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Moment-Curvature Relationship:

s =

c
r

 E = a0.005
10
b C200 A109 B D = 100 MPa

1
r

=

1
c s

EI

1
r

=

M

EI
 however, M =

I
c

 s

•12–1. An A-36 steel strap having a thickness of 10 mm and
a width of 20 mm is bent into a circular arc of radius 10 m.
Determine the maximum bending stress in the strap.

r =

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Moment-Curvature Relationship:

Ans.s =

c
r

 E = a0.02
4.5
b C131 A109 B D = 582 MPa

1
r

=

I
c s

EI

1
r

=

M

EI
 however, M =

I
c

 s

12–2. A picture is taken of a man performing a pole vault,
and the minimum radius of curvature of the pole is
estimated by measurement to be 4.5 m. If the pole is 40 mm
in diameter and it is made of a glass-reinforced plastic for
which GPa, determine the maximum bending
stress in the pole.

Eg = 131

r � 4.5 m
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Functions. Referring to the free-body diagrams of the diving board’s cut

segments, Fig. b, is

a

and is

a

Equations of Slope and Elastic Curve.

For coordinate x1,

(1)

(2)

For coordinate x2

(3)

(4)

Boundary Conditions. At , . Then, Eq. (2) gives

At , . Then, Eq. (2) gives

EI(0) = -

1
2

 W A33 B + C1(3) + 0  C1 = 4.5W

v1 = 0x1 = 3 ft

EI(0) = -

1
2

 W A03 B + C1(0) + C2     C2 = 0

v1 = 0x1 = 0

EIv2 = -  
1
6

 Wx2 
3

+ C3x2 + C4

EI 
dv2

dx2
= -  

1
2

 Wx2 
2

+ C3

EI 
d2v2

dx2 
2 = -Wx2

EIv1 = -

1
2

 Wx1 
3

+ C1x1 + C2

EI 
d2v1

dx1
= -

3
2

 Wx1 
2

+ C1

EI 
d2v1

dx1 
2 = -3Wx1

EI 
d2v

dx2 = M(x)

+ ©MO = 0;  -M Ax2 B - Wx2 = 0  M Ax2 B = -Wx2

M Ax2 B
+ ©MO = 0;  M Ax1 B + 3Wx1 = 0  M Ax1 B = -3Wx1

M Ax1 B

12–3. When the diver stands at end C of the diving board,
it deflects downward 3.5 in. Determine the weight of the
diver. The board is made of material having a modulus of
elasticity of .E = 1.5(103) ksi

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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3.5 in.

9 ft

A B

C

3 ft 18 in.

2 in.
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At , . Then, Eq. (4) gives

(5)

Continuity Conditions. At and , . Thus, Eqs. (1) and

(3) give

Substituting the value of C3 into Eq. (5),

Substituting the values of C3 and C4 into Eq. (4),

At , . Then,

Ans.W = 112.53 lb = 113 lb

-3.5 =

-324W(1728)

1.5 A106 B c 1
12

 (18) A23 B d

v2 = -3.5 inx2 = 0

v2 =

1
EI

 a -

1
6

 Wx2 
3

+ 49.5Wx2 - 324Wb

C4 = -324W

-

3
2

 W A32 B + 4.5W = - c - 1
2

W A92 B + C3 d  C3 = 49.5W

dv1

dx1
= -

dv2

dx2
x2 = 9 ftx1 = 3 ft

9C3 + C4 = 121.5W

EI(0) = -

1
6

 W A93 B + C3(9) + C4

v2 = 0x2 = 9 ft

12-3. Continued
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(1)

(2)

(3)

(4)

Boundary conditions:

At ,

From Eq. (3),

At ,

Continuity condition:

At ,

From Eqs. (1) and (3),

At , ,

From Eqs. (2) and (4),

From Eq. (2),

Ans.

For Eq. (4),

Ans.v2 =

P

6EI
 [x2

2 - 3(L - a)x3
3]

v1 =

P

6EI
 [3(L - a)2x1 - 3a(L - a)2

- 2(L - a)3]

C2 = -

Pa(L - a)2

2
-

P(L - a)3

3

aP(L - a)2

2
ba + C2 =

P(L - a)3

6
-

P(L - a)3

2

v1 = v2x2 = L - ax1 = a

C1 = - cP(L - a)2

2
- P(L - a)2 d  ; C1 =

P(L - a)2

2

x2 = L - a; dv1

dx1
= -

dv2

dx2
x1 = a

0 = C4

v2 = 0x2 = 0

0 = C3

dv2

dx2
= 0x2 = 0

EI v2 =

P

6
 x2 

3
-

P(L - a)x2
2

2
+ C3x2 + C4

EI 
dv2

dx2
=

P

2
 x2 

2
- P(L - a)x2 + C3

EI 
d2 v2

dx2 
2 = Px2 - P(L - a)

M2(x) = Px2 - P(L - a)

EI v1 = C1x1 + C2

EI 
dv1

dx1
= C1

M1(x) = 0; EI 
d2v1

dx1 
2 = 0

EI 
d2v1

dx1 
2 = M1 (x)

*12–4. Determine the equations of the elastic curve using
the and coordinates. EI is constant.x2x1

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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L

A

B

P

x1

x3

L
2
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•12–5. Determine the equations of the elastic curve for
the beam using the and coordinates. EI is constant.x2x1

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

L

A

B

P

x1 x2

L
2

Moment Functions. Referring to the FBDs of the beam’s cut segments shown in
Fig. b and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq (2) gives

At , . Then, Eq (2) gives

At , . Then Eq (4) gives

(5) C3L + 2C4 =

PL3

24

 EI(0) = -

P

6
 aL

2
b3

+ C3aL

2
b + C4

v2 = 0x2 =

L

2

EI(0) = -

P

12
 (L3) + C1L + 0 C1 =

PL2

12

v1 = 0x1 = L

EI(0) = -

P

12
 (0) + C1(0) + C2 C2 = 0

v1 = 0x1 = 0

EI v2 = -

P

6
 x2 

3
+ C3x2 + C4

EI 
dv2

dx2
= -

P

2
 x2 

2
+ C3

EI 
d2v2

dx2 
2 = -Px2

EI v1 = -

P

12
 x1 

3
+ C1x + C2

EI 
dv1

dx1
= -

P

4
 x1 

2
+ C1

EI 
d2v1

dx1 
2 = -

P

2
 x1

EI 
d2v

dx2 = M(x)

+ ©MO = 0; -Px2 - M(x2) = 0 M(x2) = -Px2

+ ©MO = 0; M(x1) +

1
2

 P(x1) = 0 M(x1) = -

P

2
 x1
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At and , . Thus, Eqs. (1) and (3) gives

Substitute the result of C3 into Eq. (5)

Substitute the values of C1 and C2 into Eq. (2) and C3 and C4 into Eq (4),

Ans.

Ans.v2 =

P

24EI
 A -4x2 

3
+ 7L2x2 - 3L3 B

v1 =

P

12EI
 A -x1 

3
+ L2x1 B

C4 = -

PL3

8

 C3 =

7PL2

24

 -
P

4
 AL2 B +

PL2

12
= - c - P

2
aL

2
b2

+ C3 d

dv1

dx1
= -

dv2

dx2
x2 =

L

2
x1 = L

•12–5. Continued
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Support Reactions and Elastic Curve: As shown on FBD(a).

Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve:

For .

[1]

[2]

For .

[3]

[4]

Boundary Conditions:

at . From Eq. [2],

at . From Eq. [2].

at . From Eq. [4].

[5]

Continuity Condition:

At , . From Eqs. [1] and [3],

From Eq. [5], C4 = -

PL3

4

-

PL2

4
+

PL2

12
=

PL2

2
-

3PL2

2
+ C3  C3 =

5PL2

6

dy1

dx1
=

dy3

dx3
x1 = x3 = L

0 = -

7PL3

12
+ C3L + C4

0 =

PL3

6
-

3PL3

4
+ C3L + C4

x3 = Ly3 = 0

0 = -

PL3

12
+ C1L C1 =

PL2

12

x1 = Ly1 = 0

C2 = 0x1 = 0y1 = 0

 EI y3 =

P

6
 x3

3 -

3PL

4
 x3

3 + C3x3 + C4

 EI 
dy3

dx3
=

P

2
 x2

3 -

3PL

2
 x3 + C3

 EI 
d2y3

dx2
3

= Px3 -

3PL

2

M(x3) = Px3 -

3PL

2

 EI y1 = -

P

12
 x1

3
+ C1x1 + C2

 EI 
dy1

dx1
= -

P

4
 x1

2
+ C1

 EI 
d2y1

dx1
2 = -

P

2
 x1

M(x1) = -

P

2
 x1

EI 
d2v

dx2 = M(x)

12–6. Determine the equations of the elastic curve for the
beam using the and coordinates. Specify the beam’s
maximum deflection. EI is constant.

x3x1

L

A

B

P

x1

x3

L
2
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12–6. Continued

The Slope: Substitute the value of C1 into Eq. [1],

The Elastic Curve: Substitute the values of C1, C2, C3, and C4 into Eqs. [2] and [4],

respectively.

Ans.

Ans.

Hence,

Ans.ymax =

PL3

8EI

 = -

PL3

8EI

 =

P

12EI
 c2a3

2
Lb3

- 9La3
2

 Lb2

+ 10L2a3
2

 Lb - 3L3 d

 yC = y3 |x3 =
3
2 L

y3 =

P

12EI
 A2x3

3 - 9Lx2
3 + 10L2x3 - 3L3 B

yO = y1 |x1 =
L

23
=

P A L

23
B

12EI
a -

L3

3
+ L2b =

0.0321PL3

EI

y1 =

Px1

12EI
 A -x1

2
+ L2 B

dy1

dx1
= 0 =

P

12EI
 AL2

- 3x1
2 B  x1 =

L

23

dy1

dx1
=

P

12EI
 AL2

- 3x1
2 B
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(1)

(2)

(3)

(4)

Boundary conditions:

At ,

At ,

Continuity Conditions:

At ,
dy1

dx1
=

dy2

dx2
x1 = x2 = l

0 = -

PL3

6
+

PL3

2
+ C4; C4 = -

PL3

3

y = 0x2 = L

0 = -

PL2

2
+ C3; C3 =

PL2

2

dy2

dx2
= 0x2 = L

EIAB y2 = -

P

2
 x2 

3
+ C3x2 + C4

EIAB 
dy2

dx2
= -

P

2
x2 

2
+ C3

EIAB 
d2y2

dx2 
2 = - Px2

M2(x) = - Px2

EIBC y1 = -

Px1
3

6
+ C1x1 + C2

EIBC 
dy1

dx1
= -

Px1
2

2
+ C1

EIBC 
d2y1

dx1 
2 = - Px1

M1(x) = - Px1

EI 
d2y

dx2 = M(x)

12–7. The beam is made of two rods and is subjected to
the concentrated load P. Determine the maximum
deflection of the beam if the moments of inertia of the rods
are and and the modulus of elasticity is E.IBC ,IAB

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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B

C

L

P

l
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From Eqs. (1) and (3),

At ,

From Eqs. (2) and (4),

Therefore,

At ,

Ans. =

P

3EIAB
 e a1 -

IAB

IBC
b l3

- L3 f

 ymax =

I

EIBC
 e IBC

IAB
 
Pl3

3
-

IBC

IAB
 
PL3

3
-

Pl3

3
f =

P

3EIAB
 e l3

- L3
- aIAB

IBC
b l3 f

y1 |x = 0 = ymaxx1 = 0

 +

IBC

IAB
 
Pl3

3
-

IBC

IAB
 
PL3

3
-

Pl3

3
f

 y1 =

1
EIBC

 e -

Px1 
3

6
+ c IBC

IAB
a -

Pl2

2
+

PL2

2
b +

Pl2

2
dx1

C2 =

IBC

IAB
 
Pl3

3
-

IBC

IAB
 
PL3

3
-

Pl3

3

 =

1
EIAB

c - Pl3

6
+

PL2l

2
-

PL3

3
d

 
1

EIBC
 e -

Pl3

6
+ c IBC

IAB
a -

Pl2

2
+

PL2

2
b +

Pl2

2
d l + C2 f

y1 = y2x1 = x2 = l

C1 =

IBC

IAB
 c - Pl2

2
+

PL2

2
d +

Pl2

2

1
EIBC

 c - PI2

2
+ C1 d =

1
EIAB

 c - PI2

2
+

PL2

2
d

12–7. Continued
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Referring to the FBDs of the beam’s cut segments shown in Fig. b and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq.(1) gives

At , . Then, Eq(2) gives

At , . Thus, Eqs.(1) and (3) gives

Also, at , . Thus, Eqs, (2) and (4) gives

Substitute the values of C1 and C2 into Eq. (2) and C3 and C4 into Eq (4),

Ans.

Ans.v2 =

PL2

48EI
 (-6x2 + L)

v1 =

P

12EI
 A2x1

3
- 3Lx1

2 B

P

6
 aL

2
b3

-

PL

4
aL

2
b2

= a -

PL2

8
b aL

2
b + C4 C4 =

PL3

48

v1 = v2x1 = x2 =

L

2

P

2
 aL

2
b2

-

PL

2
 aL

2
b = C3  C3 = -

PL2

8

dv1

dx1
=

dv2

dx2
x1 = x2 =

L

2

EI(0) =

P

6
 (03) -

PL

4
 (02) + 0 + C2 C2 = 0

v1 = 0x1 = 0

EI(0) =

P

2
 (02) -

PL

2
 (0) + C1 C1 = 0

dv1

dx1
= 0x1 = 0

EI v2 = C3x2 = C4

EI 
dv2

dx2
= C3

EI 
d2v2

dx2
2 = 0

EI v1 =

P

6
 x1 

3
-

PL

4
 x1 

2
+ C1x1 + C2

EI 
dv1

dx1
=

P

2
 x1 

2
-

PL

2
 x1 + C1

EI 
d2v1

dx2
1

= Px1 -

PL

2

EI 
d2v

dx2 = M(x)

+ ©MO = 0;  M(x2) = 0

+ ©MO = 0; M(x1) +

PL

2
- Px1 = 0 M(x1) = Px1 -

PL

2

*12–8. Determine the equations of the elastic curve for
the beam using the and coordinates. EI is constant.x2x1

P

x1

x2

L
2

L
2
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(1)

(2)

But . Thus

(3)

(4)

Applying the boundary conditions:

at 

Therefore, ,

at 

(5)

Applying the continuity conditions:

(6)

(7)
Pb

2L
 a2

+ C1 = Pa aa -

a2

2L
b + C3

dy1

dx1
 2

x1 = a
=

dy2

dx2
 2

x2 = a

Pb

6L
 a3

+ C1a = Pa aa2

2
-

a3

6L
b + C3a + C4

y1 |x1 = a = y2 |x2 = a

0 =

Pa L2

3
+ C3L + C4

x2 = Ly2 = 0

C2 = 0

x1 = 0y1 = 0

EI y2 = Pa ax2
2

2
-

x2
2

6L
b + C3x2 + C4

EI 
dy2

dx2
= Paax2 -

x2
2

2L
b + C3

EI 
d2y2

dx2 
2 = Pa a1 -

x2

L
b

M2 = Paa1 -

x2

L
b

b = L - a

M2 =

Pb

L
 x2 - P(x2 - a)

 EI y3 =

Pb

6L
x1 

3
+ C3x1 + C2

 EI 
dy1

dx1
=

Pb

2L
 x1 

2
+ C1

EI 
d2y1

dx1
2 =

Pb

L
x1

M1 =

Pb

L
x1

EI 
d2y

dx2 = M(x)

•12–9. Determine the equations of the elastic curve using
the and coordinates. EI is constant.x2x1

P

L

A B

x1

ba

x2
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•12–9. Continued

Solving Eqs. (5), (6) and (7) simultaneously yields,

Thus,

or

Ans.

and

Ans.y2 =

Pa

6EIL
 C3x2

2 L - x2
3

- A2L2
+ a2 Bx2 + a2L D

EIy2 = Pa ax2
2

2
-

x2
3

6L
b -

Pa

6L
A2L2

+ a2 Bx2 +

Pa3

6

v1 =

Pb

6EIL
 Ax1

3
- AL2

- b2 Bx1 B

EIy1 =

Pb

6L
 x1

3
-

Pb

6L
 AL2

- b2 Bx1

C4 =

Pa3

6

C1 = -

Pb

6L
 AL2

- b2 B ; C3 = -

Pa

6L
 A2L2

+ a2 B
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Support Reactions and Elastic Curve: As shown on FBD(a).

Moment Function: As shown on FBD(b).

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq. [2].

at . From Eq. [2].

The Slope: Substitute the value of C1 into Eq. [1],

Ans.

The Elastic Curve: Substituting the values of C1 and C2 into Eq. [2],

occurs at ,

Ans

The negative sign indicates downward displacement.

ymax = -

23M0L
2

27EI

x =

23
3

 Lymax

y =

M0

6LEI
 Ax3

- L2x B

umax = uA =

dy

dx
 2

x = L
=

M0L

3EI

uB =

dy

dx
 2

x = 0
= -

M0L

6EI

dy

dx
= 0 =

M0

6LEI
 A3x2

- L2 B  x =

23
3

 L

dy

dx
=

M0

6LEI
 A3x2

- L2 B

0 =

M0

6L
 AL3 B + C1 (L)  C1 = -

M0L

6

x = Ly = 0

0 = 0 + 0 + C2  C2 = 0

x = 0y = 0

 EI y =

M0

6L
 x3

+ C1x + C2

 EI 
dy

dx
=

M0

2L
x2

+ C1

 EI 
d2y

dx2 =

M0

L
x

 EI 
d2y

dx2 = M(x)

12–10. Determine the maximum slope and maximum
deflection of the simply supported beam which is subjected
to the couple moment EI is constant.M0 .
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B
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Referring to the FBDs of the beam’s cut segments shown in Fig. b and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq (2) gives

At , . Then Eq (4) gives

(5)

At , . Thus, Eq. (1) and (3) gives

(6) C1 - C3 =

Pa2

2

 
P

3
 a2

+ C1 = Pa(a) -

P

6
 a2

+ C3

dy1

dx1
=

dy2

dx2
x1 = x2 = a

 C3(3a) + C4 = -3Pa3

 EI(0) =

Pa

2
 (3a)2

-

P

18
 (3a)3

+ C3(3a) + C4

y2 = 0x2 = 3a

EI(0) =

P

9
 A03 B + C1(0) + C2 C2 = 0

y1 = 0x1 = 0

EI y2 =

Pa

2
 x2 

2
-

P

18
 x2 

3
+ C3x2 + C4

EI 
dy2

dx2
= Pax2 -

P

6
 x2 

2
+ C3

EI 
d2y2

dx2 
2 = Pa -

P

3
 x2

EI y1 =

P

9
 x1 

3
= C1x1 + C2

EI 
dy1

dx1
=

P

3
 x1 

2
+ C1

EI 
d2y1

dx2
1

=

2P

3
 x1

EI 
d2y

dx2 = M(x)

+ ©M0 = 0; 1
3

 P(3a - x2) - M(x2) = 0 M(x2) = Pa -

P

3
 x2

+ ©M0 = 0; M(x1) -

2
3

 Px1 = 0 M(x1) =

2P

3
 x1

12–11. Determine the equations of the elastic curve for the
beam using the and coordinates. Specify the beam’s
maximum deflection. EI is constant.

x2x1
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a
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Also, At , . Thus, Eqs, (2) and (4) gives.

(7)

Solving Eqs. (5), (6) and (7),

Substitute the values of C1 into Eq. (1) and C3 into Eq. (3),

And

Substitute the values of C1 and C2 into Eq. (2) and C3 and C4 into Eq.(4),

Ans.

Ans.

Vmax occurs at . Thus.

Ans.ymax = -

0.484 Pa3

EI
=

0.484 Pa3

EI
 T

x2 = 1.367a

y2 =

P

18EI
 A -x2 

3
+ 9ax2 

2
- 19a2x2 + 3a3 B

y1 =

P

9EI
 Ax1 

3
- 5a2x1 B

 x2 = 4.633a 7 3a (Not Valid) x2 = 1.367a

 
dy2

dx2
= 0 =

P

18EI
 A18ax2 - 3x2 

2
- 19a2)

 
dy2

dx2
=

P

18EI
 A18ax2 - 3x2 

2
- 19a2 B

dy1

dx1
= 0 =

P

9EI
 A3x1 

2
- 5a2 B x1 =

A

5
3

 a 7 a (Not Valid)

dy1

dx1
=

P

9EI
 A3x1 

2
- 5a2 B

C4 =

Pa3

6
 C3 = -

19 Pa2

18
 C1 = -

5Pa2

9

 C1a - C3a - C4 =

Pa3

3

 
P

9
 a3

+ C1a =

Pa

2
 (a2) -

P

18
 a3

+ C3a + C4

y1 = y2x1 = x2 = a

12–11. Continued

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12 Solutions 46060  6/11/10  11:52 AM  Page 898



899

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Referring to the FBDs of the beam’s cut segments shown in Fig. b and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq. (2) gives

Due to symmetry, at , . Then, Eq. (3) gives

At , . Thus, Eqs(1) and (3) give

 C1 =

Pa2

2
-

PaL

2

 
P

2
 a2

+ C1 = Pa (a) + a -

PaL

2
b

dy1

dx1
=

dy2

dx2
x1 = x2 = a

EI (0) = PaaL

2
b + C3 C3 = -

PaL

2

dv2

dx2
= 0x2 =

L

2

EI (0) =

P

6
 (03) + C1(0) + C2 C2 = 0

y1 = 0x1 = 0

EI y2 =

Pa

2
 x2 

2
+ C3x2 + C4

EI 
dy2

dx2
= Pax2 + C3

EI 
d2y2

dx2 
2 = Pa

EI y1 =

P

6
 x1 

3
+ C1x1 + C2

EI 
dy1

dx1
=

P

2
 x1 

2
+ C1

EI 
d2y1

dx2
1

= Px1

EI 
d2y

dx2 = M(x)

+ ©M0 = 0; M(x2) - Pa = 0 M(x2) = Pa

+ ©M0 = 0; M(x1) - Px1 = 0 M(x1) = Px1

*12–12. Determine the equations of the elastic curve for
the beam using the and coordinates. Specify the slope at
A and the maximum displacement of the shaft. EI is constant.

x2x1

A B

P P 

L

x1

x2

a a
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*12–12. Continued

Also, at , . Thus, Eq. (2) and (4) give

Substituting the value of C1 and C2 into Eq. (2) and C3 and C4 into Eq.(4),

Ans.

