDO DQG %RROHDQ RSHUDWRUV� DQG WKH

VHFRQG VHW FRQVLVWV RI RQO\ WHPSRUDO UXOHV� 7KH V\VWHP RI VXFK UXOHV GHFUHDVH WKH GHSWK RI

UHOHDVHV� WKH QXPEHU RI RSHUDWRUV� DQG WKXV WKH\ �WKH UXOHV� FRXOG EH YHULILHG WR EH

WHUPLQDWLQJ� EXW QRW FRQIOXHQW�

7DEOH �� $ UHZULWLQJ &7/ D[LRPV

�L� $* ) � $* \o $*� ) � \�

�LL� () ) � () \ o ()� ) � \�

�LLL� (*��\ � (*)�� �) � (*\�� o (*) � (*\

�LY� $)��\ � $))�� �) � $)\��o (*) � (*\

�Y� $��)� )¶� 8 �$�)8\� � \¶ � $�)¶8\¶� �

\��o $�) 8 \� � $�)¶8\¶�

$*$* ) o $* )

()() ) o () )

$*()$*() ) o ()$*() )

()$*()$* )o $*()$* )

(*(* ) o (* )

$)$) ) o $) )

$)(*$) ) o (*$) )

(*$)(* ) o $)(* )

$*() ) o $* )

$)$) ) o $) )

$)$*$) ) o $*$) )

(*()(* ) o ()(* )

$*$)$* ) o $)$* )

()(*() ) o (*() )

$�)8$�)8\�� o $�)8\�

$)(*$*$) ) o (*$*$) )

(*$)()(* ) o $)()(* )

$*$)()$*() ) o $)()$*() )

()(*$*()$* ) o (*$*()$* )