Ans.

Due to symmetry, occurs at . Thus

Ans.

Substitute the value C1 into Eq (1),

At point A, . Then

Ans.uA =

dy1

dx1
 2

x1 = 0
=

Pa

2EI
 (a - L) =

Pa

2EI
 (L - a) T

x1 = 0

dy1

dx1
=

P

2EI
 Ax1 

2
+ a2

- aL B

ymax =

Pa

24EI
 A4a2

- 3L2 B =

Pa

24EI
 A3L2

- 4a2 B  T

x2 =

L

2
ymax

y2 =

Pa

6EI
 A3x2 

2
- 3Lx2 + a2 B

y1 =

P

6EI
 Cx1 

3
+ a(3a - 3L)x1 D

 C4 =

Pa3

6

 
P

6
 a3

+ aPa2

2
-

PaL

2
ba =

Pa

2
 (a2) + a -

PaL

2
ba + C4

y1 = y2x1 = x2 = a
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Boundary conditions:

At ,

At ,

At , , ,

At 

Ans.

At 

Ans.yC =

-PL2

6EI

yC =

P AL2 B3
6EI

- a3
8

 
PL2

EI
b aL

2
b + 0

x1 =

L

2

dy1

dx1
= uA = -

3
8

 
PL2

EI

x1 = 0

C4 = -

11
48

 PL3

P AL2 B2
2

+ C1 = -

PL AL2 B
2

; C1 = -

3
8

 PL2

P(L
2)3

6
+ C1 aL

2
b =

PL(L
2)2

4
+ C4

dy1

dx1
= -

dy2

dx2
y1 = y2x2 =

L

2
x1 =

L

2

0 + C3 = 0 ; C3 = 0

dy2

dx2
= 0x2 = 0

0 = 0 + 0 + C2 ; C2 = 0

y1 = 0x1 = 0

EI y2 =

PL

4
 x2

2
+ C3x2 + C4

EI 
dy2

dx2
=

PL

2
 x2 + C3

EI 
d2y2

dx2
= M2 =

PL

2

EI y1 =

Px1
3

6
+ C1x1 + C2

EI
dy1

dx1
=

Px1
2

2
+ C1

EI 
d2y1

dx1
2 = M1 = Px1

12–13. The bar is supported by a roller constraint at B, which
allows vertical displacement but resists axial load and moment.
If the bar is subjected to the loading shown, determine the
slope at A and the deflection at C. EI is constant
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Elastic curve and slope:

(1)

(2)

(3)

(4)

Boundary Conditions:

at

From Eq. (2),

at

From Eq. (3),

Continuity conditions:

at x1 = x2 =

L

4

dv1

dx1
=

dv2

dx2

C3 =

PL2

16

0 =

PL2

16
+ C3

x2 =

L

2

dv2

dx2
= 0

C2 = 0

x1 = 0v1 = 0

2EIv2 =

Px2
3

12
+ C3x2 + C4

2EI 
dv2

dx1
=

Px2
2

4
+ C3

2EI 
d2v2

dx2 
2 =

P

2
 x2

EIv1 =

Px1
3

12
+ C1x1 + C2

EI 
dv1

dx1
=

Px1
2

4
+ C1

EI 
d2v1

dx1 
2 =

P

2
 x1

EI 
d2v

dx2 = M(x)

M2(x) =

P

2
 x2

M1 (x) =

P

2
x1

12–14. The simply supported shaft has a moment of inertia
of 2I for region BC and a moment of inertia I for regions
AB and CD. Determine the maximum deflection of the
beam due to the load P.
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From Eqs. (1) and (3),

at

From Eqs. (2) and (4)

Ans.vmax = v2 2
x2 =

L
2

=

-3PL3

256EI
=

3PL3

256EI
 T

v2 =

P

768EI
 A32x2

3
- 24L2 x2 - L3 B

C4 =

-PL3

384

PL3

768
-

5PL2

128
 aL

4
b =

PL3

1536
-

1
2

 aPL2

16
b aL

4
b +

1
2

C4

x1 = x2 =

L

4
v1 = v2

C1 =

-5PL2

128

PL2

64
+ C1 =

PL2

128
-

1
2

 aPL2

16
b

12–14. Continued
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Support Reactions and Elastic Curve: As shown on FBD(a).

Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve:

For ,

[1]

[2]

For ,

[3]

[4]

Boundary Conditions:

at . From Eq. [2],

[5]

Due to symmetry, at . From Eq. [3]

at From Eq.[4].

Continuity Condition:

At and , . From Eqs. [1] and [3],

From Eq. [5] C2 = -

Pa2

6
 (2a + 3b)

-

Pa2

2
+ C1 =

Pab

2
  C1 =

Pa

2
 (a + b)

dy1

dx1
=

dy3

dx3
x3 = 0x1 = a

C4 = 0x3 = 0y3 = 0

0 = -Paab

2
b + C3  C3 =

Pab

2

x3 =

b

2

dy3

dx3
= 0

0 = -

Pa3

6
+ C1a + C2

x1 = ay1 = 0

 EI y3 = -

Pa

2
 x2

3 + C3x3 + C4

 EI 
dy3

dx3
= -Pax3 + C3 

 EI 
d2y3

dx3
2 = -Pa

M(x3) = -Pa

 EI y1 = -

P

6
 x1

3
+ C1x1 + C2

 EI 
dy1

dx1
= -

P

2
 x1

2
+ C1

 EI 
d2y1

dx1
2 = -Px1

M(x1) = -Px1

EI 
d2 y

dx2 = M(x)

12–15. Determine the equations of the elastic curve for the
shaft using the and coordinates. Specify the slope at A
and the deflection at the center of the shaft. EI is constant.

x3x1
A B

a a

P

b

P

x1

x3
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12–15. Continued

The Slope: Either Eq. [1] or [3] can be used. Substitute the value of C1 into Eq. [1],

Ans.

The Elastic Curve: Substitute the values of C1, C2, C3, and C4 into Eqs. [2] and [4],

respectively,

Ans.

Ans.

Ans. =

Pab2

8EI

 =

Pa Ab2 B
2EI

 a -

b

2
+ bb

 yC = y3 |x3 =
b
2

y3 =

Pax3

2EI
 (-x3 + b)

y1 =

P

6EI
 C -x3

1 + 3a(a + b)x1 - a2(2b + 3b) D

uA =

dy1

dx1
 2

x1 = a
=

P

2EI
 C -a2

+ a(a + b) D =

Pab

2EI

dy1

dx1
=

P

2EI
 C -x1

2
+ a(a + b) D
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Support Reactions and Elastic Curve: As shown on FBD(a).

Moment Function: As shown on FBD(b).

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions: Due to symmetry, at .

Also, at .

From Eq. [1] 

From Eq. [2] 

The Elastic Curve: Substitute the values of C1 and C2 into Eq. [2],

[1]

Require at ., . From Eq.[1],

Maximum Bending Stress: From the moment diagram, the maximum moment is
. Applying the flexure formula,

Ans.smax =

Mc

I
=

390.625(0.25)
1
12 (6) A0.53 B = 1562.5 psi = 1.56 ksi

Mmax = 390.625 lb # in

 P = 16.28 lb

 -3 =

P(48)

48(1.60) A106 B A 1
12 B  (6) A0.53 B  C4 A482 B - 3 A962 B D

y = -3 inx = 48 in

y =

Px

48EI
 A4x2

- 3L2 B

0 = 0 + 0 + C2  C2 = 0

0 =

P

4
 aL

2
b2

+ C1  C1 = -

PL2

16

x = 0y = 0

x =

L

2
dy

dx
= 0

 EI y =

P

12
 x3

+ C1x + C2

 EI 
dy

dx
=

P

4
 x2

+ C1

 EI 
d2y

dx2 =

P

2
 x

 EI 
d2y

dx2 = M(x)

*12–16. The fence board weaves between the three smooth
fixed posts. If the posts remain along the same line, determine
the maximum bending stress in the board. The board has a
width of 6 in. and a thickness of 0.5 in. .
Assume the displacement of each end of the board relative
to its center is 3 in.

E = 1.60(103) ksi
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Referring to the FBDs of the shaft’s cut segments shown in Fig. b and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq. (2) gives

At , . Then, Eq. (2) gives

Also, at , . Then Eq. (4) gives.

(5) C3L + 2C4 = -

MOL2

4

 EI(0) =

MO

2
 aL

2
b2

+ C3 aL

2
b + C4

y2 = 0x2 =

L

2

C1 =

-ML

6

y1 = 0x1 = L

EI (0) =

MO

6L
 (03) + C1(0) + C2 C2 = 0

y1 = 0x1 = 0

EI y2 =

MO

2
x2 

2
+ C3x2 + C4

EI 
dy2

dx2
= MOx2 + C3

EI 
d2y2

dx2 
2 = MO

 EI y1 =

MO

6L
 x1 

3
+ C1x1 + C2

EI 
dy1

dx1
=

MO

2L
 x1 

2
+ C1

EI 
d2y1

dx1 
2 =

MO

L
 x1

EI 
d2y

dx2 = M(x)

+ ©MO = 0; MO - M(x2) = 0 M(x2) = MO

+ ©MO = 0; M(x1) -

MO

L
 x1 = 0 M(x1) =

MO

L
x1

•12–17. Determine the equations of the elastic curve for
the shaft using the and coordinates. Specify the slope
at A and the deflection at C. EI is constant.

x2x1
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At and , . Then, Eq. (1) and (3) give

Substitute the result of C3 into Eq. (5),

Substitute the value of C1 into Eq. (1),

At A, . Thus

Ans.

Substitute the values of C1 and C2 into Eq (2) and C3 and C4 into Eq. (4),

Ans.

Ans.

At C, . Thus

Ans.yC = y2 2
x2 = 0

=

7MOL2

24EI
 c

x2 = 0

y2 =

MO

24EI
 A12x2 

2
- 20 Lx2 + 7L2 B

y1 =

MO

6EIL
 Ax1 

3
- L2x1 B

 uA =

dy1

dx1
 2

x1 = 0
= -

MO

6EI
=

MOL

6EI
 

x1 = 0

dy1

dx1
=

MO

6LEI
 A3x1 

2
- L2 B

C4 =

7M0L
2

24

MO

2L
 AL2 B -

MOL

6
= - cMOaL

2
b + C3 d C3 = -

5MOL

6

dy1

dx1
= -

dy2

dx2
x2 =

L

2
x1 = L

•12–17. Continued
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Referring to the FBD of the beam’s cut segment shown in Fig. b,

a

(1)

(2)

At , . Then Eq (2) gives

Also, at , . Then Eq (2) gives

Substitute the value of C1 into Eq (1),

At A, . Thus

Ans.

Substitute the values of C1 and C2 into Eq (2)

Ans.y =

MO

6EIL
 A3Lx2

- 2x3
- L2x B

uA = -

MOL

6EI

x = 0

 x = 0.2113 L and 0.7887 L

 
dy

dx
= 0 =

MO

6EIL
 A6Lx - 6x2

- L2 B

dy

dx
=

MO

6EIL
 A6Lx - 6x2

- L2 B

EI(0) =

MO

2
 AL2 B -

MO

3L
 AL3 B + C1L + 0 C1 = -

MOL

6

y = 0x = L

EI(0) =

MO

2
 A02 B -

MO

3L
 A03 B + C1(0) + C2 C2 = 0

y = 0x = 0

EI y =

MO

2
 x2

-

MO

3L
x3

+ C1x + C2

EI 
dy

dx
= MOx -

MO

L
 x2

+ C1

EI 
d2y

dx2 = MO -

2MO

L
x

EI 
d2y

dx2 = M(x)

+ ©MO = 0; M(x) +

2MO

L
x - MO = 0 M(x) = MO -

2MO

L
 x

12–18. Determine the equation of the elastic curve for the
beam using the x coordinate. Specify the slope at A and the
maximum deflection. EI is constant.

A

L
B

M0 M0

x
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12–18. Continued

vmax occurs at . Thus,

Ans.

and

Ans. =

0.0160 MOL2

EI
 c

 ymax =

MO

6EIL
 c3L(0.7887L)2

- 2(0.7887L)3
- L2(0.7887L) d

 = -

0.0160 MOL2

EI
=

0.0160 MOL2

EI
 T

 ymax =

MO

6EIL
 c3L(0.2113L)2

- 2(0.2113L)3
- L2(0.2113L) d

x = 0.21132 L or 0.7887 L
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Referring to FBD of the beam’s cut segment shown in Fig. b,

a

(1)

(2)

At , . Then Eq. (2) gives

Also, at , . Then Eq. (2) gives

Substitute the value of C1 into Eq. (1),

At B, . Thus

Ans.

Substitute the values of C1 and C2 into Eq. (2),

At the center of the beam, . Thus

Ans.v� x =
L
2

= 0

x =

L

2

v =

Mo

6EIL
 A3Lx2

- 2x3
- L2x B

uB =

dv
dx

 2
x = L

= -

MoL

6EI
=

MoL

6EI

x = L

dv
dx

=

Mo

6EIL
 A6Lx - 6x2

- L2 B

EI (0) =

Mo

2
 AL2 B -

Mo

3L
 AL3 B + C1L + 0 C1 = -

MoL

6

v = 0x = L

EI(0) =

Mo

2
 (02) -

Mo

3L
 A03 B + C1(0) + C2 C2 = 0

v = 0x = 0

EI v =

Mo

2
 x2

-

Mo

3L
 x3

+ C1x + C2

EI 
dv
dx

= Mox -

Mo

L
 x2

+ C1

EI 
d2v

dx2 = Mo -

2Mo

L
 x

EI 
d2v

dx2 = M(x)

+ ¢Mo = 0; M(x) +

2Mo

L
 x - Mo = 0 M(x) = Mo -

2Mo

L
 x

12–19. Determine the deflection at the center of the beam
and the slope at B. EI is constant.
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Referring to the FBDs of the beam’s cut segments shown in Fig. b, and c,

a

And

a

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

At , . Then, Eq (2) gives

Also, at , . Then, Eq (2) gives

Also, at , . Then, Eq. (4) gives

(5) 10C3 + C4 = 2333.33

 EI(0) = -

4
3

 A103 B - 10 A102 B + C3(10) + C4

v2 = 0x2 = 10 ft

EI(0) = -

5
6

 A203 B + C1 (20) + 0 C1 = 333.33 kip # ft2

v1 = 0x1 = 20 ft

EI(0) = -

5
6

 A03 B + C1(0) + C2 C2 = 0

v1 = 0x1 = 0

EI v2 = a -

4
3

 x2 
3

- 10x2 
2

+ C3x2 + C4b  kip # ft3

EI 
dv2

dx2
= A -4x2 

2
- 20x2 + C3 B  kip # ft2

EI 
d2v2

dx2 
2 = (-8x2 - 20) kip # ft

EI v1 = a -

5
6

 x1 
3

+ C1x1 + C2b
 
kip # ft3

EI 
dv1

dx1
= a -

5
2

 x1
2

+ C1b  kip # ft2

EI 
d2v1

dx1
2 = (-5x1) kip # ft

EI 
d2v

dx2 = M(x)

+ ©Mo = 0; -M(x2) - 8x2 - 20 = 0 M(x2) = (-8x2 - 20) kip # ft

+ ©Mo = 0; M(x1) + 5x1 = 0 M(x1) = (-5x1) kip # ft

*12–20. Determine the equations of the elastic curve
using the and coordinates, and specify the slope at A
and the deflection at C. EI is constant.

x2x1
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At and , . Then Eq. (1) and (3) gives

Substitute the value of C3 into Eq (5),

Substitute the value of C1 into Eq. (1),

At A, . Thus,

Ans.

Substitute the values of C1 and C2 into Eq. (2) and C3 and C4 into Eq (4),

Ans.

Ans.

At C, . Thus

Ans.vC = v2 � x2 = 0 = -

10 333 kip # ft3

EI
=

10 333 kip # ft3

EI
 T

x2 = 0

v2 =

1
EI

 a -

4
3

 x2 
3

- 10x2 
2

+ 1267x2 - 10333bkip # ft3

v1 =

1
EI

 a -

5
6

 x1 
3

+ 333 x1b  kip # ft3

uA =

dv1

dx1
 2

x1 = 0
=

333 kip # ft2

EI
 uA

x1 = 0

dv1

dx1
=

1
EI

 a -

5
2

 x1 
2

+ 333.33b  kip # ft2

C4 = -10333.33 kip # ft3

 C3 = 1266.67 kip # ft2

 -
5
2

 A202 B + 333.33 = - C -4 A102 B - 20(10) + C3 D

dv1

dx1
= -

dv2

dx2
x2 = 10 ftx1 = 20 ft

*12–20. Continued
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Functions. Referring to the free-body diagrams of the beam’s cut
segments, Fig. b, is

a

and is

a

Equations of Slope and Elastic Curve.

For coordinate x1,

(1)

(2)

For coordinate x2,

(3)

(4)

Boundary Conditions. At , . Then, Eq. (2) gives

At , . Then, Eq. (2) gives

At , . Then, Eq. (4) gives

(5)
L

2
 C3 + C4 =

wL4

384

EI(0) = -

w
24

 aL

2
b4

+ C3aL

2
b + C4

v2 = 0x2 =

L

2

EI(0) = -

wL

48
AL3 B + C1L + 0       C1 =

wL3

48

v1 = 0x1 = L

EI(0) = -

wL

48
A03 B + C1(0) + C2      C2 = 0

v1 = 0x1 = 0

EIv2 = -

w
24

 x2 
4

+ C3x2 + C4

EI 
dv2

dx2
= -

w
6

 x2 
3

+ C3

EI 
d2v2

dx2 
2 = -

w
2

 x2 
2

EIv1 = -

wL

48
 x1 

3
+ C1x1 + C2

EI 
dv1

dx1
= -

wL

16
 x1 

2
+ C1

EI 
d2v1

dx1 
2 = -

wL

8
 x1

EI 
d2v

dx2 = M(x)

+ ©MO = 0;  -M(x2) - wx2ax2

2
b = 0  M(x2) = -

w
2

 x2 
2

M(x2)

+ ©MO = 0;  M(x1) +

wL

8
x1 = 0   M(x1) = -

wL

8
 x1

M(x1)

•12–21. Determine the elastic curve in terms of the and
coordinates and the deflection of end C of the overhang
beam. EI is constant.
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Continuity Conditions. At Land , . Thus, Eqs. (1) and

(3) give

Substituting the value of C3 into Eq. (5),

Substituting the values of C3 and C4 into Eq. (4),

At C, . Thus,

Ans.vC = v2� x2 = 0 = -

11wL4

384EI
=

11wL4

384EI
 T

x2 = 0

v2 =

w
384EI

 A -16x2 
4

+ 24L3x2 - 11L4 B

C4 = -

11wL4

384

-

wL

16
AL2 B +

wL3

48
= - C -

w
6
aL

2
b3

+ C3S   C3 =

wL3

16

dv1

dx1
= -

dv2

dx2
x2 =

L

2
x1 = L

•12–21. Continued
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Referring to the FBD of the beam’s cut segment shown in Fig. b,

a

(1)

(2)

At , . Then, Eq (1) gives

Also, at , . Then Eq. (2) gives

Substitute the value of C1 into Eq (1) gives.

The Maximum Slope occurs at . Thus,

For , . Thus

Ans.

Substitute the values of C1 and C2 into Eq (2),

The maximum deflection occurs at , Thus,

Ans. = 0.369 in T

 =

1804.275 A123 B
29.0 A103 B  (291)

 =

1804.275 kip # ft3

EI
 T

 vmax = v � x = 9 ft = -

1804.275 kip # ft3

EI

x = 9 ft

v =

1
EI

 A2.25x3
- 0.002778x5

- 40.5x2 B  kip # ft3

u = 273.375 A122 B = 0.00466 rad

I = 291 in4W14 * 30

 =

273.375 kip # ft2

EI
 umax

 umax =

dv
dx

 2
x = 9ft

= -

273.375 kip # ft2

EI

x = 9 ft

dv
dx

=

1
EI

 A6.75x2
- 0.01389x4

- 81x B  kip # ft2

EI(0) = 2.25 A03 B - 0.002778 A05 B - 40.5 A02 B + 0 + C2 C2 = 0

v = 0x = 0

EI(0) = 6.75 A02 B - 0.01388 A04 B - 81(0) + C1 C1 = 0

dv
dx

= 0x = 0

 EI v = A2.25x3
- 0.002778x5

- 40.5x2
+ C1x + C2 B  kip # ft3

 EI 
dv
dx

= A6.75x2
- 0.01389x4

- 81x + C1 B  kip # ft2

 EI 
d2v

dx2 = A13.5x - 0.05556x3
- 81 B  kip # ft

 EI 
d2v

dx2 = M(x)

 M(x) = A13.5x - 0.05556x3
- 81 B  kip # ft.

 + ©Mo = 0; M(x) + 81 +
1
2 A13 x B(x) Ax3 B - 13.5x = 0

12–22. Determine the elastic curve for the cantilevered 
beam using the x coordinate. Specify the maximum slope and
maximum deflection. E = 29(103) ksi .
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(1)

(2)

Boundary conditions:

At , .