��� )L[SRLQWV PRGHO FKHFNLQJ

7KH &7/ PRGHO�FKHFNLQJ LV D SURFHGXUH EDVHG RQ WKH WKHRUHP RI &ODUNH DQG (PHUVRQ >��@�

ZKLFK LV GHILQHG DV � JLYHQ D PRGHO �.ULSNH VWUXFWXUH� DQG D &7/ IRUPXOD 3� WKH DOJRULWKP

ZLOO UHWXUQ D VHW RI WKRVH VWDWHV RI WKH PRGHO WKDW VDWLVI\ 3� 7HPSRUDO ORJLF IRUPXODV DUH

HYDOXDWHG WR D VWDWH LQ WKH PRGHO DV D EDVLF &7/ IRUPXODH �

(; �I� WUXH LQ VWDWH V LI I LV WUXH LQ VRPH VXFFHVVRUV RI V �WKHUH H[LVWV D QH[W VWDWH RI V

IRU ZKLFK I KROGV�

$; �I� WUXH LQ VWDWH V LI I LV WUXH IRU DOO VXFFHVVRUV RI V �IRU DOO QH[W VWDWHV RI V I LV

WUXH�

(* �I� WUXH LQ V LI I KROGV LQ HYHU\ VWDWH DORQJ VRPH SDWK HPDQDWLQJ IURP V �WKHUH

H[LVWV D SDWK}�

$* �I� WUXH LQ V LI I KROGV LQ HYHU\ VWDWH DORQJ DOO SDWKV HPDQDWLQJ IURP V �IRU DOO

SDWKV� JOREDOO\�

() �J� WKHUH H[LVWV D SDWK ZKLFK HYHQWXDOO\ FRQWDLQV D VWDWH LQ ZKLFK J LV WUXH

$) �J� IRU DOO SDWKV� HYHQWXDOO\ WKHUH LV VWDWH LQ ZKLFK J KROGV

I 8 J WUXH LI WKHUH LV D VWDWH LQ WKH SDWK ZKHUH J KROGV� DQG DW HYHU\ SUHYLRXV VWDWH I

KROGV

7\SLFDO RI &7/ IRUPXODH �IRU H[DPSOH IRU D VHQGHU DQG UHFHLYHU RI $%3 SURWRFRO� DUH�

() � VWDUW �� ¤ UHDG\ � � HYHQWXDOO\ D VWDWH LV UHDFKHG ZKHUH VWDUW KROGV DQG UHDG\ GRHV QRW

KROG

$* � UHT � �$) DFN � � DQ\ WLPH UHTXHVW RFFXUV� LW ZLOO EH HYHQWXDOO\ DFNQRZOHGJHG

:H UHPDUN WKDW (*M DQG (>M 8 \@ DUH FRPSXWHG UHVSHFWLYHO\ DV WKH JUHDWHVW IL[SRLQW XVLQJ

WKH UHFXUVLYH IXQFWLRQ W�=�  M � (; = DQG WKH OHDVW IL[SRLQW IXQFWLRQ W�=�  M � �\ � (;

=�� 7KH IL[SRLQWV DUH GHWHUPLQHG LWHUDWLYHO\ E\ DSSUR[LPDWLRQV DV GHILQHG E\ 7KHRUHP � DQG

7KHRUHP �� $ FRPSXWDWLRQ LQ VXFK FDVH OHDG WR VHHN WKH VWDWHV WKDW VDWLVI\ WKH UHTXLUHG

SURSHUW\ DQG UHDFKDEOH LQ RQH PRUH VWHS�

7KH IROORZLQJ WKHRUHPV �� DQG ��� LQWURGXFH WKH IL[SRLQW DSSUR[LPDWLRQ WKHRU\�

7KHRUHP �� �7DUVNL 	 .QDVWHU� �����

x ,I I LV D PRQRWRQLF IXQFWLRQ� WKHQ LW KDV D OHDVW IL[SRLQW� P =�> I �=�@  � ^= _ I �=� 

=`� DQG D JUHDWHVW IL[SRLQW� X =�> I �=�@  � ^= _ I �=� =`�

x ,I I LV PRQRWRQLF� I KDV WKH OHDVW �JUHDWHVW� IL[SRLQW ZKLFK LV WKH LQWHUVHFWLRQ �XQLRQ�
RI DOO WKH IL[SRLQWV�

7KHRUHP �� �7DUVNL 	 .QDVWHU� �����

x ,I I LV � � FRQWLQXRXV � P =�>I� =�@  �L I L �� �� L ��f DQG

x LI I LV � � FRQWLQXRXV � X =�>I� =�@  �L I L �6�� L  �� f �

(DFK IL[SRLQW FDQ EH FRPSXWHG DV WKH OLPLW RI D VHULHV RI DSSUR[LPDWLRQV� 7KH IROORZLQJ

WKHRUHP GXH WR &ODUNH 	 (PHUVRQ GHWHUPLQHV &7/ RSHUDWRUV IL[SRLQWV�



7KHRUHP �� �&ODUNH DQG (PHUVRQ� ����� >��@�
(

$)S  S � $; $)S  P =�> S � $; =@
()S  S � (; ()S   P =�> S � (; =@
$*S  S � $; $*S  X =�> S � $; =@
(*S  S � (; (*S  X =�> S � (; =@
$� S8T�  T � �S � $; $� S8T��  P =�> T � �S � $; =�@
(� S8T�  T � �S � (; (� S8T��  P =�> T � �S � (; =�@