From Eq. (2),

At ,

From Eq. (2),

The slope:

From Eq.(1),

Ans.umax =

dy

dx
2
x = L

=

w0L
3

45EI

dy

dx
=

w0

6EIL
 aL2x2

2
-

x4

4
-

7L4

60
b

0 =

w0

6L
 aL5

6
-

L5

20
b + C1L ; C1 = -

7w0L
3

360

y = 0x = L

C2 = 0

y = 0x = 0

EI y =

w0

6L
 aL2x3

6
-

x5

20
b + C1x + C2

EI 
dy

dx
=

w0

6L
 aL2x2

2
-

x4

4
b + C1

EI 
d2y

dx2 =

w0

6L
 AL2x - x3 B

EI 
d2y

dx2 = M(x)

12–23. The beam is subjected to the linearly varying
distributed load. Determine the maximum slope of the
beam. EI is constant.
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(1)

(2)

Boundary conditions:

at .

From Eq. (2),

at .

From Eq. (2),

Substitute into ,

Ans.ymax = -

0.00652w0L
4

EI

yx = 0.5193L

y =

w0x

360EIL
 A10L2x2

- 3x4
- 7L4 B

15x4
- 30L2x2

+ 7L4
= 0; x = 0.5193L

dy

dx
= 0 = aL2x2

2
-

x4

4
-

7L4

60
b

dy

dx
=

w0

6EIL
 aL2x2

2
-

x4

4
-

7L4

60
b

0 =

w0

6L
 aL2

6
-

L5

20
b + C1L; C1 = -

7w0L
3

360

x = Ly = 0

C2 = 0

x = 0y = 0

EI y =

w0

6L
 aL2x3

6
-

x5

20
b + C1x + C2

EI 
dy

dx
=

w0

6L
 aL2x2

2
-

x4

4
b + C1

EI 
d2y

dx2 =

w0

6L
 AL2x - x3 B

EI 
d2y

dx2 = M(x)

*12–24. The beam is subjected to the linearly varying
distributed load. Determine the maximum deflection of the
beam. EI is constant.
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Referring to the FBD of the beam’s cut segment shown in Fig. b,

a

(1)

(2)

Due to the Symmetry, at . Then, Eq (1) gives

Also, at , . Then, Eq (2) gives

Substitute the value of C1 into Eq. (1),

At A, . Then

Ans.

Substitute the values of C1 and C2 into Eq (2)

Ans.

Due to Symmetry, occurs at mind span . Thus,

Ans. = -

2073.6 kN # m3

EI
=

2074 kN # m3

EI
 T

 vmax =

1
EI

 c6 A63 B -

1
60

 A65 B - 540(6) d

x = 6 mvmax

v =

1
EI

 a6x3
-

1
60

 x5
- 540xb  kN # m3

uA =

dv
dx

 2
x = 0

= -

540 kN # m2

EI
=

540kN # m2

EI

x = 0

dv
dx

=

1
EI

 a18x2
-

1
12

 x4
- 540b  kN # m2

EI(0) = 6 A03 B -

1
60

 A05 B + C1(0) + C2 C2 = 0

v = 0x = 0

EI(0) = 18 A62 B -

1
12

 A64 B + C1 C1 = -540 kN # m2

x = 6 m
dv
dx

= 0

 EI v = a6x3
-

1
60

 x5
+ C1x + C2b  kN # m3

 EI 
dv
dx

= a18x2
-

1
12

 x4
+ C1b  kN # m2

 EI 
d2v

dx2 = a36x -

1
3

 x3b  kN # m

 EI 
d2v

dx2 = M(x)

+ ©Mo = 0; M(x) +

1
2

 (2x)(x) Ax3 B - 36x = 0 M(x) = a36x -

1
3

 x3bkN # m

•12–25. Determine the equation of the elastic curve
for the simply supported beam using the x coordinate.
Determine the slope at A and the maximum deflection. EI
is constant.
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For 

(1)

(2)

For 

(3)

(4)

Boundary conditions:

At .

From Eq. (1),

At .

From Eq. (2):

Continuity conditions:

At 

From Eqs. (1) and (3),

From Eqs. (2) and (4),

At 

-

wa4

24
+

wa4

6
-

wa4

4
= -

wa4

6
+ C4 ; C4 =

wa4

24

x1 = a, x2 = a y1 = y2

-

wa3

6
+

wa3

2
-

wa3

2
= C3; C3 = -

wa3

6

x1 = a, x2 = a ; dy1

dx1
=

dy2

dx2

C2 = 0

y1 = 0x1 = 0

C1 = 0

dy1

dx1
= 0x1 = 0

EI y2 = C3x2 + C4

EI 
dy2

dx2
= C3

M2(x) = 0 ; EI 
d2y2

dx2 
2 = 0

EI y1 = -

w
24

 x1
4

+

wa

6
 x1

3
-

wa2

4
x1

2
+ C1x1 + C2 

EI 
dy1

dx1
= -

w
6

 x1
2

+

wa

2
 x1

2
-

wa2

2
 x1 + C1

EI 
d2y1

dx1
2 = -

w
2

 x1
2

+ wax1 -

wa2

2

M1(x) = -

w
2

 x1
2

+ wax1 -

wa2

2

EI 
d2y

dx2 = M(x)

12–26. Determine the equations of the elastic curve using
the coordinates and and specify the slope and deflection
at B. EI is constant.

x2 ,x1
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The slope, from Eq. (3).

Ans.

The elastic curve:

Ans.

Ans.

Ans.yB = y2 2
x3 = L

=

wa3

24EI
 a -4L + ab

y2 =

wa3

24EI
 a -4x2 + ab

y1 =

w
24EI

 a -x1
4

+ 4ax1
3

- 6a2 x1
2b

uB =

dy2

dx2
= -

wa3

6EI

12–26. Continued
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Moment Function: As shown on FBD.

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions: at and at 

From Eq. [1],

From Eq. [2],

The Slope: Substituting the value of C1 into Eq. [1],

Ans.

The Elastic Curve: Substituting the values of C1 C2 into Eq. [2],

Ans.

The negative sign indicates leftward displacement.

 = -3.52 in.

 = -

12960(1728)

1.6 A106 B Ap4 B A1.54 B

 yA = y|y = 0 = -

12960 lb # ft3

EI

y =

1
EI

 E A -0.4167y5
+ 2700y - 12960 B F  lb # ft3

 = 0.0611 rad

 =

2700(144)

1.6 A106 B Ap4 B A1.54 B

 uA =

dy

dy
 2

y = 0
=

2700 lb # ft2

EI

dy

dy
=

1
EI

 b A -2.0833y4
+ 2700 B r  lb # ft2

0 = -0.4167 A65 B + 2700(6) + C2 C2 = -12960

0 = -2.0833 A64 B + C1 C1 = 2700

y = 6 fty = 0y = 6 ft
dy

dy
= 0

 EI y = -0.4167y5
+ C1y + C2

 EI 
dy

dy
= -2.0833y4

+ C1

 EI 
d2y

dy2 = -8.333y3

 EI 
d2y

dy2 = M(y)

12–27. Wooden posts used for a retaining wall have a
diameter of 3 in. If the soil pressure along a post varies
uniformly from zero at the top A to a maximum of 
at the bottom B, determine the slope and displacement at
the top of the post. .Ew = 1.6(103) ksi

300 lb>ft

6 ft

A

300 lb/ft
B
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Section Properties. Referring to the geometry shown in Fig. a,

Thus, the moment of the plate as a function of x is

Moment Functions. Referring to the free-body diagram of the plate’s cut
segments, Fig. b,

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. At , . Then Eq. (1) gives

At , . Then Eq. (2) gives

Substituting the value of C1 into Eq. (1),

At B, . Thus,

Substituting the values of C1 and C2 into Eq. (2),

occurs at . Thus,

Ans.vmax = v� x = 0 = -

2wL4

Ebt3 =

2wL4

Ebt3  T

x = 0vmax

v =

wL

Ebt3 A -x3
+ 3L2x - 2L3 B

uB =

dv
dx

 2
x = 0

=

3wL3

Ebt3

x = 0

dv
dx

=

3wL

Ebt3 A -x2
+ L2 B

E(0) = -

wL

bt3 AL3 B + C1(L) + C2   C2 = -

2wL4

bt3

v = 0x = L

E(0) = -

3wL

bt3 AL2 B + C1       C1 =

3wL3

bt3

dv
dx

= 0x = L

Ev = -

wL

bt3  x3
+ C1x + C2

E 
dv
dx

= -

3wL

bt3  x2
+ C1

E 
d2v

dx2 =

-

w
2

 x2

bt3

12L
x

= -

6wL

bt3  x

E 
d2v

dx2 =

M(x)

I(x)

+ ©MO = 0;  -M(x) - w(x)ax

2
b = 0  M(x) = -

w
2

 x2

I(x) =

1
12

 Cb(x) D t3
=

bt3

12L
 x

b(x)

x
=

b

L
 ;   b(x) =

b

L
 x

*12–28. Determine the slope at end B and the maximum
deflection of the cantilevered triangular plate of constant
thickness t. The plate is made of material having a modulus
of elasticity E.

L

t

b
2

b
2

w 

A

B
x
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Section Properties:

Moment Function: As shown on FBD.

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions: at and at .

From Eq. [1],

From Eq. [2],

The Slope: Substituting the value of C1 into Eq. [1],

Ans.

The Elastic Curve: Substituting the values of C1 and C2 into Eq. [2],

Ans.

The negative sign indicates downward displacement.

 yA |x = 0 = -

gL4

h2E

 y =

gL2

h2E
 A -x2

+ 2Lx - L2 B

uA =

dy

dx
 2

x = 0
=

2gL3

h2E

dy

dx
=

2gL2

h2E
 (-x + L)

0 = -

gL2

h2  AL2 B +

2gL3

h2 (L) + C2 C2 = -

gL4

h2

0 = -

2gL2

h2  (L) + C1  C1 =

2gL3

h3

x = Ly = 0x = L
dy

dx
= 0

 E y = -

gL2

h2  x2
+ C1 x + C2

 E 
dy

dx
= -

2gL2

h2  x + C1

 E 
d2y

dx2 = -

bhg
6L  x3

bh3

12L
3x3

= -

2gL2

h2

 E 
d2y

dx2 =

M(x)

I(x)

I(x) =

1
12

 (b)a h

L
 xb3

=

bh3

12L3 x3

h(x) =

h

L
 x  V(x) =

1
2

 a h

L
 xb(x)(b) =

bh

2L
 x2

•12–29. The beam is made of a material having a specific
weight . Determine the displacement and slope at its end
A due to its weight. The modulus of elasticity for the
material is E.

g

b

L

Ah
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Section Properties:

Moment Function: As shown on FBD.

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions: at and at .

From Eq. [1],

From Eq. [2],

The Slope: Substituting the value of C1 into Eq. [1],

Ans.

The Elastic Curve: Substituting the values of C1 and C2 into Eq. [2],

Ans.

The negative sign indicates downward displacement.

 yA |x = 0 = -

gL4

6r2E

 y =

gL2

6r2E
 A -x2

+ 2Lx - L2 B

uA =

dy

dx
 2

x = 0
=

gL3

3r2E

dy

dx
=

gL2

3r2E
 (-x + L)

0 = -

gL2

6r2 AL2 B + ¢gL3

3r2 ≤L + C2 C2 = -

gL4

6r2

0 = -

gL2

3r2  (L) + C1  C1 =

gL3

3r2

x = Ly = 0x = L
dy

dx
= 0

 E y = -

gL2

6r2  x2
+ C1x + C2

 E 
dy

dx
= -

gL2

3r2  x + C1

 E 
d2y

dx2 = -

pr2g
12L

2 x4

pr4

4L
4x4

= -

gL2

3r2

 E 
d2y

dx2 =

M(x)

I(x)

I(x) =

p

4
 a r

L
 xb4

=

pr4

4L4 x4

r(x) =

r

L
 x  V(x) =

p

3
 a r

L
 xb2

x =

pr2

3L2 x3

12–30. The beam is made of a material having a specific
weight of . Determine the displacement and slope at its
end A due to its weight. The modulus of elasticity for the
material is E.

g

r

A

L
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Moment function:

Moment of inertia:

Slope and elastic curve:

(1)

(2)

Boundary conditions:

,

From Eq. (1),

,

From Eq. (2),

Ans.

The negative sign indicates downward displacement.

x = 0, ymax = y 2
u= 0

= -

PL3

2El0

y =

PL

2El0
 (-x2

+ Lx - L2)

0 = -

PL3

2
+ PL3

+ C2 ; C2 = -

PL3

2

x = Ly = 0

0 = -PL2
+ C1 ; C1 = PL2

x = L
dy

dx
= 0

El0 y =

-PL

2
 x2

+ C1x + C2

El0 
dy

dx
= -PLx + C1

Ea l0
L
bx 

d2y

dx2 = -Px ; El0 
d2y

dx2 = -PL

EI(x) 
d2y

dx2 = M(x)

w =

b

L
 x ; I =

1
12

 a b

L
 xb t3

=

1
12

 b t3a x

L
b =

l0
L

 x

M(x) = -Px

12–31. The tapered beam has a rectangular cross section.
Determine the deflection of its free end in terms of the load
P, length L, modulus of elasticity E, and the moment of
inertia of its fixed end.I0

b

L

AP
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Use the triangular plate for the calculation.

at 

at 

When 

Ans.vmax =

6PL3

Ebt3

x = 0

C2 =

6PL3

Ebt3

x = Lv = 0

C1 =

-12PL2

Ebt3

x = L
dv
dx

= 0

v =

6PL

Ebt3 x2
+ C1x + C2

dv
dx

=

12PL

Ebt3  x + C1

d2v

dx2 =

12PL

Ebt3

d2v

dx2 =

M

EI
=

Px

E A 1
12 B A bL Bx(t)3

I =

1
12

 a b

L
xb(t)3

M = Px

*12–32. The beam is made from a plate that has a constant
thickness t and a width that varies linearly. The plate is cut
into strips to form a series of leaves that are stacked to
make a leaf spring consisting of n leaves. Determine the
deflection at its end when loaded. Neglect friction between
the leaves.

b

L

P
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Moment of inertia:

Elastic curve and slope:

(1)

(2)

Boundary condition:

Due to symmetry:

From Eq. (1),

at 

Ans.

The negative sign indicates downward displacement.

vC = v `
x =

L
2

= -  
PL3

32EIC

v =

PLx

8EIC
 (x - L)

C2 = 0

x = 0v = 0

C1 = -  
PL2

8

0 =

PL2

8
+ C1

dv
dx

= 0 at x =

L

2

EICv1 =

PL

8
x2

+ C1x + C2

EIC 
dv
dx

=

PL

4
x + C1

Ea2IC

L
b(x) 

d2v

dx3 =

P

2
x

EI(x) 
d2v

dx2 = M(x)

I =

1
12

 a2b

L
xb(t3) =

1
12

 (b) A t3 B a2x

L
b = a2IC

L
bx

w =

2b

L
x

•12–33. The tapered beam has a rectangular cross section.
Determine the deflection of its center in terms of the load
P, length L, modulus of elasticity E, and the moment of
inertia of its center.Ic

b L—
2

L—
2

P
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Section Properties: Since the plates can slide freely relative to each other, the plates

resist the moment individually. At an arbitrary distance x from the support, the

numbers, of plates is . Hence,

Moment Function: As shown on FBD.

Bending Stress: Applying the flexure formula,

Ans.

Moment - Curvature Relationship:

(Q.E.D.)
1
r

=

M(x)

EI(x)
=

Px
2

E Anbt3

6L x B =

3PL

nbt3E
= Constant

smax =

M(x) c

I(x)
=

Px
2  A t2 B
nbt3

6L x
=

3PL

2nbt2

I(x) =

1
12

 a2nx

L
b(b) A t3 B =

nbt3

6L
 x

nx
L
2

=

2nx

L

12–34. The leaf spring assembly is designed so that it is
subjected to the same maximum stress throughout its length.
If the plates of each leaf have a thickness t and can slide
freely between each other, show that the spring must be in
the form of a circular arc in order that the entire spring
becomes flat when a large enough load P is applied. What
is the maximum normal stress in the spring? Consider
the spring to be made by cutting the n strips from the
diamond-shaped plate of thickness t and width b.The modulus
of elasticity for the material is E. Hint: Show that the radius
of curvature of the spring is constant.

P

nb

b

x

x
L
2

L
2
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Elastic curve and slope:

(1)

Boundary conditions:

From Eq. (1)

Assume occurs at 

O.K.

Substitute into the elastic curve:

Ans.

The negative sign indicates downward displacement.

vmax = -  
1.808N # m3

EI
= -  

1.808

200 A109 Bp4  (0.0075)4
= -0.00364 = -3.64 mm

x = 0.3300 m

v =

1
EI

 C33.57x3
- 41.67 6 x - 0.2 7

3
- 13.33 6 x - 0.5 7

3
- 8.857x D

x = 0.3300 m

24.28x2
- 50x + 13.857 = 0

dv
dx

= 0 =

1
EI

 C100.71x2
- 125(x - 0.2)2

- 8.857 D
0.2 m 6 x 6 0.5 mvmax

dv
dx

=

1
EI

 C100.71x2
- 125 6 x - 0.2 7

2
- 40 6 x - 0.5 7

2
- 8.857 D

C1 = -8.857

0 = 11.515 - 5.2083 - 0.1067 + 0.7C1

v = 0 at x = 0.7 m

C2 = 0

v = 0 at x = 0

EIv = 33.57x3
- 41.67 6 x - 0.2 7

3
- 13.33 6 x - 0.5 7

3
+ C1x + C2

EI 
dv
dx

= 100.71x2
- 125 6 x - 0.2 7

2
- 40 6 x - 0.5 7

2
+ C1

EI 
d2v

dx3 = M = 201.43x - 250 6 x - 0.2 7 -  80 6 x - 0.5 7

M = 201.43x - 250 6 x - 0.2 7 -  80 6 x - 0.5 7

M = -(-201.43) 6 x - 0 7 -250 6 x - 0.2 7 -  80 6 x - 0.5 7

12–35. The shaft is made of steel and has a diameter of
15 mm. Determine its maximum deflection. The bearings at
A and B exert only vertical reactions on the shaft.

.Est = 200 GPa

15 mm

250 N 80 N

200 mm 200 mm300 mm

BA

12 Solutions 46060  6/11/10  11:52 AM  Page 930



931

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Elastic curve and slope:

(1)

Boundary conditions:

From Eq. (1),

Ans.v =

1
EI

 C0.417x3
- 0.333 6 x - 8 7

3
- 0.667 6 x - 16 7

3
- 169x D  kip # ft3

C1 = -169

0 = 5760 - 1365.33 - 341.33 + 24C1

v = 0 at x = 24 ft

C2 = 0

v = 0 at x = 0

EIv = 0.417x3
- 0.333 6 x - 8 7

3
- 0.667 6 x - 16 7

3
+ C1x + C2

EI 
dv
dx

= 1.25x2
- 6 x - 8 7

2
- 2 6 x - 16 7

2
+ C1

EI 
d2v

dx2 = M = 2.5x - 2 6 x - 8 7 -  4 6 x - 16 7

M = 2.5x - 2 6 x - 8 7 -  4 6 x - 16 7

M = -(-2.5) 6 x - 0 7 -  2 6 x - 8 7 -  4 6 x - 16 7

*12–36. The beam is subjected to the loads shown.
Determine the equation of the elastic curve. EI is constant.

x

A

B

2 kip

8 ft

4 kip

4 kip�ft

8 ft8 ft
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Elastic curve and slope:

(1)

(2)

Boundary conditions:

From Eq. (2)

(3)

Ans.

Ans.

Ans. (symmetry check !)

The negative signs indicate downward displacement.

vE = v `
x = 0.75 m

=

-3.984
EI

= -0.501 mm

vD = v `
x = 0.5m

=

-5.547

200 A109 Bp4  (0.015)4
= -0.000698 m = -0.698 mm

 = -0.501 mm

vC = v `
x = 0.25m

=

-3.984
EI

=

-3.984

200 A109 Bp4  (0.015)4
= -0.000501 m

 - 25 6 x - 0.75 7
3

- 17.8125x D
 v =

1
EI

 C30x3
- 25 6 x - 0.25 7

3
- 10 6 x - 0.5 7

3

 - 75 6 x - 0.75 7
2

- 17.8125 D
 
dv
dx

=

1
EI

 C90x2
- 75 6 x - 0.25 7

2
- 30 6 x - 0.5 7

2

C1 = -17.8125

0 = 30 - 10.55 - 1.25 - 0.39 + C1

v = 0 at x = 1.0 m

C2 = 0

v = 0 at x = 0

 - 25 6 x - 0.75 7
3

+ C1x + x2

 EIv = 30x3
- 25 6 x - 0.25 7

3
- 10 6 x - 0.50 7

3

 - 75 6 x - 0.75 7
2

+ C1

 EI 
dv
dx

= 90x2
- 75 6 x - 0.25 7

2
- 30 6 x - 0.50 7

2

 -150 6 x - 0.75 7

 EI 
d2v

dx2 = M = 180x - 150 6 x - 0.25 7 -  60 6 x - 0.5 7

M = 180x - 150 6 x - 0.25 7 -  60 6 x - 0.5 7 -150 6 x - 0.75 7

 -  60 6 x - 0.5 7 -150 6 x - 0.75 7

 M = -(-180) 6 x - 0 7 -  150 6 x - 0.25 7

•12–37. Determine the deflection at each of the pulleys
C, D, and E. The shaft is made of steel and has a diameter
of 30 mm. The bearings at A and B exert only vertical
reactions on the shaft. .Est = 200 GPa

150 N 60 N 150 N

250 mm 250 mm250 mm 250 mm

D
EC

BA
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Elastic curve and slope:

(1)

Boundary conditions:

From Eq. (1):

Ans.v =

1
EI

 C -1.67x3
- 6.67 6 x - 20 7

3
+ 18.3 6 x - 40 7

3
+ 4000x D lb # in3

C1 = 4000

0 = -106,666.67 - 53,333.33 + 0 + 40C1.

v = 0 at x = 40 in.