0RGHO FKHFNLQJ DOJRULWKPV LQ WKH VLPSOH IRUP SURFHHG DV IROORZV�

*LYHQ D PRGHO N DQG D WHPSRUDO ORJLF IRUPXOD M� ILQG D VHW RI VWDWHV WKDW VDWLVI\ M

^V � 6� 0�V _ M ` LV SHUIRUPHG XVLQJ WKH IROORZLQJ DOJRULWKPV �

$OJRULWKP ��

6WHS �� ODEHO HDFK VWDWH V ZLWK WKH VHW ODEHO�V� RI VXE�IRUPXODV RI M ZKLFK DUH WUXH LQ V�

6WHS �� L  �� ODEHO�V�  /�V�

6WHS �� L  L � �� 3URFHVV IRUPXODV ZLWK �L ��� QHVWHG &7/ RSHUDWRUV

6WHS �� $GG WKH SURFHVVHG IRUPXODH WR WKH ODEHOOLQJ RI HDFK VWDWH LQ ZKLFK LW LV WUXH

6WHS �� &RQWLQXH XQWLO FORVXUH� 5HVXOW�0�V _ M LII M � �ODEHO

$OJRULWKP �

� HYDO WDNHV D &7/ IRUPXOD DV LWV DUJXPHQW DQG UHWXUQV WKH UHZULWLQJ IRUP DIWHU

WUDQVIRUPDWLRQ IRU WKH VHW RI VWDWHV WKDW VDWLVI\ WKH IRUPXOD�

� IXQFWLRQ HYDO� I�

FDVH

I DQ DWRPLF SURSRVLWLRQ� UHWXUQ I�

I  � S � UHWXUQ �� HYDO�S��

I  S � T � UHWXUQ HYDO�S� � HYDO�T��
I  (;S � UHWXUQ HYDO(;�HYDO�S���

I  (�S8T� � UHWXUQ HYDO(8�HYDO�S�� HYDO�T�� )DOVH��

I  (*S � UHWXUQ HYDO(*�HYDO�S�� 7UXH�

HQG FDVH

HQG IXQFWLRQ

� IXQFWLRQ HYDO(;�S�  � Y¶� 5 � S¶�

� IXQFWLRQ HYDO(8�S� T� \�

\¶  T � �S � HYDO(;�\�� �
LI \¶  \ WKHQ UHWXUQ \�

HOVH UHWXUQ HYDO(8� S� T� \¶��

HQG IXQFWLRQ�



(�� )*���	������������ �

$ FRQWUDFWXDO VFHQDULR LV DQ H�EXVLQHVV SURFHGXUH EDVHG RQ DQ ,(& �,QWHUQDWLRQDO

(OHFWURWHFKQLFDO &RPPLVVLRQ� VWDQGDUG ����� ���� LQWHUIDFH SURWRFRO IRU SURJUDPPDEOH

PHDVXULQJ LQVWUXPHQWV� 6XFK SURFHGXUH ZKLFK LV D SURWRFRO� LQFOXGHV D ��ZLUH KDQGVKDNH

LQWHQGHG WR V\QFKURQLVH WKH WUDQVPLVVLRQ RI GDWD E\WHV RYHU D EXV WR DOORZ D VLQJOH VRXUFH WR

V\QFKURQLVH ZLWK D QXPEHU RI DFFHSWRUV >�@� 7KH WUDGH SURFHGXUH RSHUDWHV DV IROORZV� WKH

VHOOHU FDQ LQGLFDWH WKDW KH KDV JRRGV DYDLODEOH IRU GHOLYHU\ �*$9�� 7KH SXUFKDVHUV FDQ

LQGLFDWH WKDW WKH\ DUH UHDG\ WR WDNH JRRGV²WKDW LV� WKH\ UHTXHVW JRRGV²�5)*� DQG FDQ DOVR

LQGLFDWH ZKHQ WKH\ KDYH UHFHLYHG JRRGV �*$&�� 7KH UHTXLUHG VHTXHQFH RI HYHQWV IRU WKH

WUDQVIHU RI JRRGV IURP WKH VHOOHU WR WKH SXUFKDVHUV LV DV IROORZV� *$9� 5)*� *$& DUH

LQLWLDOO\ VHW WR IDOVH �WR VD\ WKDW WKH VHOOHU LV QRW UHDG\ IRU WUDQVDFWLRQ� EHFDXVH IRU ZKDWHYHU

UHDVRQ VRPH SUREOHPV SUHYHQW KLP� IRU H[DPSOH EHFDXVH KH KDV QR JRRGV DYDLODEOH RU

EHFDXVH IRU VRPH RWKHU SULYDWH UHDVRQV�� DQG UHPDLQ IDOVH XQWLO DOO SXUFKDVHUV DUH UHDG\ WR

UHFHLYH JRRGV� DW ZKLFK WLPH 5)* EHFRPHV WUXH� 7KH VHOOHU PD\ WKHQ DVVHUW *$9 WR WUXH DQG

5)* EHFRPH IDOVH� :KHQ DOO SXUFKDVHUV KDYH DFFHSWHG D VSHFLILHG TXDQWLW\ RI JRRGV� *$&

EHFRPHV WUXH DQG RQO\ WKHQ� *$9 PD\ EHFRPH IDOVH� )LQDOO\ WKH SXUFKDVHU¶V VHW *$& EDFN

WR IDOVH DQG WKH F\FOH PD\ UHSHDW� 7R LOOXVWUDWH WKH YHULILFDWLRQ RI WKH WUDGLQJ SURWRFRO� RQH

PXVW WR GHVFULEH WKH EHKDYLRXU XVLQJ VWDWHV GLDJUDP� )LUVW RI DOO� WKH UHTXLUHPHQW LWHPV

LGHQWLILHG DUH WUDQVIRUPHG XVLQJ VSHFLILFDWLRQ SDUDPHWHUV FRQVLGHUHG DV %RROHDQ YDULDEOHV�

:H QRWH WKDW VXFK SUREOHP KDV EHHQ DSSURDFKHG LQ >��@ XVLQJ D FRPSRVLWLRQ WHFKQLTXH EDVHG

RQ ,QWHJHU 3URJUDPPLQJ DQG *HQHWLF $OJRULWKPV�

&RQVLGHU WKH IROORZLQJ WUDGLQJ SURWRFRO VSHFLILFDWLRQ� $ UHTXHVW FDQ EH PDGH IRU JRRGV� DQG

WKH JRRGV FDQ EH VHQW� 7KH IROORZLQJ DXWRPDWRQ JUDSK �.ULSNH VWUXFWXUH� PRGHOV WKH WUDGLQJ

FRPPXQLFDWLRQ IRU VHWWLQJ WKH WUDQVDFWLRQV� 7KH VWDWHV RI WKH .ULSNH VWUXFWXUH PRGHO DUH

H[SODLQHG DV IROORZV�

x 7KH LQLWLDO VWDWH 315 �3XUFKDVHU 1RW 5HDG\�� ODEHOOHG E\ WKH SUHGLFDWH 5)*B) �

*$&B)�

x 7KH VHFRQG VWDWH 35 �3XUFKDVHU 5HDG\�� ODEHOOHG E\ WKH SUHGLFDWH 5)*B7 � *$&B)�

x 7KH WKLUG VWDWH 36 �3XUFKDVHU 6WDUW WUDQVDFWLRQV�� ODEHOOHG E\ WKH SUHGLFDWH 5)*B7 �

*$&B)�

x 7KH ODVW VWDWH 3) �3XUFKDVHU )LQLVK WUDQVDFWLRQV� ODEHOOHG E\ WKH SUHGLFDWH 5)*B) �

*$&B7�

)RU VLPSOLFLW\ ZH VXSSRVH WKDW WKH SUHSRVLWLRQDO YDULDEOH XVHG WR PRGHO WKH FRPPXQLFDWLRQ

UHODWLRQV EHWZHHQ SXUFKDVHU¶V DQG VHOOHU¶V�� 5)*B)� 5)*B7� *$&B) DQG *$&B7 DUH

UHSODFHG UHVSHFWLYHO\ E\ a5HT� 5HT� a6HQW DQG 6HQW� )ROORZLQJ WKH GHILQLWLRQ RI .ULSNH

VWUXFWXUH PRGHO� ZH REWDLQ WKH JUDSK VNHWFKHG LQ ILJXUH ��

315 35

36

3)