C2 = 0

v = 0 at x = 0

EIv = -1.667x3
- 6.667 6 x - 20 7

3
+ 18.33 6 x - 40 7

3
+ C1x + C2

EI 
dv
dx

= -5x2
- 20 6 x - 20 7

2
+ 55 6 x - 40 7

2
+ C1

EI 
d2v

dx2 = -10x - 40 6 x - 20 7 +  110 6 x - 40 7

EI 
d2v

dx2 = M

M = -10x - 40 6 x - 20 7 + 110 6 x - 40 7

M = -10 6 x - 0 7 -40 6 x - 20 7 -(-110) 6 x - 40 7

12–38. The shaft supports the two pulley loads shown.
Determine the equation of the elastic curve.The bearings at A
and B exert only vertical reactions on the shaft. EI is constant.

A B

40 lb

x

20 in.20 in.20 in.

60 lb
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. a, we obtain

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. At , . Then, Eq. (2) gives

At , . Then Eq. (2) gives

Substituting the value of C1 into Eq. (1),

Assuming that occurs in the region . Then

Solving for the root ,

O.K.x = 2.9079 ft

2 m 6 x 6 4 m

2.5x2
- 60x + 153.333 = 0

12.5x2
- 15(x - 2)2

- 93.333 = 0

dv
dx

= 0 =

1
EI

 c12.5x2
- 15(x - 2)2

- 93.333 d

2 m 6 x 6 4 m
dv
dx

= 0

dv
dx

=

1
EI

 c12.5x2
- 15(x - 2)2

- 7.5(x - 4)2
- 93.333 d

 C1 = -93.333 kN # m3

 0 = 4.1667 A63 B - 5(6 - 2)3
- 2.5(6 - 4)3

+ C1(6) + C2

v = 0x = 6 m

0 = 0 - 0 - 0 + C1(0) + C2        C2 = 0

v = 0x = 0

EIv = 4.1667x3
- 5(x - 2)3

- 2.5(x - 4)3
+ C1x + C2

EI 
dv
dx

= 12.5x2
- 15(x - 2)2

- 7.5(x - 4)2
+ C1

EI 
d2v

dx2 = 25x - 30(x - 2) - 15(x - 4)

EI 
d2v

dx2 = M

 = 25x - 30(x - 2) - 15(x - 4)

 M = -(-25)(x - 0) - 30(x - 2) - 15(x - 4)

12–39. Determine the maximum deflection of the simply
supported beam. and .I = 65.0(106) mm4E = 200 GPa

2 m2 m 2 m

30 kN
15 kN

A B
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12–39. Continued

Substituting the values of C1 and C2 into Eq. (2),

Ans.

occurs at , where . Thus,

Ans. = -0.01328 m = 13.3 mm T

 = -  
172.69kN # m3

EI
= -  

172.69 A103 B
200 A109 B C65.0 A10- 6 B D

 =

1
EI

 c4.1667 A2.90793 B - 5(2.9079 - 2)3
- 0 - 93.333(2.9079) d

 vmax = v|x = 2.9079 ft

dv
dx

= 0x = 2.9079 mvmax

v =

1
EI

 c4.1667x3
- 5(x - 2)3

- 2.5(x - 4)3
- 93.333x d
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function.

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. Due to symmetry, at . Then Eq. (1) gives

At , . Then, Eq. (2) gives

Substituting the value of C1 into Eq. (1),

At A, . Thus,

Ans.

Substituting the values of C1 and C2 into Eq. (2),

Ans.

At B, . Thus,

Ans. = -

MOL2

18EI
=

MOL2

18EI
 T

 vB = v|x =  L3 =

MO

6EI
 B3(0) - 3(0) - LaL

3
b R

x =

L

3

v =

MO

6EI
 B3ax -

L

3
b2

- 3ax -

2
3

Lb2

- LxR

uA =

dv
dx

 `
x = 0

=

MO

6EI
 C6(0) - 6(0) - L D = -

MO L

6EI
=

MOL

6EI

x = 0

dv
dx

=

MO

6EI
 B6ax -

L

3
b - 6ax -

2
3

 Lb2

- LR

EI(0) = 0 - 0 + C1(0) + C2   C2 = 0

v = 0x = 0

EI(0) = MO aL

2
-

L

3
b - 0 + C1  C1 = -  

MOL

6

x =

L

2
dv
dx

= 0

EIv 
MO

2
 ax -

L

3
b2

-

MO

2
 ax -

2
3

 Lb2

+  C1x + C2

EI 
dv
dx

= MOax -

L

3
b - MOax -

2
3

 Lb +  C1

EI 
d2v

dx2 = MOax -

L

3
b0

- MOax -

2
3

 Lb0

EI 
d2v

dx2 = M

 = MOax -

L

3
b0

- MOax -

2
3

Lb0

 M = -(-MO)ax -

L

3
b0

- MOax -

2
3

Lb0

*12–40. Determine the eqution of the elastic curve, the
slope at A, and the deflection at B of the simply supported
beam. EI is constant.
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A
CB

D

L
3

L
3

L
3

M0 M0
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function.

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. Due to symmetry, at . Then Eq. (1) gives

At , . Then, Eq. (2) gives

Substituting the values of C1 and C2 into Eq. (2),

Ans.

occurs at , where . Then,

Ans. = -

5MOL2

72EI
=

5MOL2

72EI
 T

 vmax = v|x =  L2 =

MO

6EI
 B3aL

2
-

L

3
b2

- 0 - LaL

2
b R

dv
dx

= 0x =

L

2
vmax

v =

MO

6EI
 B3ax -

L

3
b2

- 3ax -

2
3

 Lb2

- LxR

EI(0) = 0 - 0 + C1(0) + C2   C2 = 0

v = 0x = 0

EI(0) = MO aL

2
-

L

3
b - 0 + C1  C1 = -  

MOL

6

x =

L

2
dv
dx

= 0

EIv 
MO

2
 ax -

L

3
b2

-

MO

2
 ax -

2
3

 Lb2

+  C1x + C2

EI 
dv
dx

= MOax -

L

3
b - MOax -

2
3

 Lb +  C1

EI 
d2v

dx2 = MOax -

L

3
b0

- MOax -

2
3

 Lb

EI 
d2v

dx2 = M

 = MOax -

L

3
b0

- MOax -

2
3

Lb

 M = -(-MO)ax -

L

3
b0

- MOax -

2
3

Lb

•12–41. Determine the equation of the elastic curve and
the maximum deflection of the simply supported beam. EI
is constant.
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function.

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. Due to symmetry, at . Then Eq. (1) gives

At , . Then, Eq. (2) gives

Substituting the value of C1 into Eq. (1),

At A, . Thus,

Ans.

SubStituting the values of C1 and C2 into Eq. (2),

Ans.

occurs at , where . Then,

Ans. = -

23PL3

648EI
=

23PL3

648EI
 T

 vmax = v|x =  L2 =

P

18EI
 B3aL

2
b3

- 3aL

2
-

L

3
b3

- 0 - 2L2aL

2
b R

dv
dx

= 0x =

L

2
vmax

v =

P

18EI
 B3x3

- 3ax -

L

3
b3

- 3ax -

2
3

 Lb3

- 2L2xR

uA =

dv
dx

 `
x = 0

=

P

18EI
 C0 - 0 - 0 - 2L2 D = -

PL2

9EI
=

PL2

9EI

x = 0

dv
dx

=

P

18EI
 B9x2

- 9ax -

L

3
b2

- 9ax -

2
3

 Lb2

- 2L2R

EI(0) = 0 - 0 - 0 + C1(0) + C2     C2 = 0

v = 0x = 0

EI(0) =

P

2
 aL

2
b2

-

P

2
 aL

2
-

L

3
b2

- 0 + C1  C1 = -  
PL2

9

x =

L

2
dv
dx

= 0

EIv =

P

6
 x3

-

P

6
 ax -

L

3
b3

-

P

6
 ax -

2
3

 Lb3

+  C1x + C2

EI 
dv
dx

=

P

2
 x2

-

P

2
 ax -

L

3
b2

-

P

2
 ax -

2
3

 Lb2

+  C1

EI 
d2v

dx2 = Px - Pax -

L

3
b - Pax -

2
3

 Lb

EI 
d2v

dx2 = M

 = Px - Pax -

L

3
b - Pax -

2
3

Lb

 M = -(-P)(x - 0) - Pax -

L

3
b - Pax -

2
3

Lb

12–42. Determine the equation of the elastic curve, the
slope at A, and the maximum deflection of the simply 
supported beam. EI is constant.
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. At , Then Eq. (1) gives

At , . Then Eq. (2) gives

Substituting the values of C1 and C2 into Eq. (2),

Ans.

occurs at Thus

Ans. = -0.01292 m = 12.9 mm T

 = -  
167.91kN # m3

EI
= -  

167.91 A103 B
200 A109 B c65.0 A10- 6 B d

 =

1
EI

 c6.25 A33 B - 33.75 A32 B -

1
6

 A35 B +

1
6

 (3 - 1.5)5
+

5
4

 (3 - 1.5)4 d

 vmax = v|x = 3 m

x = 3 mvmax

v =

1
EI

 c6.25x3
- 33.75x2

-

1
6

 x5
+

1
6

 (x - 1.5)5
+

5
4

 (x - 1.5)4 d

0 = 0 - 0 - 0 + 0 + 0 + 0 + C2   C2 = 0

v = 0x = 0

0 = 0 - 0 - 0 + 0 + 0 + C1   C1 = 0

dv
dx

= 0x = 0

EIv = 6.25x3
- 33.75x2

-

1
6

 x5
+

1
6

 (x - 1.5)5
+

5
4

 (x - 1.5)4
+ C1x + C2

EI 
dv
dx

= 18.75x2
- 67.5x -

5
6

 x4
+

5
6

 (x - 1.5)4
+ 5(x - 1.5)3

+ C1

EI 
d2v

dx2 = 37.5x - 67.5 -

10
3

 x3
+

10
3

 (x - 1.5)3
+ 15(x - 1.5)2

EI 
d2v

dx2 = M

 = 37.5x - 67.5 -

10
3

 x3
+

10
3

 (x - 1.5)3
+ 15(x - 1.5)2

 - a -  
20
6
b(x - 1.5)3

- a -  
30
2
b(x - 1.5)2

 M = -(-37.5)(x - 0) - 67.5(x - 0)0
-

20
6

 (x - 0)3

12–43. Determine the maximum deflection of the
cantilevered beam. The beam is made of material having an

and .I = 65.0(106) mm6E = 200 GPa
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Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using discontinuity function,

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq.[2],

at . From Eq.[2],

The Elastic Curve: Substituting the values of C1 and C2 into Eq.[2],

Ans. - 8.33 6 x - 7 7
3

- 279x} kN # m3

 y =

1
EI

 {4.10x3
- 0.125x4

+ 0.125 6 x - 4 7
4

 C1 = -278.7

 0 = 4.10 A103 B - 0.125 A104 B + 0.125(10 - 4)4
- 8.333(10 - 7)3

+ C1 (10)

x = 10 my = 0

C2 = 0x = 0y = 0

 + C1x + C2

 EI y = 4.10x3
- 0.125x4

+ 0.125 6 x - 4 7
4

- 8.333 6 x - 7 7
3

 EI 
dy

dx
= 12.3x2

- 0.5x3
+ 0.5 6 x - 4 7

3
- 25 6 x - 7 7

2
+ C1

 EI 
d2

 y

dx2 = 24.6x - 1.5x2
+ 1.5 6 x - 47

2
- 50 6 x - 7 7

 EI 
d2 y
dx2 = M

=  24.6x - 1.5x2
+ 1.5 6 x - 47

2
- 50 6 x - 7 7

 - 50 6 x - 7 7

 M = 24.6 6 x - 0 7 -  1.5 6 x - 0 72
- (-1.5) 6 x - 4 72

*12–44. The beam is subjected to the load shown. Determine
the equation of the elastic curve. EI is constant.
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Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function.

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq.[2],

at . From Eq.[2],

The Slope: Substituting the value of C1 into Eq.[1],

Ans.

The Elastic Curve: Substituting the values of C1 and C2 into Eq.[2],

Ans. = -  
835 kN # m3

EI

 y |x = 7 m =

1
EI

 E4.10 A73 B - 0.125 A74 B + 0.125(7 - 4)4
- 0 - 278.7(7)F kN # m3

 - 278.7xF kN # m3

 y =

1
EI

 E4.10x3
- 0.125x4

+ 0.125 6 x - 4 7
4

- 8.33 6 x - 7 7
3

uA =

dy

dx
 `

x = 0
=

1
EI

 {0 - 0 + 0 - 0 - 278.7} = -

279kN # m2

EI

dy

dx
=

1
EI

 E12.3x2
- 0.5x3

+ 0.5 6 x - 4 7
3

- 25 6 x - 7 7
2

- 278.7F kN # m2

 C1 = -278.7

 0 = 4.10 A103 B - 0.125 A104 B + 0.125(10 - 4)4
- 8.333(10 - 7)3

+ C1 (10)

x = 10 my = 0

C2 = 0x = 0y = 0

 + C1x + C2

 EI y = 4.10x3
- 0.125x4

+ 0.125 6 x - 4 7
4

- 8.333 6 x - 7 7
3

 EI 
dy

dx
= 12.3x2

- 0.5x3
+ 0.5 6 x - 4 7

3
- 25 6 x - 7 7

2
+ C1

 EI 
d2

 y

dx2 = 24.6x - 1.5x2
+ 1.5 6 x - 47

2
- 50 6 x - 7 7

 EI 
d2 y
dx2 = M

=  24.6x - 1.5x2
+ 1.5 6 x - 47

2
- 50 6 x - 7 7

 - 50 6 x - 7 7

 M = 24.6 6 x - 0 7 -  1.5 6 x - 0 72
- (-1.5) 6 x - 4 72

•12–45. The beam is subjected to the load shown.
Determine the displacement at and the slope at A.
EI is constant.

x = 7 m
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. At , . Then, Eq. (2) gives

At , . Then Eq. (2) gives

Substituting the value of C1 into Eq. (1),

Assuming that occurs in the region , then

Solving for the root ,

O.K.

Substituting the values of C1 and C2 into Eq. (2),

Ans.

occurs at , where . Thus,
dv
dx

= 0x = 2.970 mvmax

v =

1
EI

 c3.75x3
-

10
3

 (x - 1.5)3
- 0.625(x - 3)4

+

1
24

 (x - 3)5
- 77.625x d

x = 2.970 m

1.5 m 6 x 6 3 m

dv
dx

= 0 =

1
EI

 c11.25x2
- 10(x - 1.5)2

- 0 + 0 - 77.625 d

1.5 m 6 x 6 3 m
dv
dx

= 0

dv
dx

=

1
EI

 c11.25x2
- 10(x - 1.5)2

- 2.5(x - 3)3
+

5
24

 (x - 3)4
- 77.625 d

 C1 = -77.625 kN # m2

 0 = 3.75 A63 B -

10
3

 (6 - 1.5)3
- 0.625(6 - 3)4

+

1
24

 (6 - 3)5
+ C1(6) + C2

v = 0x = 6 m

0 = 0 - 0 - 0 + 0 + C1(0) + C2  C2 = 0

v = 0x = 0

EIv = 3.75x3
-

10
3

 (x - 1.5)3
- 0.625(x - 3)4

+

1
24

 (x - 3)5
+ C1x + C2

EI 
dv
dx

= 11.25x2
- 10(x - 1.5)2

- 2.5(x - 3)3
+

5
24

 (x - 3)4
+ C1

EI 
d2v

dx2 = 22.5x - 20(x - 1.5) - 7.5(x - 3)2
+

5
6

 (x - 3)3

EI 
d2v

dx2 = M

 = 22.5x - 20(x - 1.5) - 7.5(x - 3)2
+

5
6

 (x - 3)3

 M = -(-22.5)(x - 0) - 20(x - 1.5) -

15
2

 (x - 3)2
- a -  

5
6
b(x - 3)3

12–46. Determine the maximum deflection of the simply
supported beam. and .I = 65.0(106) mm4E = 200 GPa
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Ans. = -0.01099 m = 11.0 mm T

 = -  
142.89kN # m3

EI
= -  

142.89 A103 B
200 A109 B c65.0 A10- 6 B d

 =

1
EI

 c3.75 A2.9703 B -

10
3

 (2.970 - 1.5)3
- 0 + 0 - 77.625(2.970) d

 vmax = v ƒ x = 2.970 m

12–46. Continued
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Elastic curve and Slope:

(1)

(2)

Boundary condition:

From Eq. (1),

From Eq. (2),

(3)

Ans.

At point B,

Ans.

The negative sign indicates clockwise rotation.

Ans.vB =

-661.5
EI

=

-661.5 A103 B
12 A103 B(1.067) A10- 3 B = -0.0517m = -51.7 mm

uB =

dv
dx
`
x = 6m

=

-157.5
EI

=

-157.5 A103 B
12 A103 B(1.067) A10- 3 B = -0.0123 rad = -0.705°

x = 6m

I =

1
12

 (0.20)(0.40)3
= 1.067 A10- 3 Bm4

 -

2
3

6 x - 4.5 7
3 d  kN # m3 (4)

 v =

1
EI

 c -31.5x2
+

8
3

 x3
-

x4

12
+

1
12

6 x - 3 7
4

dv
dx

=

1
EI

 c -63x + 8x2
-

x3

3
+

1
3

6 x - 3 7
3

- 2 6 x - 4.5 7
2 d

C2 = 0

v = 0 at x = 0

C1 = 0

dv
dx

= 0 at x = 0

 + C1x + C2

 EIv = -31.5x2
+

8
3

 x3
-

x4

12
+

1
12

6 x - 3 7
4

-

2
3

6 x - 4.5 7
3

EI
dv
dx

= -63x + 8x2
-

x3

3
+

1
3

6 x - 3 7
3

- 2 6 x - 4.5 7
2

+ C1

EI
d2v

dx2 = M = -63 + 16x - x2
+ 6 x - 3 7

2
- 4 6 x - 4.5 7

M = -63 + 16x - x2
+ 6  x - 3 7

2
- 4 6 x - 4.5 7

 - a -

2
2
b 6 x - 3 7

2
- 4 6 x - 4.5 7

 M = -63 6 x - 0 7
0

- (-16) 6 x - 0 7 -

2
2

6 x - 0 7
2

12–47. The wooden beam is subjected to the load
shown. Determine the equation of the elastic curve. If

, determine the deflection and the slope at
end B.
Ew = 12 GPa

BA

x

6 kN4 kN

3 m 1.5 m

2 kN/m

200 mm

400 mm

1.5 m
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The negative sign indicates downward displacement.

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq.[2],

at . From Eq.[2],

The Slope: Substituting the value of C1 into Eq.[1],

Ans.

Ans.

The Elastic Curve: Substituting the values of C1 and C2 into Eq.[2],

Ans. = -

874 kN # m3

EI

 yC = y|x = 3 m =

1
EI

 E11.125 A33 B - 0.5 A34 B - 0 - 377.875(3)F
y =

1
EI

 E11.125x3
- 0.5x4

- 5 6 x - 3 7
3

- 377.875 xF kN # m3

 =

359 kN # m2

EI

 =

1
EI

 E33.375 A82 B - 2 A83 B - 15(8 - 3)2
- 377.875F

 uB =

dy

dx
`
x = 8 m

uA =

dy

dx
`
x = 0

=

1
EI

 {0 - 0 - 0 - 377.875} = -  
378 kN # m2

EI

dy

dx
=

1
EI

 E33.375x2
- 2x3

- 15 6 x - 3 7
2

- 377.875F kN # m2

 C1 = -377.875

 0 = 11.125 A83 B - 0.5 A84 B - 5(8 - 3)3
+ C1 (8)

x = 8 my = 0

C2 = 0x = 0y = 0

EI y = 11.125x3
- 0.5x4

- 5 6 x - 3 7
3

+ C1x + C2

 EI 
dy

dx
= 33.375x2

- 2x3
- 15 6 x - 3 7

2
+ C1

 EI 
d2y

dx2 = 66.75x - 6x2
- 30 6 x - 3 7

 EI 
d2y

dx2 = M

 = 66.75x - 6x2
- 30 6 x - 3 7

 M = 66.75 6 x - 0 7 -6 6 x - 0 7
2

- 30 6 x - 3 7

*12–48. The beam is subjected to the load shown.
Determine the slopes at A and B and the displacement at
C. EI is constant.

x

A
C B

3 m 5 m

30 kN
12 kN/m
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Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain

Equations of Slope and Elastic Curve.

(1)

(2)

Boundary Conditions. At , . Then Eq.(2) gives

At , . Then Eq.(2) gives

Substituting the value of C1 into Eq.(1),

Assuming that occurs in the region . Then

Solving

O.K.x = 5.7126 ft

1200x2
-

250
3

 x3
- 23625 = 0

dv
dx

= 0 =

1
EI

 c1200x2
-

250
3

 x3
- 23625 d

0 6 x 6 6 ft
dv
dx

= 0

dv
dx

=

1
EI

 B1200x2
- 300(x - 9)2

-

250
3

 x3
+

250
3

 (x - 6)3
- 23625R

 C1 = -23625 lb # ft2

 0 = 400 A123 B - 100(12 - 9)3
-

125
6

 (12)4
+

125
6

 (12 - 6)4
+ C1(12)

v = 0x = 12ft

C2 = 0

v = 0x = 0

EIv = 400x3
- 100(x - 9)3

-

125
6

 x4
+

125
6

 (x - 6)4
+ C1x + C2

EI 
dv
dx

= 1200x2
- 300(x - 9)2

-

250
3

 x3
+

250
3

 (x - 6)3
+ C1

EI 
d2v

dx2 = 2400x - 600(x - 9) - 250x2
+ 250(x - 6)2

EI 
d2v

dx2 = M

 = 2400x - 600(x - 9) - 250x2
+ 250(x - 6)2

 M = -(-2400)(x - 0) - 600(x - 9) -

500
2

 (x - 0)2
- ¢ -  

500
2
≤(x - 6)

•12–49. Determine the equation of the elastic curve of the
simply supported beam and then find the maximum
deflection. The beam is made of wood having a modulus of
elasticity .E = 1.5(103) ksi

A B

6 ft 3 ft

600 lb
500 lb/ft

3 ft

3 in.

6 in.
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Substituting the values of C1 and C2 into Eq.(2),

Ans.

occurs at , where . Thus,

Ans. = -1.76 in = 1.76 in T

 = -  
82.577.41lb # ft3

EI
= -

82577.41 A123 B
1.5 A106 B c 1

12
 (3) A63 B d

 =

1
EI

 c400 A5.71263 B - 0 -

125
6

 A5.71264 B + 0 - 23625(5.7126) d

 vmax = v|x = 5.7126 ft

dv
dx

= 0x = 5.7126 ftvmax

v =

1
EI

 c400x3
- 100(x - 9)3

-

125
6

 x4
+

125
6

 (x - 6)4
- 23625x d

•12–49. Continued
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Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq.[2],

at . From Eq.[2],

The Slope: Substituting the value of C1 into Eq.[1],

Ans. + 9.58FkN # m2

 
dy

dx
=

1
EI

 E0.100x2
- 0.333x3

+ 0.333 6 x - 5 7
3

+ 8.90 6 x - 5 7
2

 C1 = 9.5833

 0 = 0.03333 A53 B - 0.08333 A54 B + 0 + 0 + C1 (5)

x = 5 my = 0

C2 = 0x = 0y = 0

 + 2.9667 6 x - 5 7
3

+ C1x + C2

 EI y = 0.03333x3
- 0.08333x4

+ 0.08333 6 x - 5 7
4

 EI 
dy

dx
= 0.100x2

- 0.3333x3
+ 0.3333 6 x - 5 7

3
+ 8.90 6 x - 5 7

2
+ C1

 EI 
d2y

dx2 = 0.200x - x2
+ 6 x - 5 7

2
+ 17.8 6 x - 5 7

 EI 
d2y

dx2 = M

=  0.200x - x2
+ 6 x - 5 7

2
+ 17.8 6 x - 5 7

 - (-17.8) 6 x - 5 7

 M = 0.200 6 x - 0 7 -  
1
2

 (2) 6 x - 0 7
2

-

1
2

 (-2) 6 x - 5 7
2

12–50. The beam is subjected to the load shown.
Determine the equations of the slope and elastic curve. EI
is constant.

A
B

5 m 3 m

x

2 kN/m 8 kN�m
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The Elastic Curve: Substituting the values of C1 and C2 into Eq.[2],

Ans.

Elastic curve and slope:

(1)

Boundary conditions:

From Eq.(1)

(2)

From Eq.(1)

(3)

Solving Eqs. (2) and (3) yields:

Ans.

 + 4.625 6 x - 4.5 7
3

+ 25.1x - 36.4 D  kN # m3

 v =

1
EI

 C -0.25x4
+ 0.208 6 x - 1.5 7

3
+ 0.25 6 x - 1.5 7

4

C2 = -36.42

C1 = 25.12

4.5C1 + C2 = 76.641

0 = -102.516 + 5.625 + 20.25 + 4.5C1 + C2

v = 0 at x = 4.5 m

1.5C1 + C2 = 1.266

0 = -1.266 + 1.5C1 + C2

v = 0 at x = 1.5 m

 + 4.625 6 x - 4.5 7
3

+ C1x + C2

 EIv = -0.25x4
+ 0.208 6 x - 1.5 7

3
+ 0.25 6 x - 1.5 7

4

 + 13.875 6 x - 4.5 7
2

+ C1

 EI
dv
dx

= -x3
+ 0.625 6 x - 1.5 7

2
+ 6 x - 1.5 7

3

 = -3x2
+ 1.25 6 x - 1.5 7 +  3 6 x - 1.5 7

2
+ 27.75 6 x - 4.5 7

 EI
d2v

dx2 = M

M = -3x2
+ 1.25 6 x - 1.5 7 +3 6 x - 1.5 7

2
+ 27.75 6 x - 4.5 7

 - (-27.75) 6 x - 4.5 7

 M = -  
6
2

6 x - 0 7
2
-(-1.25) 6 x - 1.5 7 -(-

6
2

) 6 x - 1.5 7
2

 + 9.58xF kN # m3

 y =

1
EI

 E0.0333x3
- 0.0833x4

+ 0.0833 6 x - 5 7
4

+ 2.97 6 x - 5 7
3

12–51. The beam is subjected to the load shown. Determine
the equation of the elastic curve. EI is constant.

A B

3 m1.5 m

6 kN/m 20 kN

1.5 m
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Elastic curve and slope:

(1)

Boundary conditions:

From Eq.(1)

From Eq.(1)

Ans.

At point C,

Ans.

The negative sign indicates downward displacement.

vC =

-612.29kip # ft3

EI
=

-612.29 A123 B
1.6 A103 B A 1

12 B(6) A123 B = -0.765 in.

x = 18 ft

 + 0.000741 6 x - 9 7
5

+ 8.91x D   kip # ft3

 v =

1
EI

 C -0.05x3
- 0.000741x5

+ 0.9 6 x - 9 7
3

+ 0.0333 6 x - 9 7
4

 C1 = 8.91

 0 = -36.45 - 43.74 + 0 + 0 + 0 + 9C1

v = 0 at x = 9 ft

C2 = 0

v = 0 at x = 0

 + 0.0007407 6 x - 9 7
5

+ C1x + C2

 EIv = -0.05x3
+ 0.0007407x5

+ 0.9 6 x - 9 7
3

+ 0.03333 6 x - 9 7
4

 + 0.003704 6 x - 9 7
4

+ C1

 EI
dv
dx

= -0.15x2
- 0.003704x4

+ 2.7 6 x - 9 7
2

+ 0.1333 6 x - 9 7
3

 +0.0148 6 x - 9 7
3

 EI
d2v

dx2 = M = -0.3x - 0.0148x3
+ 5.4 6 x - 9 7 +0.4 6 x - 9 7

2

 + 0.0148 6 x - 9 7
3

 M = -0.3x - 0.0148x3
+ 5.4 6 x - 9 7 +0.4 6 x - 9 7

2

 - a -  
0.8
2
b 6 x - 9 7

2
-

1
6

 a -  
0.8
9
b 6 x - 9 7

3

 M = -0.3 6 x - 0 7 -  
1
6

 a1.6
18
b 6 x - 0 7

3
-(-5.4) 6 x - 9 7

*12–52. The wooden beam is subjected to the load shown.
Determine the equation of the elastic curve. Specify the
deflection at the end C. Ew = 1.6(103) ksi .
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12 in.A
C

9 ft

x

1.5 kip

B

0.8 kip/ft

9 ft
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Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

Slope and Elastic Curve:

[1]

[2]

Boundary Conditions:

at . From Eq.[2],

[3]

at . From Eq.[2],

[4]

Solving Eqs. [3] and [4] yields,

The Slope: Substitute the value of C1 into Eq.[1],

Ans.

The Elastic Curve: Substitute the values of C1 and C2 into Eq. [2],

Ans.yC = y |x = 0 =

1
EI

 {-0 + 0 + 0 + 0 - 3110.4} kip # ft3
= -  

3110kip # ft3

EI

 + 590.4x - 3110.4 r  kip # ft3

 y =

1
EI

 b -  
1
3

 x4
+

1
135

6 x - 6 7
5

+

44
3

6 x - 6 7
3

uA =

dy

dx
`
x = 6 ft

=

1
EI

 b -  
4
3
A63 B + 0 + 0 + 590.4 r =

302 kip # ft2

EI

dy

dx
=

1
EI

 b -  
4
3

 x3
+

1
27

6 x - 6 7
4

+ 44 6 x - 6 7
2

+ 590.4 r kip # ft2

C1 = 590.4   C2 = -3110.4

 5745.6 = 15C1 + C2

 0 = -  
1
3

 A154 B +

1
135

 (15 - 6)3
+

44
3

 (15 - 6)3
+ C1 (15) + C2

x = 15 fty = 0

 432 = 6C1 + C2

 0 = -  
1
3

 A64 B + 0 + 0 + C1 (6) + C2

x = 6 fty = 0

EI y = -  
1
3

 x4
+

1
135

6 x - 6 7
5

+

44
3

6 x - 6 7
3

+ C1x + C2

 EI 
dy

dx
= -  

4
3

 x3
+

1
27

6 x - 6 7
4

+ 44 6 x - 6 7
2

+ C1

 EI 
d2y

dx2 = -4x2
+

4
27

6 x - 6 7
3

+ 88 6 x - 6 7

 EI 
d2y

dx2 = M

 = -4x2
+

4
27

6 x - 6 7
3

+ 88 6 x - 6 7

 M = -  
1
2

 (8) 6 x - 0 7
2

-

1
6
a -  

8
9
b 6 x - 6 7

3
- (-88) 6 x - 6 7

12–53. Determine the displacement at C and the slope at
A of the beam.
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B

6 ft 9 ft

x

8 kip/ ft

C
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Elastic curve and slope:

(1)

Boundary conditions:

From Eq.(1)

(2)

(3)

Solving Eqs. (2) and (3) yields,

Ans. - 265.5x + 2637 D  kip # ft3

 v =

1
EI

 C -0.00556x5
+ 12.9 6 x - 9 7

3
+ 0.00556 6 x - 9 7

5

C1 = -256.5 C2 = 2637

 24C1 + C2 = -3519.45

 0 = -44236.8 + 43537.5 + 4218.75 + 24C1 + C2

v = 0 at x = 24 ft

 9C1 + C2 = 328.05

 0 = -328.05 + 0 + 0 + 9C1 + C2

v = 0 at x = 9 ft

EIv = -0.005556x5
+ 12.9 6 x - 9 7

3
+ 0.005556 6 x - 9 7

5
+ C1x + C2

EI
dv
dx

= -0.02778x4
+ 38.7 6 x - 9 7

2
+ 0.02778 6 x - 9 7

4
+ C1

EI
d2v

dx2 = M = -0.1111x3
+ 77.4 6 x - 9 7 +0.1111 6 x - 9 7

3

M = -0.1111x3
+ 77.4 6 x - 9 7 +0.1111 6 x - 9 7

3

M = -  
1
6

 a16
24
b 6 x - 0 7

3 
-(-77.4) 6 x - 9 7 - a -

1
6
b a10

15
b 6 x - 9 7

3

12–54. The beam is subjected to the load shown. Determine
the equation of the elastic curve. EI is constant.
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B
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x
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Ans.

Ans.¢C =

101.250
EI

-

45
30

 a33 750
EI

b =

50 625
EI

tC>A =

1
2

 a -

-225
EI
b(30)(25) +

1
2

 a -

225
EI
b(15)(10) = -  

101 250
EI

¢C = |tC>A| -

45
30

 |tB>A|

uC =

5062.5
EI

-

1125
EI

=

3937.5
EI

uC = uC>A + uA

uC>A =

1
2
a -225

EI
b(30) +

1
2

 a -225
EI
b(15) =

-5062.5
EI

=

5062.5
EI

 uA =

1125
EI

 tB>A =

1
2

 a -225
EI
b(30)(10) =

-33 750
EI

 uA =

|tB>A|

30

12–55. Determine the slope and deflection at C. EI is
constant.
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Referring to Fig. b,

From the geometry shown in Fig. b,

Here,

b

Ans.

Ans. =

270 kN # m3

EI
 T

 =

540
EI

-

180
EI

 a9
6
b

 yC = 2 tC>A 2 - 2 tB>A 2 a9
6
b

 uC =

105 kN # m2

EI
 uC

 uC = -  
30
EI

+

135
EI

uC = uA + uC>A+

uA =

|tB>A|

6
=

180>EI

6
=

30 kN # m2

EI

 =

540 kN # m3

EI

 |tC>A| = a6
3

+ 3b c1
2

 a 30
EI
b A6 B d + c2

3
 (3) d c1

2
a 30

EI
b A3 B d

|tB>A| =

6
3

 c1
2

 a 30
EI
b A6 B d =

180 kN # m3

EI

|uC>A| =

1
2

 a 30
EI
b A9 B =

135 kN # m2

EI

*12–56. Determine the slope and deflection at C. EI is
constant.
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Since A is a fixed support, . Referring to the
geometry of the elastic curve, Fig. b,

Ans.

Ans. =

7PL3

16EI
 T

 ¢B = |tB>A| - ¢3L

4
≤ ¢ PL

2EI
≤ ¢L

2
≤ +

5L

6
B1

2
 ¢PL

EI
≤ ¢L

2
≤ R +

L

3
 B1

2
¢ PL

2EI
≤ ¢L

2
≤ R

 =

5PL2

8 EI

 uB = |uB>A| =

1
2
B3PL

2EI
+

PL

2EI
R ¢L

2
≤ +

1
2
B PL

2EI
R ¢L

2
≤

uA = 0

M

EI

•12–57. Determine the deflection of end B of the
cantilever beam. E is constant.
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Point D is located at the mid span of the beam. Due to symmetry, the slope at D is
zero. Referring to Fig. b,

From the geomtry shown in Fig. b

Ans.

Ans. =

1080 kip # ft

EI
 T  (max)

 =

1440
EI

-

360
EI

 yC = |tC>D| - 4D

 =

360 kip # ft3

EI
 c

 =

120
EI

 (6) -

360
EI

 y D = uA(6) - |tD>A|

uA = |uD>A| =

120 kip # ft2

EI
 uA

|tC>D| = 6a 20
EI
b A12 B =

1440 kip # ft3

 EI

|tD>A| = 3a 20
EI
b A6 B =

360 kip # ft3

EI

|uD>A| = a 20
EI
b(6) =

120 kip # ft2

EI

12–58. Determine the slope at A and the maximum
deflection. EI is constant.
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A
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Referring to Fig. b,

From the geometry shown in Fig. b

Here,

b

Ans.

Ans. =

1080 kip # ft3

EI
 T

 =

3240
EI

-

1440
EI

 a18
12
b

 yC = |tC>A| - |tB>A|a18
12
b

 uC =

240 kip # ft2

EI
 uC

 uC = -  
120
EI

+

360
EI

 uC = uA + uC>A+

 =

120 kip # ft2

EI
 uA

 uA =

|tB>A|

12
=

1440>EI

12

|tC>A| = 9a 20
EI
b A18 B =

3240 kip # ft3

EI

|uB>A| = 6a 20
EI
b A12 B = =

1440 kip # ft3

EI

|uC>A| = a 20
EI
b A18 B =

360 kip # ft2

EI
 b

12–59. Determine the slope and deflection at C. EI is
constant.
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Point E is located at the mid span of the shaft. Due to symmetry, the slope at E is
zero. Referring to Fig. b,

Here,

Ans.

Ans. =

300 lb # ft3

EI
 c

 =

100
EI

 (4) -

100
EI

 ymax = uA (4) - |tE>A|

uA = |uE>A| =

100 lb # ft2

EI
 uA

|tE>A| = (1)a 50
EI
b  (2) =

100 lb # ft3

EI

|uE>A| =

50
EI

 (2) =

100 lb # ft2

EI

*12–60. If the bearings at A and B exert only vertical
reactions on the shaft, determine the slope at A and the
maximum deflection of the shaft. EI is constant.
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Ans.

Ans.¢max = |tB>C| =

M0

EI
 aL

2
b aL

4
b =

M0 L2

8EI

umax = uA =

-M0 L

2EI
=

M0 L

2EI

0 =

M0 L

2EI
+ uA

uC = uC>A + uA

uC>A =

M0

EI
 aL

2
b =

M0L

2EI

•12–61. Determine the maximum slope and the maximum
deflection of the beam. EI is constant.
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L

M0 M0

A B

Ans.

Ans.uC =

3M0L

2EI
-

M0L

6EI
=

4M0L

3EI

uC = uC>A + uA

uC>A =

1
2
a -

M0

EI
b(L) + a -

M0

EI
b(L) = -

3M0L

2EI
=

3M0L

2EI

uA =

|tB>A|

L
=

M0L

6EI

¢C =

7M0 L
2

6EI
- (2)aM0L

2

6EI
b =

5M0L
2

6EI

tC>A =

1
2
a -M0

EI
b(L)aL +

L

3
b + a -M0

EI
b(L)aL

2
b = -

7M0L
2

6EI

¢C = |tC>A| - 2|tB>A|

tB>A =

1
2

 a -M0

EI
b(L)a1

3
b(L) = -

M0L
2

6EI

12–62. Determine the deflection and slope at C. EI is
constant.

LL

A

M0

B C
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

From the geometry of the elastic curve, Fig. b,

Ans. =

80 A103 B
200 A109 B C45.5 A10- 6 B D = 0.00879 rad

 uA =

|tB>A|

LAB
=

320>EI

4
=

80 kN # m2

EI

 =

320 kN # m3

EI

 |tB>A| = c1
3

 (4) d B1
2

 ¢ 30
EI
≤(4)R + c1

2
(4) d B 30

EI
 (4)R

M

EI

12–63. Determine the slope at A of the overhang beam.
and .I = 45.5(106) mm4E = 200 GPa

A
B

C

4 m

30 kN

2 m

30 kN�m
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Ans. = 0.03077 m = 30.8 mm T

 =

280 kN # m3

EI
=

280 A103 B
200 A109 B C45.5 A10- 6 B D

 =

760
EI

-

320
EI

 ¢6
4
≤

 ¢C = |tC>A| - |tB>A¢ L

LAB
≤

=  
760 kN # m3

EI

 + c2
3

 (2) d B1
2

 ¢ 60
EI
≤(2)R

 |tC>A| = c1
3

 (4) + 2 d B1
2

 ¢ 30
EI
≤(4)R + c1

2
(4) + 2 d B 30

EI
 (4)R

 =

320 kN # m3

EI

 |tB>A| = c1
3

 (4) d B1
2

 ¢ 30
EI
≤(4)R + c1

2
(4) d B 30

EI
 (4)R

*12–64. Determine the deflection at C of the overhang
beam. and I = 45.5(106) mm4.E = 200 GPa

A
B

C

4 m

30 kN

2 m

30 kN�m
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

From the geometry shown in Fig. b,

The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero .

Thus,

Also,

It is required that

Solving for the positive root,

Ans.a = 0.858L

23
9

 a2
+ La - L2

= 0

PL(L - a)2

3EI
=

23Pa2(L - a)

27EI

¢C = ¢D

¢D = |t4>D| = a223
9

 ab B1
2

 cP(L - a)

EIa
 a23

3
ab d R a23

3
 ab =

23Pa2(L - a)

27EI

x =

23
3

 a

1
2

 BP(L - a)

EIa
xR(x) =

Pa(L - a)

6EI

|uD>A| = uA

(uD = 0)

uA =

|tB>A|

a
=

Pa2(L - a)

6EI
a

=

Pa(L - a)

6EI

 =

PL(L - a)2

3EI

 =

PL(L - a) A2L - a B
6EI

-

Pa2
 (L - a)

6EI
 ¢L

a
≤

 ¢C = |tC>A| -

|tB>A|

a
 L

 =

P(L - a) A2L2
- aL B

6EI

 |tC>A| = aL -

2
3

 ab B1
2

 ¢P(L - a)

EI
≤(a)R +

2(L - a)

3
B1

2
 ¢P(L - a)

EI
≤(L - a)R

|tB>A| =

a

3
 B1

2
 ¢P(L - a)

EI
≤(a)R =

Pa2(L - a)

6EI

M

EI

•12–65. Determine the position a of roller support B in
terms of L so that the deflection at end C is the same as the
maximum deflection of region AB of the overhang beam.
EI is constant.

A
B

C

a

L

P
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem.

Referring to the geometry of the elastic curve, Fig. b,

Ans.uA =

|tB>A|

L
=

4PL3

81EI

L
=

4PL2

81EI

 =

4PL3

81EI

 tB>A = a5
9

Lb c1
2
a2PL

9EI
b a2

3
Lb d +

2
9

 L c1
2

 a2PL

9EI
b aL

3
b d

M

EI

12–66. Determine the slope at A of the simply supported
beam. EI is constant.

A B

L
3

2L
3

P
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Ans. F =

P

4

 
Pa3

EI
-

2Fa3

EI
-

3
2

 a Pa3

2EI
-

2Fa3

3EI
b = 0

 ¢C = tC>A -

3
2

 tB>A = 0

 =

Pa3

EI
-

2Fa3

EI

 tC>A =

1
2

 a Pa

2EI
b(2a)(2a) +

1
2

 a -Fa

EI
b(2a)aa +

2a

3
b +

1
2

 a -Fa

EI
b(a)a2a

3
b

tB>A =

1
2
a Pa

2EI
b(2a)(a) +

1
2
a -

Fa

EI
b(2a)a2

3
 ab =

Pa3

2EI
-

2Fa3

3EI

12–67. The beam is subjected to the load P as shown.
Determine the magnitude of force F that must be applied
at the end of the overhang C so that the deflection at C is
zero. EI is constant.

a a a

BA
C

P
F

Ans.

Assume is at point E located at 

Ans.¢max = |tB>E| = aPa

EI
b a2a -

11
12

 ab c (2a -
11
12a)

2
+ a d =

481Pa3

288EI

 x =

11
12

 a

 0 =

Pa2

2EI
+

Pax

EI
+ a -17Pa2

12EI
b

 uE = 0 = uE>A + uA

 uE>A =

1
2

 aPa

EI
b(a) + aPa

EI
b(x) =

Pa2

2EI
+

Pax

EI

0 6 x 6 2a¢max

uA =

|tB>A|

4a
=

17Pa2

12EI

tB>A =

1
2

 aPa

EI
b(a)a3a +

a

3
b + aPa

EI
b(2a)(a + a) =

17Pa3

3EI

*12–68. If the bearings at A and B exert only vertical
reactions on the shaft, determine the slope at A and the
maximum deflection.