)LJXUH � � 3XUFKDVHU YLHZ RI WUDGH SURFHGXUH .ULSNH PRGHO

a5HT

VHQW

a5HT

a6HQW

5HT

6HQW

5HT

a6HQW



,Q WKH VDPH ZD\� ZH PRGHO WKH V\PPHWULF SDUW RI WKH JOREDO V\VWHP �WUDGH SURWRFRO�� ZKLFK LV

WKH 6HOOHU¶V DXWRPDWRQ� 7KH VWDWHV RI WKH DXWRPDWRQ ZLOO EH ODEHOOHG UHVSHFWLYHO\ E\ 615

�VHOOHU¶V QRW UHDG\ IRU WUDQVDFWLRQ�� 65 �VHOOHU¶V UHDG\ IRU WUDQVDFWLRQ�� 66 �VHOOHU VHQG WKH

SURGXFW� DQG 6) �VHOOHU¶V ILQLVKHG WUDQVDFWLRQ��

7R PRGHO WKH JOREDO V\VWHP� ZH KDYH WR REWDLQ WKH VLPSOLILHG FRPSRVLWLRQ JUDSK RI WKH

VHOOHU¶V DQG WKH SXUFKDVHU¶V DXWRPDWD� ,Q VXFK RSHUDWLRQ WKH ODEHOV DUH XVHG LQ SURYLGLQJ

V\QFKURQLVDWLRQ LQIRUPDWLRQ LQ WKH FRPSRVLWLRQ� LQ WKH VHQVH WKDW D WUDQVLWLRQ� W� IURP RQH

DXWRPDWRQ V\QFKURQLVHV ZLWK D WUDQVLWLRQ� W¶� IURP DQRWKHU LI WKH ODEHOV RI WKH WZR WUDQVLWLRQV

DUH ERWK HTXLYDOHQWO\ WKH VDPH� 7R EH HIIHFWLYH ZH SURFHHG E\ WKH MX[WDSRVLWLRQ RI WKH

QRGHV �VWDWHV� RI WKH WZR DXWRPDWD DQG WR FRQVWUXFW WKH WUDQVLWLRQ UHODWLRQV DV GLVFXVVHG

DERYH�

7KH VWDWH GLDJUDP LQ WKH IROORZLQJ ILJXUH �ILJXUH �� UHSUHVHQWV WKH FRPSRVLWLRQ JUDSK RI WKH

3XUFKDVHU DXWRPDWRQ JUDSK ZLWK WKRVH RI WKH 6HOOHU DXWRPDWRQ JUDSK�

)LJXUH � � $XWRPDWRQ RI WKH 6HOOHU DQG 3XUFKDVHU PRGHOV &RPSRVLWLRQ

:H WU\ QRZ WR EH PRUH H[DFW� 7KH DERYH JUDSKV DUH D JUDSKLFDO VSHFLILFDWLRQ RI WKH V\VWHP� ,I

ZH FRQVLGHU WKH PRGHO RI WKH SXUFKDVHU �ILJXUH ��� VXFK VSHFLILFDWLRQ LV WUDQVODWHG LQWR D

%RROHDQ H[SUHVVLRQ� 7KH PRGHO XVHV IRXU %RROHDQ YDULDEOHV� 5HT� 6HQW� 5HT¶� DQG 6HQW¶� 5HT

DQG 6HQW UHSUHVHQW YDULDEOHV LQ WKH SUHVHQW VWDWH� ZKLOH 5HT¶ DQG 6HQW¶ UHSUHVHQW YDULDEOHV LQ D

QH[W VWDWH� (DFK WUDQVLWLRQ �DUURZ� LQ WKH VWDWH VSDFH LV PRGHOOHG DV D FRQMXQFWLRQ RI WKHVH

YDULDEOHV� )RU H[DPSOH WKH ERWWRP DUURZ LV PRGHOOHG DV� ��5HT � �6HQW� DQG �5HT¶ �

�6HQW¶�� 7KH ZKROH JUDSK LV WKHQ D GLVMXQFWLRQ RI WKHVH FRQMXQFWLRQV� 7KHUHIRUH� LQ WKLV

H[DPSOH WKH %RROHDQ H[SUHVVLRQ �WUDQVLWLRQ UHODWLRQ� IRU WKH VWDWH VSDFH LV�
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7KH IROORZLQJ WDEOH �WDEOH �� JLYHV WKH UHVXOWV �VDWLVILDELOLW\� RI WKH WUDGLQJ SURWRFRO�� 7KH