P

a a

C

BA

2a

M0 Pa�

D
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Support Reactions and Elastic Curve: As shown.

M/EI Diagram: As shown.

Moment - Area Theorems: Due to symmetry, the slope at midspan (point C) is zero.
Hence the slope at A is

Ans.

The displacement at C is

Ans. =

19Pa3

6EI
 T

 ¢C = tA>C =

1
2
a 3Pa

2EI
b(a)a2a

3
b + a 3Pa

2EI
b aa +

a

2
b +

1
2
a Pa

2EI
b(a)aa +

2a

3
b

 =

5Pa2

2EI

 uA = uA>C =

1
2

 a 3Pa

2EI
b(a) + a 3Pa

2EI
b(a) +

1
2
a Pa

2EI
b(a)

•12–69. The beam is subjected to the loading shown.
Determine the slope at A and the displacement at C.Assume
the support at A is a pin and B is a roller. EI is constant.

A C B

PPP

a a a a

Ans.

Ans.

Ans.uB =

PL2

8EI
-

PL2

24EI
=

PL2

12EI

uB = uB>A + uA

uB>A =

1
2

 a -PL

2EI
b aL

2
b =

-PL2

8EI
=

PL2

8EI

uA =

|tB>A|
L
2

=

PL3

48 EI
L
2

=

PL2

24EI

 =

PL3

8EI
- 2a PL3

48EI
b =

PL3

12EI

 ¢C = |tC>A| - aL
L
2

b |tB>A|

tC>A =

1
2

 a -PL

2EI
b(L)aL

2
b =

-PL3

8EI

tB>A =

1
2

 a -PL

2EI
b aL

2
b aL

6
b =

-PL3

48EI

12–70. The shaft supports the gear at its end C.
Determine the deflection at C and the slopes at the
bearings A and B. EI is constant.

A B C

P2
––L

2
––L
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Ans.¢max =

0.00802PL3

EI

¢max =

1
2

 aP(0.288675 L)

E I
b(0.288675 L)a2

3
b(0.288675 L)

 
1
2

 aPx

EI
bx =

1
2 AL2 B A PL

2EI B A13 B AL2 B
AL2 B ; x = 0.288675 L

 uD>A =

tB>A
AL2 B

12–71. The shaft supports the gear at its end C. Determine
its maximum deflection within region AB. EI is constant.
The bearings exert only vertical reactions on the shaft.

A B C

P2
––L

2
––L

Moment-Area Theorems:

Require,

Ans. a =

L

3

 0 =

PL3

48EI
-

PaL2

16EI

 ¢C = 0 = (¢C)1 - (¢C)2

(¢C)2 =

1
2

 |(tB>A)2| - |(tC>A)2| =

1
2

 ¢PaL2

3EI
≤ -

5PaL2

48EI
=

PaL2

16EI

(tC>A)2 = a -

Pa

2EI
b ¢L

2
≤ ¢L

4
≤ +

1
2
a -

Pa

2EI
b ¢L

2
≤ ¢L

3
≤ = -

5PaL2

48EI

(tB>A)2 =

1
2

 a -

Pa

EI
b(L)a2

3
 Lb = -

PaL2

3EI

(¢C)1 = (tA>C)1 =

1
2

 a PL

4EI
b aL

2
b aL

3
b =

PL3

48EI

*12–72. Determine the value of a so that the displacement
at C is equal to zero. EI is constant.

A

P

BC

P

a
L
2

L
2
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M/EI Diagram: As shown.

Moment-Area Theorems:

The slope at A is

Ans.

The displacement at C is,

Ans. =

M0 a
2

4EI
 c

 =

1
2

 ¢5M0 a
2

6EI
≤ -

M0 a
2

6EI

 ¢C = ` 1
2

 tB>A ` - |tC>A|

uA =

|tB>A|

L
=

5M
0
a2

6EI

2a
=

5M0 a

12EI

tC>A =

1
2

 a -

M0

EI
b(a)aa

3
b = -

M0 a
2

6EI

 = -

5M0 a
2

6EI

 tB>A =

1
2

 a -

M0

EI
b(a)aa

3
b +

1
2
a -

M0

EI
b(a)aa +

a

3
b

•12–73. The shaft is subjected to the loading shown. If the
bearings at A and B only exert vertical reactions on the
shaft, determine the slope at A and the displacement at C.
EI is constant.

a

A
C

B

a

M0 M0
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Here,

From the geometry of the elastic curve diagram, Fig. b,

Ans.

Assuming that the zero slope of the elastic curve occurs in the region 
such as point C where the maximum deflection occurs, then

Solving for the root ,

O.K.

Thus,

Ans. =

3048 kip # ft3

 EI
 T

 ymax = tA>C = 4 c1
2

 a 12
EI
b(6) d + 9.490 c 36

EI
(6.980) d + 10.653 c1

2
 (13.960)(6.980) d

x = 6.980 ft

0 6 x 6 12 ft

 x2
+ 36x - 300 = 0

 
1
2

 a 12
EI
b(6) + a 36

EI
bx +

1
2

 a 2x

EI
b(x) =

336
EI

uC>A = uA

6ft 6 x = 18ft

uA =

tB>A
L

=

8064>EI

24
=

336 kip # ft2

EI
 uA

 =

8064 kip # ft3

EI

 tB>A = 20 c1
2

 a 12
EI
b(6) d + 12 c 36

EI
 (12) d + 10 c1

2
a 24

EI
b(12) d + 4 c1

2
 a 60

EI
b(6) d

12–74. Determine the slope at A and the maximum
deflection in the beam. EI is constant.
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A B

6 ft6 ft 12 ft

12 kip

24 kip�ft
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Moment-Area Theorems: Due to symmetry, the slope at midspan (point E) is zero.
Hence the maximum displacement is,

Require, , then,

Ans. E =

Pa

24¢I
 A3L2

- 4a2 B
 ¢ =

Pa

24EI
 A3L2

- 4a2 B
¢max = ¢

 =

Pa

24EI
 A3L2

- 4a2 B
 ¢max = tA>E = aPa

EI
b aL - 2a

2
b aa +

L - 2a

4
b +

1
2
aPa

EI
b(a)a2

3
 ab

12–75. The beam is made of a ceramic material. In order to
obtain its modulus of elasticity, it is subjected to the elastic
loading shown. If the moment of inertia is I and the beam has
a measured maximum deflection , determine E. The
supports at A and D exert only vertical reactions on the beam.

¢
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A D

a a

L

B C

P P

Ans.

Ans.¢C = tA>B - tC>B =

11PL3

48EI
-

PL3

16EI
=

PL3

6EI

tC>B =

PL

2EI
 aL

2
b aL

4
b =

PL3

16EI

tA>B =

1
2
a PL

2EI
b aL

2
b aL

3
b +

PL

2EI
 aL

2
b aL

2
+

L

4
b =

11PL3

48EI

uA =

3PL2

8EI

uA = uA>B

uA>B =

1
2

 a PL

2EI
b aL

2
b +

PL

2EI
 aL

2
b =

3PL2

8EI

*12–76. The bar is supported by a roller constraint at B,
which allows vertical displacement but resists axial load and
moment. If the bar is subjected to the loading shown,
determine the slope at A and the deflection at C. EI is
constant.

L—
2

L—
2

P

A
C

B
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Support Reactions and Elastic Curve: As shown.

M/EI Diagram: As shown.

Moment-Area Theorems:

Due to the moment constraint, the slope at support C is zero. Hence, the slope at A is

Ans.

and the displacement at A is

Ans. =

13Pa3

3EI
-

2Pa3

EI
=

7Pa3

3EI
 T

 ¢A = |tA>C| - |tB>C|

uA = |uA>C| =

5Pa2

2EI

tA>C = a -  
Pa

EI
b(2a)(2a) +

1
2

 a -  
Pa

EI
b(a)a 2

3
ab = -  

13Pa3

3EI

tB>C = a -  
Pa

EI
b(2a)(a) =

2Pa3

EI

uA>C = a -  
Pa

EI
b(2a) +

1
2
a -  

Pa

EI
b(a) = -  

5Pa2

2EI

•12–77. The bar is supported by the roller constraint at C,
which allows vertical displacement but resists axial load
and moment. If the bar is subjected to the loading shown,
determine the slope and displacement at A. EI is constant.

A

B
C

P

2aa

Ans.

Ans. =

3PL3

16EI

+ a -PL

4EI
b aL

2
b aL

2
+

L

4
b `

 = ` 1
2

 a -PL

2 EI
b aL

2
b aL

3
b +

1
2
a -PL

4EI
b aL

2
b aL

2
+

L

3
b

 ¢max = ¢A = |tA>C|

umax = uA =

5PL2

16EI
+ 0 =

5PL2

16EI

uA = uA>C + uC

uA>C =

1
2

 a -PL

2EI
b aL

2
b +

1
2
a -PL

4EI
b aL

2
b + a -PL

4EI
b aL

2
b =

-5PL2

16EI
=

5PL2

16EI

12–78. The rod is constructed from two shafts for which
the moment of inertia of AB is I and of BC is 2I. Determine
the maximum slope and deflection of the rod due to the
loading. The modulus of elasticity is E.

P

A
B

C

L
2

L
2
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

From the geometry of Fig. b,

Ans.

Ans.¢C =

5PL3

384EI

¢C =

PL3

384EI
=

PL3

16EI

4

¢C + tC>D =

tA>D
4

uD =

|tA>D|

L
=

PL3

18EI

L
=

PL2

16EI

 =

PL3

384EI

 tC>D =

L

12
 c1

2
 a PL

4EI
b aL

4
b d

 =

PL3

16EI

 tA>D =

L

6
 c1

2
 a PL

4EI
b aL

4
b d +

L

2
 c PL

8EI
aL

2
b d +

5L

6
 c1

2
 a PL

4EI
b aL

4
b d

M

EI

12–79. Determine the slope at point D and the deflection
at point C of the simply supported beam. The beam is made
of material having a modulus of elasticity E.The moment of
inertia of segments AB and CD of the beam is I, while the
moment of inertia of segment BC of the beam is 2I.

A

B C
D

L
2

L
4

L
4

PP
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Due to symmetry, the slope at the midspan of the beam,
i.e., point E, is zero . Thus the maximum deflection occurs here. Referring
to the geometry of the elastic curve, Fig. b,

Ans.

Ans. =

13PL3

768EI
 T

 ¢max = ¢E = |tA>E| =

3
8

L c PL

8EI
 aL

4
b d +

L

6
c1
2

 a PL

4EI
b aL

4
b d

 =

PL2

16EI

 uA = |uA>E| =

1
2

 a PL

4EI
b aL

4
b +

PL

8EI
 aL

4
b

(uE = 0)

M

EI

*12–80. Determine the slope at point A and the maximum
deflection of the simply supported beam. The beam is made
of material having a modulus of elasticity E.The moment of
inertia of segments AB and CD of the beam is I, while the
moment of inertia of segment BC is 2I.
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A

B C
D

L
2

L
4

L
4

PP
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

From the geometry shown in Fig. b,

The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero .

Thus,

Also,

It is required that

Solving for the root ,

Ans.a = 0.865L

6 L

0.6151a2
- 4La + 3L2

= 0

 MO

6EI
 Aa2

+ 3L2
- 4La B =

23MO a2

27EI

¢C = ¢D

¢D = |tA>D| =

2
3

 ¢23
3

 a≤ B1
2
aMO

EIa
b ¢23

3
 a≤ R ¢23

3
a≤ =

23MOa2

27EI

x =

23
3

 a

1
2

 aMO

EIa
b(x)2

=

MOa

6EI

|uD>A| = uA

(uD = 0)

 uA =

|tB>A|

a
=

MOa2

6EI
a

=

MO a

6EI

 =

MO

6EI
 Aa2

+ 3L2
- 4La B

 =

MO

6EI
 Aa2

+ 3L2
- 3La B -

MOa2

6EI
 aL

a
b

 ¢C = |tC>A| -

|tB>A|

a
 L

 =

 MO

6EI
 Aa2

+ 3L2
- 3La B

 |tC>A| = aL -

2
3

 ab c1
2

 aMO

EI
b(a) d + aL - a

2
b cMO

EI
 (La) d

|tB>A| =

a

3
 c1

2
 aMO

EI
b(a) d =

MOa2

6EI

M

EI

•12–81. Determine the position a of roller support B in
terms of L so that deflection at end C is the same as the
maximum deflection of region AB of the simply supported
overhang beam. EI is constant.
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a

A

B C

L

M0
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Here,

For , and for A36 steel . Thus

Ans.

Ans. = 0.981 in. T

 =

1134 A123 B
29 A103 B(68.9)

 =

1134 kip # ft3

EI

 yB = �  tB>A� = c3
4

 (6) + 6 d c 1
3

 a 54
EI
b(6) d

 = 0.00778 rad uB

 uB =

108 A122 B
29 A103 B(68.9)

E = 29.0 A103 B  ksiW 10 * 15 I = 68.9 in4

 =

108 kip # ft2

EI
 uC

 uB = � uB>A� =

1
3

 a 54
EI
b(6)

12–82. The cantilevered beam is made of A-36
steel and is subjected to the loading shown. Determine the
slope and displacement at its end B.

W10 * 15
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exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

6 ft 6 ft

3 kip/ft   

B
A
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Support Reactions and Elastic Curve: As shown.

M/EI Diagrams: The M/EI diagrams for the uniform distributed load and
concentrated load are drawn separately as shown.

Moment-Area Theorems: The slope at support A is zero. The slope at C is

Ans.

The displacement at C is

Ans. =

a3

24EI
 (64P + 7wa) T

 ¢C = � tC>A � =

1
2

 a -

2Pa

EI
b(2a)a4

3
ab +

1
3

 a -

wa2

2EI
b(a)aa +

3
4

 ab

 =

a2

6EI
 (12P + wa)

 uC = � uC>A� =

1
2

 a -  
2Pa

EI
b(2a) +

1
3
a -

wa2

2EI
b(a)

12–83. The cantilevered beam is subjected to the loading
shown. Determine the slope and displacement at C.Assume
the support at A is fixed. EI is constant.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A B
aa

w

C

P

Support Reactions and Elastic Curve: As shown.

M/EI Diagram: As shown.

Moment-Area Theorems: The slope at support A is zero. The slope at C is

Ans.

The displacement at B is

Ans. =

41wa4

24EI
 T

 =

1
2

 a -

wa2

EI
b(a)aa +

2
3

ab + a -

wa2

2EI
b(a)aa +

a

2
b +

1
3
a -

wa2

2EI
b(a)a3

4
 ab

 ¢B = � tB>A�

 =

wa3

EI

 uC = � uC>A� =

1
2
a -

wa2

EI
b(a) + a -

wa2

2EI
b(a)

*12–84. Determine the slope at C and deflection at B. EI
is constant.

C

BA

a a

w
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Support Reactions and Elastic Curve: As shown.

M/EI Diagrams: The M/EI diagrams for the uniform distributed load and
concentrated load are drawn separately as shown.

Moment-Area Theorems: Due to symmetry, the slope at midspan C is zero. Hence
the slope at B is

Ans.

The dispacement at C is

Ans. = 0.0371 in. T

 =

47.8125(1728)

29.0 A103 B(76.8)

 =

47.8125 kip # ft3

EI

 ¢C = � tA>C� =

1
2

 a7.50
EI
b(3)a2

3
b(3) +

2
3
a6.75

EI
b(3)a5

8
b(3)

 = 0.00160 rad

 =

24.75(144)

29.0 A103 B(76.8)

 =

24.75 kip # ft2

EI

 uB = � uB>C� =

1
2

 a7.50
EI
b(3) +

2
3

 a6.75
EI
b(3)

•12–85. Determine the slope at B and the displacement
at C. The member is an A-36 steel structural tee for which
I = 76.8 in4.

5 kip

3 ft3 ft

B
A C

1.5 kip/ ft

Ans.uA = uE>A =

4.805
EI

=

  
 

4.805
200 (109)(0.01)4 = 0.00306rad = 0.175°

uE>A =

1
2

 a 75
EI
b(0.1) + a4.6875

EI
b(0.15) +

2
3
a3.5156

EI
b(0.15) =

4.805
EI

12–86. The A-36 steel shaft is used to support a rotor that
exerts a uniform load of 5 kN�m within the region CD of the
shaft. Determine the slope of the shaft at the bearings A and
B. The bearings exert only vertical reactions on the shaft.

300 mm 100 mm100 mm

C D
20 mm 40 mm

5 kN/m
BA

20 mm
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At point C,

Ans. =

5256(1728)

29 A103 B(350)
= 0.895 in. T

 ¢C = A¢C B1 + A¢C B2 =

3456
EI

+

1800
EI

=

5256
EI

 =

ML2

16EI
=

50 A242 B
16EI

=

1800
EI

 T

 A¢C B2 =

MN AL2 B
6LEI

 AL2
- AL2 B2 B

x =

L

2

¢2 (x) =

Mx

6LEI
 AL2

- x2 B
A¢C B1 =

PL3

48EI
=

12 A243 B
48EI

=

3456
EI

 T

12–87. The simply supported beam is made of
A-36 steel and is subjected to the loading shown. Determine
the deflection at its center C.

W12 * 45 12 kip

BA

12 ft 12 ft

50 kip�ft

C
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Using the table in appendix, the required slopes and deflections for each load case
are computed as follow:

Then the slope and deflection at B are

For A36 steel , And 

Ans.

Ans. = 0.00209 in

 ¢B =

4176

29.0 A103 B(68.9)

 = 0.252(10-3) rad

 uB =

504

29.0 A103 B  (68.9)

E = 29.0 A103 B  ksiI = 68.9 in4W10 * 15

 =

4176 kip # in.3

EI

 =

720
EI

+

3456
EI

 ¢B = (¢B)1 + (¢B)2

 =

504 kip # ft2

EI

 =

72
EI

+

432
EI

 uB = (uB)1 + (uB)2

(uB)2 =

PL2

2EI
=

6 A122 B
2EI

=

432 kip # in.2

EI
 (uB)2

(¢B)2 =

PL3

3EI
=

6 A123 B
3EI

=

3456 kip # in.3

EI
 T

(uB)1 =

PL2

8EI
=

4 A122 B
8EI

=

72 kip # in.2

EI
 (uB)1

(¢B)1 =

5PL3

48EI
=

5(4) A123 B
48EI

=

720 kip # in.3

EI
 T

*12–88. The cantilevered beam is made of 
A-36 steel and is subjected to the loading shown. Determine
the displacement at B and the slope at B.

W10 * 15

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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AB

6 ft 6 ft

6 kip 4 kip
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Elastic Curves. The uniform distributed load on the beam is equivalent to the sum of
the seperate loadings shown in Fig.a. The elastic curve for each seperate loading is
shown Fig. a.

Method of Superposition. Using the table in the appendix, the required slopes and
deflections are

Then the slope and deflection of C are

Ans.

Ans. =

wa4

8EI
 T

 = -  
wa4

3EI
+

wa4

8EI
+

wa4

3EI

 ¢C = (¢C)1 + (¢C)2 + (¢C)3

 =

wa3

6EI

 = -  
wa3

3EI
+

wa3

6EI
+

wa3

3EI

 uC = (uC)1 + (uC)2 + (uC)3

(¢C)3 = (uB)3 (a) =

wa3

3EI
 (a) =

wa4

3EI
 T

(uC)3 = (uB)3 =

MOL

3EI
=

¢wa2

2 ≤(2a)

3EI
=

wa3

3EI

(¢C)2 =

wL4

8EI
=

wa4

8EI
 T

(uC)2 =

wL3

6EI
=

wa3

6EI

(¢C)1 = (uB)1(a) =

wa3

3EI
 (a) =

wa4

3EI
 c

(uC)1 = (uB)1 =

wL3

24EI
=

w(2a)3

24EI
=

wa3

3EI

•12–89. Determine the slope and deflection at end C of
the overhang beam. EI is constant.
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Elastic Curves. The uniform distributed load on the deformation of span AB is
equivalent to the sum of the seperate loadings shown in Fig. a. The elastic curve for
each seperate loading is shown in Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

Then the slope and deflection of point D are

Ans.

Ans. =

5wa4

24EI
-

wa4

8EI
=

wa4

12EI
T

 ¢D = (¢D)1 + (¢D)2

 =

wa3

3EI
-

wa3

6EI
=

wa3

6EI

 uA = (uA)1 + (uA)2

 =

wa4

8EI
 c

 (¢D)2 =

MOx

6EIL
 AL2

- x2 B =

¢wa2

2
≤(a)

6EI(2a)
C(2a)2

- a2 D

(uA)2 =

MOL

6EI
=

wa2

2
 (2a)

6EI
=

wa3

6EI

(¢D)1 =

5wL4

384EI
=

5w(2a)4

384EI
=

5wa4

24EI
 T

(uA)1 =

wL3

24EI
=

w(2a)3

24EI
=

wa3

3EI

12–90. Determine the slope at A and the deflection at
point D of the overhang beam. EI is constant.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

A

BD
C

aaa

w

12 Solutions 46060  6/11/10  11:52 AM  Page 980



981

Elastic Curves. The loading system on the beam is equivalent to the sum of the
seperate loadings shown in Fig. a. The elastic curves for each loading are shown in
Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

Then the slope at B and deflection at C are

Ans.

Ans. = 0.01329 m = 13.3 mm T

 =

75.9375
EI

+

45
EI

=

120.9375 kN # m3

EI
=

120.9375 A103 B
200 A109 B C45.5 A10- 6 B D

 ¢C = (¢C)1 + (¢C)2

 =

43.2
EI

+

22.5
EI

=

65.7kN # m2

EI
=

65.7 A103 B
200 A109 B C45.5 A10- 6 B D = 0.00722 rad

 uB = (uB)1 + (uB)2

(¢C)2 =

PL3

48EI
=

10 A63 B
48EI

=

45kN # m3

EI
 T

(uB)2 =

PL2

16EI
=

10 A62 B
16EI

=

22.5kN # m2

EI

 =

75.9375kN # m3

EI
 T

 =

9(3)

360EI(6)
C3 A34 B - 10 A62 B A32 B + 7 A64 B D

 (¢C)1 =

wOx

360EIL
 A3x4

- 10L2x2
+ 7L4 B

(uB)1 =

wOL3

45EI
=

9 A63 B
45EI

=

43.2kN # m2

EI

12–91. Determine the slope at B and the deflection at
point C of the simply supported beam. and
I = 45.5(106) mm4.

E = 200 GPa

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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B
A

9 kN/m

3 m 3 m

10 kN

C
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Elastic Curves. The two concentrated forces P are applied seperately on the beam
and the resulting elastic curves are shown in Fig. a.

Method of Superposition. Using the table in the appendix, the required slopes and
deflections are

Then the slope and deflection at C are

Ans.

and

Ans. =

7.594
EI

+

9.281
EI

=

16.88 A103 B
10 A109 B c 1

12
(0.1) A0.23 B d

= 0.0253 m = 25.3 mm

 ¢C = (¢C)1 + (¢C)2

 =

12.65625kN # m2

EI
=

12.6525 A103 B
10 A109 B c 1

12
(0.1) A0.23 B d

= 0.0190 rad

 =

5.90625
EI

+

6.75
EI

 uA = (uA)1 + (uA)2

(¢C)2 =

Px

48EI
 A3L2

- 4x2 B =

3(1.5)

48EI
 a3(6)2

- 4(1.5)2b =

9.281
EI

(uA)2 =

PL2

16EL
=

3 A62 B
16EI

=

6.75 kN # m2

EI

 =

7.594kN # m3

EI
 T

 (¢C)1 =

Pbx

6EIL
 AL2

- b2
- x2 B =

3(4.5)(1.5)

6EI(6)
 A62

- 4.52
- 1.52 B

(uA)1 =

Pab(L + b)

6EIL
=

3(1.5)(4.5)(6 + 4.5)

6EI(6)
=

5.90625kN # m2

EI

*12–92. Determine the slope at A and the deflection
at point C of the simply supported beam. The modulus of
elasticity of the wood is E = 10 GPa.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A B

3 kN 3 kN

1.5 m 1.5 m 3 m

C

100 m

200 m
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At point C,

Ans. =

2640(1728)

29 A103 B(82.8)
= 1.90 in.

 ¢C = (¢C)1 + (¢C)2 =

2560
EI

+

80
EI

=

2640
EI

 =

ML2

16EI
=

5 A162 B
16EI

=

80
EI

 T

 (¢C)2 =

M AL2 B
6LEI

 AL2
- AL2 B2 B

x =

L

2

¢2 (x) =

Mx

6LEI
 AL2

- x2 B
(¢C)1 =

5wL4

768EI
=

5(6) A164 B
768EI

=

2560
EI

 T

I = 82.8 in4

•12–93. The simply supported beam is made
of A-36 steel and is subjected to the loading shown.
Determine the deflection at its center C.

W8 * 24

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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6 kip/ft

8 ft 8 ft

A B

C

5 kip�ft

Ans.

Ans.uA =

PL2

2EI
=

8 A32 B
2EI

=

36
EI

¢A =

PL3

3EI
=

8(3)3

3EI
=

72
EI

12–94. Determine the vertical deflection and slope at the
end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of
segment AB. EI is constant.

A

B

6 in.

3 in.

8 kip
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Using the table in appendix, the required deflections for each load case are
computed as follow:

Then the deflection of point C is

and 

Ans.¢C =

677.08 A103 B
200 A109 B C0.1457 A10- 3 B D = 0.0232 m = 23.2 m T

E = 200GPa

 = 0.1457 A10- 3 Bm4

 =

677.08 kN # m3

EI
 T

 =

260.42
EI

+

416.67
EI

 yC = (yC)1 + (yC)2

(yC)2 =

PL3

48EI
=

20N A103 B
48EI

=

416.67 kN # m3

EI
 T

 =

260.42 kN # m3

EI
 T

 (yC)1 =

5wL4

768EI
=

5(4) A104 B
768 EI

12–95. The simply supported beam is made of A-36 steel
and is subjected to the loading shown. Determine the
deflection at its center C. I = 0.1457(10-3) m4.

4 kN/m

B
A

5 m

20 kN

5 m

C
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Method of Superposition. Referring to the table in the appendix, the deflection of
point D is

Subsequently,

Also,

Thus, the deflection of end E is

Ans. = 0.03222 m = 32.2 mm T

 =

3.796875
EI

+

1
EI

+

2
EI

=

6.796875kN # m3

EI
=

6.796875 A103 B
10 A109 B c 1

12
(0.075) A0.153 B d

 ¢E = (¢E)1 + (¢E)2 + (¢E)3

(¢E)3 = (uD)3L =

2
EI

 (1) =

2 kN # m3

EI
 T

(uD)3 =

MOL

3EI
=

3(2)

3EI
=

2 kN # m2

EI

(¢E)2 =

PL3

3EI
=

3 A13 B
3EI

=

1 kN # m3

EI
 T

(¢E)1 = ¢D a3
2
b =

2.53125
EI

 a3
2
b =

3.796875 kN # m3

EI
 T

¢D =

PL3

48EI
=

4.5 A33 B
48EI

=

2.53125 kN # m3

EI
 T

*12–96. Determine the deflection at end E of beam CDE.
The beams are made of wood having a modulus of elasticity
of E = 10 GPa.

A

C

D
a

a
a

a

E B

1.5 m

1.5 m

3 kN

2 m

1 m
75 mm

150 mm

Section a – a
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Ans. = PL3 a 1
12EI

+

1
8JG

b

 =

PL3

24EI
+

PL3

24EI
+

PL3

8JG

 ¢A = ¢B + (¢A)1 + (¢A)2

(¢A)2 = uaL

2
b =

PL3

8JG

u =

TL

JG
=

(PL>2) AL2 B
JG

=

PL2

4JG

(¢A)1 =

P AL2 B3
3EI

=

PL3

24EI

¢B =

P AL2 B3
3EI

=

PL3

24EI

•12–97. The pipe assembly consists of three equal-sized
pipes with flexibility stiffness EI and torsional stiffness GJ.
Determine the vertical deflection at point A.

B

C

P

A
L–
2

L–
2

L–
2

Ans.¢A = (¢A)1 + (¢A)2 =

Pa2b

EI
+

Pa3

3EI
=

Pa2 (3b + a)

3EI

(¢A)2 =

PL3

3EI
=

Pa3

3EI

(¢A)1 = u(a) =

Pa2b

EI

u =

ML

EI
=

Pab

EI

12–98. Determine the vertical deflection at the end A of
the bracket. Assume that the bracket is fixed supported at
its base B and neglect axial deflection. EI is constant.

a
P

A

b

B
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Elastic Curve: The elastic curves for the concentrated load, uniform distibuted load,
and couple moment are drawn separately as shown.

Method of Superposition: Using the table in Appendix C, the required slopes and
displacements are

The slope at A is

Ans.

The vertical displacement at A is

Ans. =

4000 lb # in3

EI
 T

 =

640
EI

+

1920
EI

+

1440
EI

 (¢A)v = (¢A)v1
+ (¢A)v2

 (¢A)v3

 =

1053 lb # in2

EI

 =

213.33
EI

+

480
EI

+

360
EI

 uA = (uA)1 + (uA)2 + (uA)3

(¢A)v3
= (uB)3 (LAB) =

360
EI

 (4) =

1440lb # in3

EI
 T

(¢A)v2
= (uB)2 (LAB) =

480
EI

 (4) =

1920lb # in3

EI
 T

(¢A)v1
=

wL4
AB

8EI
=

20 A44 B
8EI

=

640 lb # in3

EI
 T

(uA)3 = (uB)3 =

PLBC
2

2EI
=

80 A32 B
2EI

=

360 lb # in2

EI

(uA)2 = (uB)2 =

M0 LBC

EI
=

160(3)

EI
=

480 lb # in2

EI

(uA)1 =

wLAB
3

6EI
=

20 A43 B
6EI

=

213.33 lb # in2

EI

12–99. Determine the vertical deflection and slope at
the end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of
segment AB. EI is constant.

A

C

B

4 in.

3 in.

80 lb

20 lb/ in.
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Ans. =

11,520(1728)

29 A103 B(118)
= 5.82 in. T

 =

10,240

EI
+

1,280

EI
=

11,520

EI

 ¢G = ¢C + ¢¿G

¢¿G =

PL3

48EI
=

15 A163 B
48EI

=

1.280
EI

 T

¢C =

PL3

3EI
=

7.5 A163 B
3EI

=

10.240
EI

 T

*12–100. The framework consists of two A-36 steel
cantilevered beams CD and BA and a simply supported
beam CB. If each beam is made of steel and has a moment
of inertia about its principal axis of determine
the deflection at the center G of beam CB.

Ix = 118 in4,

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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16 ft

A

D

8 ft

8 ftC G

B

15 kip

Ans.

Ans.

Ans.xmax =

1.5( sin 10°)(144)3

3(29) A103 B(2.89)
= 3.09 in.

ymax =

1.5( cos 10°)(144)3

3(29) A103 B(68.9)
= 0.736 in.

W 10 * 15 Ix = 68.9 in4 Iy = 2.89 in4

xmax

ymax
=

P sin u L3

3 EIy

Pcosu L3

3 EIx

=

Ix

Iy
 tan u

ymax =

P cos L3

3EIx
 ; xmax =

P sinu L3

3EIy

•12–101. The wide-flange beam acts as a cantilever. Due
to an error it is installed at an angle with the vertical.
Determine the ratio of its deflection in the x direction to its
deflection in the y direction at A when a load P is applied at
this point. The moments of inertia are and For the
solution, resolve P into components and use the method of
superposition. Note: The result indicates that large lateral
deflections (x direction) can occur in narrow beams,

when they are improperly installed in this
manner. To show this numerically, compute the deflections
in the x and y directions for an A-36 steel with

and L = 12 ft.u = 10°,P = 1.5 kip,
W10 * 15,

Iy V Ix,

Iy.Ix

u

x

L

yP

A

Vertical

u

u
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Strength criterion:

Choose , , , , .

O.K.

Deflection criterion:

Maximum is at center.

O.K.

Ans.Use W14 * 34

 =

4.571(106)

29(106)(340)
= 0.000464 in. 6

1
360

 (16)(12) = 0.533 in.

 = c5(2)(16)4

384EI
+

117.33(8)

EI
d(12)3

 vmax =

5wL4

384EI
+ (2) 

P(4)(8)

6EI(16)
 C(16)2

- (4)2
- (8)2) D(12)3

14 Ú

24
(13.98)(0.285)

= 6.02 ksi

tallow =

V

Aweb

I = 340 in4d = 13.98 in.tw = 0.285 in.S = 48.6 in3W14 * 34

Sreq’d = 48 in3

24 =

96(12)

Sreq’d

sallow =

M

Sreq’d

Mmax = 96 kip # ft

12–102. The simply supported beam carries a uniform load
of . Code restrictions, due to a plaster ceiling, require
the maximum deflection not to exceed of the span
length. Select the lightest-weight A-36 steel wide-flange
beam from Appendix B that will satisfy this requirement
and safely support the load. The allowable bending stress
is and the allowable shear stress is

Assume A is a pin and B a roller support.tallow = 14 ksi.
sallow = 24 ksi

1>360
2 kip>ft

4 ft

A B

8 ft

8 kip

4 ft

2 kip/ft

8 kip
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Support Reactions: FBD(a).

Ans.

[1]

a [2]

Moment Function: FBD(b)

a

Slope and Elastic Curve:

[3]

[4]

Boundary Conditions:

At , . From Eq.[4],

At , . From Eq. [3],

[5]

At , . From Eq. [4],

[6]

Solving Eqs. [5] and [6] yields,

Ans.

Substituting Ay, into Eqs. [1] and [2] yields:

Ans.By =

3M0

2L
  MB =

M0

2

C1 =

M0 L

4

Ay =

3M0

2L

0 =

Ay L3

6
-

M0 L
2

2
+ C1 L

y = 0x = L

0 =

Ay L2

2
- M0 L + C1

dy

dx
= 0x = L

C2 = 0y = 0x = 0

EI y =

Ay

6
x3

-

M0

2
x2

+ C1x + C2

 EI 
dy

dx
=

Ay

2
x2

- M0x + C1

 EI 
d2y

dx2 = Ay x - M0

 EI 
d2y

dx2 = M(x)

 M(x) = Ay x - M0

 + ©MNA = 0; M(x) + M0 - Ay x = 0

+ ©MB = 0; M0 - Ay L + MB = 0

+ c ©Fy = 0; Ay - By = 0

:+ ©Fx = 0;  Ax = 0

12–103. Determine the reactions at the supports A and B,
then draw the moment diagram. EI is constant.

A
B

L

M0
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[1]

a [2]

Moment Functions: FBD(b) and (c).

Slope and Elastic Curve:

For ,

[3]

[4]

For ,

[5]

[6]

Boundary Conditions:

at . From Eq.[4],

at . From Eq.[5]

 C3 = -  

By L
2

2
-

PL2

2
+ PaL

 0 =

ByL2

2
-

PL2

2
+ PL2

- PaL + C3

x2 = L
dy2

dx2 = 0

C2 = 0x1 = 0y1 = 0

EI y2 =

By

6
x3

2 -

P

6
x3

2 +

PL

2
x2

2 -

Pa

2
x2

2 + C3x2 + C4

EI 
dy2

dx2
=

By

2
x2

2 -

P

2
x2

2 + PLx2 - Pax2 + C3

EI 
d2y2

dx2
2

= Byx2 - Px2 + PL - Pa

M(x2) = Byx2 - Px2 + PL - Pa

EI y1 =

By

6
x3

1 + C1x1 + C2

EI 
dy1

dx1
=

By

2
x2

1 + C1

EI 
d2y1

dx2
1

= Byx1

M(x1) = Byx1

EI 
d2y

dx2 = M(x)

M(x2) = Byx2 - Px2 + PL - Pa

M(x1) = Byx1

+ ©MA = 0; MA + By L - Pa = 0

+ c ©Fy = 0; Ay + By - P = 0

*12–104. Determine the value of a for which the
maximum positive moment has the same magnitude as the
maximum negative moment. EI is constant.

L

P

a
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*12–104. Continued

at . From Eq.[6],

Continuity Conditions:

At , . From Eqs.[3] and [5],

At , . From Eqs.[4] and [6],

Substituting By into Eqs.[1] and [2], we have

Require . From the moment diagram,

Ans. a = A2 - 22 B  L
 a2

- 4aL + 2L2
= 0

 
Pa2

2L3 (3L - a)(L - a) =

Pa

2L2 A -3aL + a2
+ 2L2 B

|Mmax( + )| = |Mmax( - )|

MA =

Pa

2L2 A -3aL + a2
+ 2L2 B

Ay =

P

2L3 A2L3
- 3a2L + a3 B

 By =

3Pa2

2L2 -

Pa3

2L3 =

Pa2

2L3 (3L - a)

 
Pa3

6
-

Pa2L

2
+

By L3

3
= 0

 + a -

By L2

2
-

PL2

2
+ PaLb(L - a) +

By L
3

3
+

PL3

6
-

PaL2

2

 =

By

6
 (L - a)3

-

P

6
 (L - a)3

+

PL

2
 (L - a)2

-

Pa

2
 (L - a)2

 
By

6
 (L - a)3

+ aPa2

2
-

By L2

2
b(L - a)

y1 = y2x1 = x2 = L - a

 C1 =

Pa2

2
-

By L2

2

 - Pa(L - a) + a -  

By L2

2
-

PL2

2
+ PaLb

 
By

2
 (L - a)2

+ C1 =

By

2
 (L - a)2

-

P

2
 (L - a)2

+ PL(L - a)

dy1

dx1
=

dy2

dx2
x1 = x2 = L - a

 C4 =

By L3

3
+

PL3

6
-

PaL2

2

 0 =

By L3

6
-

PL3

6
+

PL3

2
-

PaL2

2
+ a -  

By L2

2
-

PL2

2
+ PaLbL + C4

x2 = Ly2 = 0
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Support Reactions: FBD(a).

Ans.

[1]

a [2]

Moment Function: FBD(b) and (c).

Slope and Elastic Curve:

For ,

[3]

[4]

For ,

[5]

[6]

Boundary Conditions:

at . From Eq.[4],

Due to symmetry, at . From Eq.[5],

0 =

Cy L2

2
-

PL2

2
+

PL2

2
+ C3  C3 = -  

Cy L2

2

x2 = L
dy2

dx2
= 0

C2 = 0x1 = 0y1 = 0

EI y2 =

Cy

6
x3

2 -

P

6
x3

2 +

PL

4
x2

2 + C3x2 + C4

 EI 
dy2

dx2
=

Cy

2
x2

2 -

P

2
x2

2 +

PL

2
x2 + C3

 EI 
d2y2

dx2
2

= Cyx2 - Px2 +

PL

2

M(x2) = Cyx2 - Px2 +

PL

2

EI y1 =

Cy

6
x3

1 + C1x1 + C2

 EI 
dy1

dx1
=

Cy

2
 x2

1 + C1

 EI 
d2y1

dx2
1

= Cyx1

M(x1) = Cy x1

EI 
d2y

dx2 = M(x)

M(x2) = Cy x2 - Px2 +

PL

2

M(x1) = Cy x1

+ ©MA = 0; By L + Cy (2L) - PaL

2
b - Pa3L

2
b = 0

+ c ©Fy = 0; Ay + By + Cy - 2P = 0

:+ ©F
x

= 0;   Ax = 0

•12–105. Determine the reactions at the supports A, B, and
C; then draw the shear and moment diagrams. EI is constant.
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CA
B
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L
2

L
2

L
2

L
2
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at . From Eq. [6],

Continuity Conditions:

At , . From Eqs.[3] and [5],

At , . From Eqs.[4] and [6],

Ans.

Substituting Cy into Eqs.[1] and [2],

Ans.By =

11
8

P  Ay =

5
16

P

 Cy =

5
16

 P

 =

Cy

6
 aL

2
b3

-

P

6
 aL

2
b3

+

PL

4
aL

2
b2

+ a -

Cy L2

2
b aL

2
b +

Cy L3

3
-

PL3

12

 
Cy

6
 aL

2
b3

+ aPL2

8
-

Cy L
2

2
b aL

2
b

y1 = y2x1 = x2 =

L

2

 C1 =

PL2

8
-

Cy L2

2

 
Cy

2
 aL

2
b2

+ C1 =

Cy

2
 aL

2
b2

-

P

2
aL

2
b2

+

PL

2
 aL

2
b -

Cy L2

2

dy1

dx1
=

dy2

dx2
x1 = x2 =

L

2

 C4 =

Cy L3

3
-

PL3

12

 0 =

Cy L3

6
-

PL3

6
+

PL3

4
+ a -

Cy L2

2
bL + C4

x2 = Ly2 = 0

•12–105. Continued
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Support Reactions: FBD(a).

Ans.

[1]

a [2]

Moment Functions: FBD(b) and (c).

Slope and Elastic Curve:

For ,

[3]

[4]

For ,

[5]

[6] EI y2 =

MA

2
x2

2 -

Ay

6
x3

2 + C3x2 + C4

 EI 
dy2

dx2
= MAx2 -

Ay

2
x2

2 + C3

 EI 
d2y2

dx2
2

= MA - Ayx2

M(x2) = MA - Ayx2

 EI y1 = -

P

6
x3

1 + C1x1 + C2

 EI 
dy1

dx1
= -

P

2
x2

1 + C1

 EI 
d2y1

dx2
1

= -Px1

M(x1) = -Px1

EI 
d2y

dx2 = M(x)

M(x2) = MA - Ayx2

M(x1) = -Px1

+ ©MB = 0; Ay L - MA - PL = 0

+ c ©Fy = 0; By - Ay - P = 0

:+ ©Fx = 0;  Ax = 0

12–106. Determine the reactions at the supports, then
draw the shear and moment diagram. EI is constant.

L

A B

P

L
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12–106. Continued

Boundary Conditions:

at . From Eq.[6],

at . From Eq.[5],

at . From Eq. [6],

[7]

Solving Eqs.[2] and [7] yields,

Ans.

Substituting the value of Ay into Eq.[1],

Ans.

Note: The other boundary and continuity conditions can be used to determine the
constants C1 and C2 which are not needed here.

By =

5P

2

MA =

PL

2
  Ay =

3P

2

0 =

MA L2

2
-

Ay L3

6

x2 = Ly2 = 0

C3 = 0x2 = 0
dy2

dx2
= 0

C4 = 0x2 = 0y2 = 0
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Support Reactions: FBD(a).

a

[1]

Moment Functions: FBD(b) and (c).