UHVXOWV VKRZ WKDW WKH SUREOHP LV VDWLVILDEOH LQ WKH IROORZLQJ FDVHV�
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7KH LGHDO WUDGH SURFHGXUH �EXVLQHVV SURWRFRO� PXVW FRYHUV DOO WKH DVSHFWV RI WKH H[FKDQJH

PRGH EHWZHHQ VHOOHUV DQG SXUFKDVHUV DQG WR SUHYHQW FRQIOLFW VLWXDWLRQV WR SURYLGH VDIHW\

SURSHUW\ �QRWKLQJ EDG ZLOO KDSSHQ�� OLYHQHVV SURSHUW\ �³VRPHWKLQJ JRRG ZLOO KDSSHQ´� DQG

LOO�GHILQHG FRQWUDFW� ,Q WKH IROORZLQJ� ZH JLYH VRPH FRQGLWLRQV ZKLFK PXVW EH FKHFNHG WR

DYRLG V\VWHP GLVWXUEDQFH�

:H ZLVK WR HVWDEOLVK WKDW WKH WUDQVDFWLRQ EHWZHHQ VHOOHU DQG DQ\ RI WKH Q SXUFKDVHU¶V ZLOO

HYHQWXDOO\ WHUPLQDWH�
7KH FRQGLWLRQ LV H[SUHVVHG EHORZ �6� LV WKH LQLWLDO VWDWH��
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:KHUH �

615 � VHOOHU QRW UHDG\�

315 � SXUFKDVH QRW UHDG\�

65 � VHOOHU UHDG\�

35 � SXUFKDVH UHDG\ �

)RU WKH VHFRQG SURSHUW\ ZKLFK ZH KDYH WR YHULI\ LV WR HVWDEOLVK WKDW WKHUH LV QR VLWXDWLRQ

ZKHUH D SXUFKDVHU¶V REOLJDWLRQ WR SD\ IRU JRRGV LV DFWLYDWHG EHIRUH VXFK JRRGV DYDLODEOH DQG

GHOLYHUHG WR KLP�
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:KHUH �

36 � SXUFKDVH VWDUWV�
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6HOOHUV*DYB7 � JRRG DUH DYDLODEOH RI WKH VHOOHUV

,Q WKH IROORZLQJ DVVXPSWLRQ� ZH VKRZ KRZ WR YHULI\ VSHFLILFDWLRQ�
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7KH VROXWLRQ XVLQJ 0DXGH V\VWHP RI VXFK SUREOHP LV � 5HT � � 6HQW�

0HDQLQJ WKDW VWDWH ��� �� VDWLVILHV (; �5HT � 6HQW� ZKLFK FRUUHVSRQGV WR WKH VWDWH 6� RI WKH

ILJXUH ��

()�5HT � 6HQW�  P \� ��5HT � 6HQW � � (;\�

:H SURFHHG LWHUDWLYHO\ XQWLO WR UHDFK WKH IL[SRLQW
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��� 6RPH 3URJUDPPLQJ 0DXGH &RGHV

,Q WKH IROORZLQJ� ZH LQWURGXFH MXVW D OLWWOH SDUW RI WKH PDLQ 0DXGH SURJUDP GHILQHG DV

IROORZV�

x 7KH IXQFWLRQDO 08 PRGXOH � SUHVHQW WKH DEVWUDFW GDWD W\SH XVHG WR GHILQH 08�

FDOFXOXV DV DQ HTXLYDOHQFH DSSURDFK WR WKH &7/ RSHUDWRU DFFRUGLQJ WR WKH WKHRUHP

RI &ODUNH 	 (PHUVRQ ������ >7KHRUHP �@� 7KH JHQHUDO IRUP LV�
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DQG WKH RSHUDWRUV 0X DQG 1X UHSUHVHQW OHDVW DQG JUHDWHVW IL[HG SRLQW RSHUDWRUV
hitTiU|��i*)�

x 7KH &7/ PRGXOH SUHVHQWV WKH VWUXFWXUH �RSHUDWRUV DQG RSHUDWLRQV� DQG WKH VLPSOLILFDWLRQ

UXOHV�

5HPDUNV � RWKHU PRGXOHV KDYH EHHQ QHJOHFWHG DV IRU H[DPSOH WKH VDWLVIDFWLRQ PRGXOH �6$7� EDVHG RQ

D 5HGXFHG %LQDU\ 'HFLVLRQ 'LDJUDP�>�����@
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 RWKHU UHGXFWLRQ HTXLYDOHQFH UXOHV FRXOG EH ZULWWHQ LQ WKLV SDUW RI WKH SURJUDP� IRU H[DPSOH WKRVH

SUHVHQWHG LQ WKH 7DEOH �� 
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6RIWZDUH DQG +DUGZDUH EHFRPH PRUH DQG PRUH GLIILFXOW WR SURYH WKHLU FRUUHFWQHVV ZLWKRXW

HUURUV GXH WR WKH VL]H �YDULDEOHV DQG FRQVWUDLQWV� RI WKH FRUUHVSRQGLQJ PDWKHPDWLFDO PRGHOV�

7R KDQGOH WKH FRPSOH[LW\ RI WKH GHVLJQ� WKH QHFHVVLW\ RI ORRNLQJ IRU QHZ WHFKQLTXHV DQG

DOJRULWKPV EHFRPH LPSHUDWLYH�

:H KDYH VKRZQ WKDW WHVWLQJ %RROHDQ IRUPXODH� VSHFLI\LQJ WKH G\QDPLF VWUXFWXUH RI D FULWLFDO

V\VWHP LV FRQVLGHUHG DV DQ HIILFLHQW 0RGHO &KHFNLQJ DOJRULWKP� 7KH PDQLSXODWLRQ RI VXFK

IRUPXODH EHFRPHV PRUH HDV\ XVLQJ D UHZULWLQJ�EDVHG V\VWHP IUDPHZRUN OLNH 0DXGH� 7KH

HIILFLHQF\ RI 0DXGH ODQJXDJH LV SHUIRUPHG EHFDXVH RI WKH GHGXFWLRQ V\VWHP RI LQIHUHQFH

UXOHV ZKLFK FDQ VLPXODWHV ERWK VHTXHQWLDO DQG SDUDOOHO GLVWULEXWHG V\VWHPV� 6XFK UXOHV

IDFLOLWDWH WKH QRUPDOLVDWLRQ �QRUPDO IRUP� RI WKH FRUUHVSRQGLQJ PRGHO WR GHDO SUDFWLFDOO\ ZLWK

&7/ DQG WR FRPSDUH WKH VSHFLILFDWLRQ DQG WKH LPSOHPHQWDWLRQ RI FULWLFDO V\VWHPV LQ WHUP RI

WKH D[LRPDWL]DWLRQ RI WKH %RROHDQ HTXDWLRQV� $V DQ H[WHQVLRQ RI WKH DFWXDO ZRUN� ZH SODQ WR

JHQHUDOL]H WKH UHZULWLQJ ORJLF GLUHFWO\ WR H[SUHVV &7/ ORJLF XVLQJ WKH HYDO IXQFWLRQ SUHVHQWHG

LQ WKH $OJRULWKP �� LQVWHDG RI IL[SRLQWV�VHDUFK PRGHO FKHFNLQJ DOJRULWKPV� 7KLV IXWXUH

SHUVSHFWLYH RSHQV LQWHUHVWLQJ LPSOHPHQWDWLRQ SUREOHPV GXH WR WKH HIILFLHQF\ RI WKH

WKHRUHWLFDO SRLQW RI YLHZ DVSHFW RI UHZULWLQJ ORJLF DQG WKH HIILFLHQW 0DXGH HQJLQH ZKLFK LV

SODQQHG WR H[HFXWH �� PLOOLRQV LQVWUXFWLRQ SHU VHFRQG�
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