Slope and Elastic Curve:

For ,

[2]

[3]

For ,

[4]

[5]

Boundary Conditions:

at . From Eq.[2],

at . From Eq.[3],

Due to symmetry, at . From Eq.[4],

 C3 = -  

Ay L2

8
+

PL2

8
-

PaL

2
+

MA L

2

 0 =

Ay

2
 aL

2
b2

-

P

2
 aL

2
b2

+ PaaL

2
b - MAaL

2
b + C3

x2 =

L

2

dy2

dx2 = 0

C2 = 0x1 = 0y1 = 0

C1 = 0x1 = 0
dy1

dx1
= 0

 EI y2 =

Ay

6
 x3

2 -

P

6
 x3

2 +

Pa

2
 x2

2 -

MA

2
 x2

2 + C3 x2 + C4

 EI 
dy2

dx2
=

Ay

2
 x2

2 -

P

2
 x2

2 + Pax2 - MA x2 + C3

 EI 
d2y

dx2
2

= Ay x2 - Px2 + Pa - MA

M(x2) = Ay x2 - Px2 + Pa - Ma

 EI y1 =

Ay

6
x3

1 -

MA

2
 x2

1 + C1x1 + C2

 EI 
dy1

dx1
=

Ay

2
 x2

1 - MA x1 + C1

 EI 
d2y1

dx2
1

= Ay x1 - MA

M(x1) = Ay x1 - MA

EI 
d2y

dx2 = M(x)

M(x2) = Ay x2 - Px2 + Pa - MA

M(x1) = Ay x1 - MA

 PL + MA - Ay L - MB = 0

 + ©MB = 0; Pa + P(L - a) + MA - Ay L - MB = 0

12–107. Determine the moment reactions at the supports
A and B. EI is constant.
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Due to symmetry, at and . From Eqs.[2] and [4],

[6]

Continuity Conditions:

At , . From Eqs.[2] and [4],

[7]

Solving Eqs.[6] and [7] yields,

Ans.

Substitute the value of MA and Ay obtained into Eqs.[1],

Ans.MB =

Pa

L
 (L - a)

 Ay = P

 MA =

Pa

L
 (L - a)

 
Pa2

2
-

Ay L2

8
+

PL2

8
-

PaL

2
+

MA L

2
= 0

 =

Ay a2

2
-

Pa2

2
+ Pa2

- MA a -

Ay L2

8
+

PL2

8
-

PaL

2
+

MA L

2

 
Ay a2

2
- MA a

dy1

dx1
=

dy2

dx2
x1 = x2 = a

-Ay a2
-

3Ay L2

8
+ Ay aL +

3PL2

8
-

3PaL

2
+

3Pa2

2
+

MAL

2
= 0

 + MA (L - a) +

Ay L2

8
-

PL2

8
+

PaL

2
-

MA L

2

 
Ay a2

2
- MA a = -

Ay

2
 (L - a)2

+

P

2
 (L - a)2

- Pa(L - a)

x2 = L - ax1 = a
dy1

dx1
= -

dy2

dx2

12–107. Continued
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Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a,

Ans.

(1)

(2)

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,

Equations of Slope and Elastic Curves.

(3)

(4)

Boundary Conditions. At , . Then Eq. (4) gives

At , . Then Eq. (3) gives

(5)

At , . Then Eq. (4) gives

(6)

Solving Eqs. (5) and (6),

Ans. Substituting the result of Ay into Eqs. (1) and (2),

Ans.

The shear and moment diagrams are shown in Figs. c and d, respectively.

By =

7wL

24
    MB =

wL2

36

C1 =

wL

324
Ay =

17wL

24

C1 =

wL3

18
-

2AyL2

27

0 =

Ay

6
 a2

3
Lb3

-

w
24

 a2
3

Lb4

-

wL

18
a2

3
Lb3

-

wL2

36
 a2

3
Lb2

+ C1a2
3

Lb

v = 0x =

2
3

L

C1 =

13wL3

81
-

2AyL2

9

0 =

Ay

2
 a2

3
Lb2

-

w
6

 a2
3

Lb3

-

wL

6
a2

3
Lb2

-

wL2

18
 a2

3
Lb + C1

dv
dx

= 0x =

2
3

L0 = 0 - 0 - 0 - 0 + 0 + C2 C2 = 0

v = 0x = 0

EIv =

Ay

6
x3

-

w
24

 x4
-

wL

18
x3

-

wL2

36
 x2

+ C1x + C2

EI 
dv
dx

=

Ay

2
x2

-

w
6

 x3
-

wL

6
x2

-

wL2

18
 x + C1

EI 
d2v

dx2 = Ayx -

w
2

 x2
-

wL

3
x -

wL2

18

EI 
d2v

dx2 = M(x)

 M(x) = Ayx -

w
2

 x2
-

wL

3
x -

wL2

18

 a + ©MO = 0;  M(x) + wxax

2
b + waL

3
b ¢x +

L

6
≤ - Ayx = 0

 MB =

wL2

2
-

2
3

AyL

 a + ©MB = 0;  wLaL

2
b - Aya2

3
 Lb - MB = 0

+ c ©Fy = 0;  Ay + By - wL = 0

:+ ©Fx = 0;  Bx = 0

*12–108. Determine the reactions at roller support A and
fixed support B.

L

BA

w

3
2L
3
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Ans.

(1)

a (2)

Bending Moment M(x):

Elastic curve and slope:

(3)

(4)

Boundary conditions:

From Eq. (4)

From Eq. (4)

(5)

(6)

Solving Eqs. (2),(5) and (6) yields:

Ans.

Ans.

From Eq. (1):

Ans.Ay = 10.7 kip

C1 = 17.78

Cy = -1.07 kip = 1.07 kip T

By = 14.4 kip

0 = 972Cy + 85.33By - 512 + 18C1

v = 0 at x = 18 ft

0 = 166.67 Cy + 10C1

v = 0 at x = 10 ft

C2 = 0

v = 0 at x = 0

EIv =

Cyx3

6
+

By

6
6 x - 10 7

3
-

1
8

6 x - 10 7
4

+ C1x + C2

EI
dv
dx

=

Cyx2

2
+

By

2
6 x - 10 7

2
-

1
2

6 x - 10 7
3

+ C1

EI
d2v

dx2 = M(x) = Cyx + By 6 x - 10 7 -

3
2

6 x - 10 7
2

 = Cyx + By 6 x - 10 7 -

3
2

6 x - 10 7
2

 M(x) = -(-Cy) 6 x - 0 7 -(-By) 6 x - 10 7 -

3
2

6 x - 10 7
2

+ ©MA = 0 18 Cy + 8By - 24(4) = 0

+ c ©Fy = 0 Ay + By + Cy - 24 = 0

:+ ©Fx = 0 Cx = 0

•12–109. Use discontinuity functions and determine the
reactions at the supports, then draw the shear and moment
diagrams. EI is constant.

8 ft 10 ft

3 kip/ft

C

A
B

12 Solutions 46060  6/11/10  11:52 AM  Page 1000



1001

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Support Reaction: FBD(b).

Ans.

[1]

a [2]

Moment Function: FBD(b).

a

Slope and Elastic Curve:

[3]

[4]

Boundary Conditions:

At , . From Eq.[4],

Due to symmetry, at . From Eq. [3],

At , . From Eq. [4],

Ans. Cy =

w0L

10

 0 =

Cy L3

6
-

w0L
4

120
+ a -

Cy L2

2
+

w0L
3

24
bL

y = 0x = L

 C1 = -

CyL2

2
+

w0L
3

24

 0 =

Cy L2

2
-

w0L
3

24
+ C1

x = L
dy

dx
= 0

C2 = 0y = 0x = 0

 EI y =

Cy

6
 x3

-

w0

120L
 x5

+ C1x + C2

 EI 
dy

dx
=

Cy

2
 x2

-

w0

24L
 x4

+ C1

 EI 
d2y

dx2 = Cyx -

w0

6L
 x3

 EI 
d2y

dx2 = M(x)

M(x) = Cyx -

w0

6L
 x3

+  ©MNA = 0; -M(x) -

1
2

 aw0

L
xbx ax

3
b + Cyx = 0

+ ©MA = 0; By L + Cy (2L) - w0 L(L) = 0 

+ c ©Fy = 0; Ay + By + Cy - w0L = 0

:+ ©Fx = 0;  Ax = 0

12–110. Determine the reactions at the supports, then
draw the shear and moment diagrams. EI is constant.

B
CA

L L

w0

12 Solutions 46060  6/11/10  11:52 AM  Page 1001



1002

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12–110. Continued

Substituting Cy into Eqs. [1] and [2] yields:

Ans.

Shear and Moment diagrams: The maximum span (positive) moment occurs when
the shear force . From FBD(c),

At 

At x = L,    M = -

w0L
2

15

x =

25
5

 L,   M =

25w0L
2

75

 M =

w0L

10
 x -

w0

6L
 x3

 + ©MNA = 0; M +

1
2

 aw0

L
 xb(x)ax

3
b -

w0L

10
 (x) = 0

 x =

25
5

 L

 + c ©Fy = 0; w0L

10
-

1
2

 aw0

L
 xbx = 0

V = 0

By =

4w0L

5
  Ay =

w0L

10
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Equations of Equilibrium. Referring to the free-body diagram of the entire beam,
Fig. a,

Ans.

(1)

a

(2)

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,
is

a

and is given by

a

Equations of Slope and Elastic Curves.

For coordinate x1,

(3)

(4)

For coordinate x2,

(5)

(6)EIv =

Cy

6
 x2 

3
+ C3x2 + C4

EI 
dv
dx2

=

Cy

2
 x2 

2
+ C3 

EI 
d2v

dx2
2

= Cyx2

EIv =

Ay

6
 x1 

3
-

w
24

 x1 
4

+ C1x1 + C2 

EI 
dv
dx1

=

Ay

2
 x1 

2
-

w
6

 x1 
3

+ C1

EI 
d2v

dx1
2 = Ayx1 -

w
2

 x1 
2

EI 
d2v

dx2 = M(x)

 M(x2) = Cyx2

+ ©MO = 0;   Cyx2 - M(x2) = 0

M(x2)

 M(x1) = Ayx1 -

w
2

 x1 
2

+ ©MO = 0;   M(x1) + wx1¢x1

2
≤ - Ayx1 = 0

M(x1)

Ay - Cy =

wL

2

+ ©MB = 0;  Cy (L) + wLaL

2
b - Ay(L) = 0

+ c ©Fy = 0;  Ay + By + Cy - wL = 0

:+ ©Fx = 0;  Ax = 0

12–111. Determine the reactions at pin support A and
roller supports B and C. EI is constant.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A
C

B

w

L L
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Boundary Conditions. At , . Then Eq.(4) gives

At , . Then Eq. (4) gives

At , . Then Eq. (6) gives

At , . Then Eq. (6) gives

Continuity Conditions. At , . Then Eqs.(3) and (5) give

(7)

Solving Eqs. (2) and (7),

Ans.

The negative sign indicates that Cy acts in the opposite sense to that shown on free-

body diagram. Substituting these results into Eq. (1),

Ans.

The shear and moment diagrams are shown in Figs. c and d, respectively.

By =

5wL

8

Ay =

7wL

16
      Cy = -

wL

16

Ay + Cy =

3wL

8

Ay

2
 AL2 B -

w
6

 AL3 B + ¢wL3

24
-

AyL2

6
≤ = - BCy

2
 AL2 B -

CyL2

6
R

dv1

dx1
= -

dv2

dx2
x1 = x2 = L

0 =

Cy

6
 AL3 B + C3L    C3 = -

CyL2

6

v2 = 0x2 = L

0 = 0 + 0 + C4      C4 = 0

v2 = 0x2 = 0

0 =

Ay

6
 AL3 B -

w
24

 AL4 B + C1L   C1 =

wL3

24
-

AyL2

6

v1 = 0x1 = L

0 = 0 - 0 + 0 + C2    C2 = 0

v1 = 0x1 = 0

12–111. Continued

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equations of Equilibrium. Due to symmetry, and .

Referring to the free-body diagram of the entire beam, Fig. a,

Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b,

Equations of Slope and Elastic Curves.

(1)

(2)

Boundary Conditions. At , . Then Eq. (1) gives

Due to symmetry, at . Then Eq. (1) gives

Note. The boundary condition at can be used to determine C2 using

Eq.(2).

x = 0v = 0

MA = MB = M =

5w0L
2

96

0 =

w0L

8
aL

2
b2

-

w0

12L
aL

2
b4

- MaL

2
b

x =

L

2
dv
dx

= 0

0 = 0 - 0 - 0 + C1      C1 = 0

dv
dx

= 0x = 0

EIv =

w0L

24
x3

-

w0

60L
x5

-

M

2
x2

+ C1x + C2

EI 
dv
dx

=

w0L

8
x2

-

w0

12L
x4

- Mx + C1

EI 
d2v

dx2
=

w0L

4
x -

w0

3L
 x3

- M

EI 
d2v

dx2 = M(x)

 M(x) =

w0L

4
x -

w0

3L
x3

- M

 M(x) + c1
2

 a2w0

L
 xb(x) d ax

3
b + M -

w0L

4
x = 0

 R =

w0L

4

 + c ©Fy = 0;  2R -

1
2

 w0L = 0

MA = MB = MAy = By = R

*12–112. Determine the moment reactions at fixed
supports A and B. EI is constant.

BA

L
2

L
2

w0
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c (1)

(2)

Bending Moment M(x):

Elastic curve and slope:

(3)

(4)

Boundary conditions:

From Eq. (4)

at

From Eq. (4)

(5)

at

From Eq. (3)

(6)

Solving Eqs. (5) and (6) yields:

Ans.TAC =

3A2E2wL1 
4

8 AA2E2L1 
3

+ 3E1I1L2 B

0 =

TACL1 
2

2
-

wL1 
3

6
+ C1

 x = L1
dv
dx

= 0 
0 =

TACL1 
3

6
-

wL1 
4

24
+ C1L1 -

E1I1L2

A2E2
 TAC

 x = L1v = 0 
 C2 = a -E1I1L2

A2E2
bTAC

 -E2I1aTACL2

A2E2
b = 0 - 0 + 0 + C2

v =

TACL2

A2E2
  x = 0

EIv =

TACx3

6
-

wx4

24
+ C1x + C2

EI
dv
dx

=

TACx2

2
-

wx3

6
+ C1

EI
d2v

dx2 = M(x) = TACx -

wx2

2

M(x) = TACx -

wx2

2

MB =

wL1 
2

2
- TACL1

+  ©MB = 0 TAC(L1) + MB -

wL1 
2

2
= 0

+ c ©Fy = 0 TAC + By - wL1 = 0

•12–113. The beam has a constant and is supported
by the fixed wall at B and the rod AC. If the rod has a 
cross-sectional area and the material has a modulus of
elasticity determine the force in the rod.E2 ,

A2

E1I1

A B 

C

w

L1

L2
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Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a,

Ans.

(1)

(2)

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,

Equations of Slope and Elastic Curves.

(3)

(4)

Boundary Conditions. At , . Then Eq. (4) gives

At , . Then Eq. (4) gives

Due to symmetry, at . Then Eq. (3) gives

(5)

Solving Eqs. (2) and (5),

Ans.

Substituting these results into Eq. (1),

Ans.By = 33.95 kN = 34.0 kN

FC = 112.096 kN = 112 kN  Ay = 33.95 kN = 34.0 kN

12Ay - 0.02165FC = 405

0 =

Ay

2
A62 B - 2.5 A63 B + 135 - 6Ay - 0.02165FC

x = 6 m
dv
dx

= 0

C1 = 135 - 6Ay - 0.02165FC

E C255 A10- 6 B D a -

1600FC

pE
b =

Ay

6
A63 B - 0.625 A64 B + C1(6)

v = - ¢C = -

FCLC

ACE
= -

FC(1)

p

4
A0.052 BE = -

1600FC

pE
x = 6 m

0 = 0 - 0 + 0 + C2    C2 = 0

v = 0x = 0

EIv =

Ay

6
x3

- 0.625x4
+ C1x + C2

EI 
dv
dx

=

Ay

2
x2

- 2.5x3
+ C1

EI 
d2v

dx2 = Ayx - 7.5x2

EI 
d2v

dx2 = M(x)

 M(x) = Ayx - 7.5x2

 a + ©MO = 0;  M(x) + 15xax

2
b - Ayx = 0

 2Ay + FC = 180

 a + ©MB = 0;  15(12)(6) - FC(6) - Ay(12) = 0

+ c ©Fy = 0;  Ay + By + FC - 15(12) = 0

:+ ©Fx = 0;  Ax = 0

12–114. The beam is supported by a pin at A, a roller at B,
and a post having a diameter of 50 mm at C. Determine the
support reactions at A, B, and C. The post and the beam are
made of the same material having a modulus of elasticity

and the beam has a constant moment of
inertia I = 255(106) mm4.
E = 200 GPa, BC

A

15 kN/m

6 m

1 m

6 m
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Support Reaction: FBD(a).

Ans.

[1]

a [2]

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for By and M0 acting on a cantilever beam are shown.

Moment-Area Theorems: From the elastic curve, .

Ans.

Substituting the value of By into Eqs.[1] and [2] yields,

Ans.Ay =

3M0

2L
  MA =

M0

2

 By =

3M0

2L

 tB>A = 0 =

1
2

 aBy L

EI
b(L)a2

3
Lb + a -

M0

EI
b(L)aL

2
b

tB>A = 0

+ ©MA = 0; ByL - MA - M0 = 0

+ c ©Fy = 0; By - Ay = 0

:+ ©Fx = 0;  Ax = 0

12–115. Determine the moment reactions at the supports
A and B, then draw the shear and moment diagrams. EI is
constant.

L

B
A M0
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Support Reaction: FBD(a).

a [1]

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for MB and the uniform distributed load acting on

a cantilever beam are shown.

Moment-Area Theorems: Since both tangents at A and B are horizontal
(parallel), .

Ans.

Substituting MB into Eq.[1],

Ans.MA =

wL2

3

 MB =

wL2

6

 uB>A = 0 = aMB

EI
b(L) +

1
3
a -

wL2

2EI
b(L)

uB>A = 0

+ ©MA = 0; MB + MA - wLaL

2
b = 0

*12–116. The rod is fixed at A, and the connection at B
consists of a roller constraint which allows vertical
displacement but resists axial load and moment. Determine
the moment reactions at these supports. EI is constant. A B

w

L
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Require:

Ans. a = 0.414L

 a2
+ 2La - L2

= 0

Pa(L - a)2(2L + a)

2L3 =

Pa(L - a)(L + a)

2L2

|M1| = |M2|

 Ay =

P(L - a)2(2L + a)

2L3

 0 =

-P(L - a)2(2L + a)

6EI
+

AyL3

3EI

tA>B = 0 = (tA>B)1 + (tA>B)2

(tA>B)2 =

1
2

 aAyL

EI
b(L)a2L

3
b =

AyL3

3EI

(tA>B)1 =

1
2

 a -P(L - a)

EI
b(L - a)aa +

2(L - a)

3
b =

-P(L - a)2(2L + a)

6EI

•12–117. Determine the value of a for which the
maximum positive moment has the same magnitude as the
maximum negative moment. EI is constant.

L

a

P
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Require:

Ans.

Equilibrium:

Ans.

Ans.

Ans.:+ ©Fx = 0; Cx = 0

 By =

3M0

L

 + c ©Fy = 0; By -

3M0

2L
-

3M0

2L
= 0

 Cy =

3M0

2L

 a + ©MB = 0; 3M0

2L
 (L) - Cy (L) = 0

0 =

M0L
2

2EI
-

Ay L
3

3EI
; Ay =

3M0

2L

tA>B = 0 = aM0

EI
b(L)aL

2
b +

1
2

 a -Ay L

EI
b(L)a2L

3
b

12–118. Determine the reactions at the supports, then
draw the shear and moment diagrams. EI is constant.

CA
B

L

M0 M0

L
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Support Reactions: FBD(a).

Ans.

[1]

[2]

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for P and By acting on a simply supported beam

are drawn separately.

Moment-Area Theorems:

From the elastic curve,

Ans.

Substituting By into Eqs. [1] and [2] yields,

Ans.Cy =

13P

32
   Ay =

3P

32

By =

11P

16

 
7PL3

16EI
-

By L3

2EI
= 2a5PL3

48EI
-

By L3

12EI
b

 tA>C = 2tB>C

tB>C = (tB>C)1 + (tB>C)2 =

5PL3

48EI
-

By L3

12EI

tA>C = (tA>C)1 + (tA>C)2 =

7PL3

16EI
-

By L3

2EI

(tB>C)2 =

1
2

 a -

By L

2EI
b(L)aL

3
b = -

By L3

12EI

 =

5PL3

48EI

+  
1
2

 a3PL

8EI
b aL

2
b aL

2
+

L

6
b

 (tB>C)1 =

1
2
a PL

8EI
b aL

2
b a2

3
b aL

2
b + a PL

4EI
b aL

2
b aL

4
b

(tA>C)2 =

1
2

 a -

By L

2EI
b(2L)(L) = -

By L3

2EI

 =

7PL3

16EI

 (tA>C)1 =

1
2

 a3PL

8EI
b a3L

2
b a2

3
b a3L

2
b +

1
2
a3PL

8EI
b aL

2
b a3L

2
+

L

6
b

 a + ©MA = 0; By (L) + Cy (2L) - Pa3L

2
b = 0

+ c ©Fy = 0; -Ay + By + Cy - P = 0

:+ ©Fx = 0;  Bx = 0

12–119. Determine the reactions at the supports, then
draw the shear and moment diagrams. EI is constant.
Support B is a thrust bearing.

CA B

L

P

L
2

L
2
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(1)

(2)

Solving Eqs. (1) and (2) yields:

Ans.

Ans. MB =

11wL2

192

 c + ©MB = 0; MB +

3wL

32
(L) -

5wL2

192
-

wL

2
 aL

4
b = 0

MA =

5wL2

192

Ay =

3wL

32

 0 =

Ay L

6
-

MA

2
-

wL2

384

 tB>A = 0 =

1
2

 aAy L

EI
b(L)aL

3
b + a -MA

EI
b(L)aL

2
b +

1
3
a -wL2

8EI
b aL

2
b aL

8
b

 0 =

Ay L

2
- MA -

wL2

48

 uB>A = 0 =

1
2

 aAy L

EI
b(L) + a -MA

EI
b(L) +

1
3
a -wL2

8EI
b aL

2
b

*12–120. Determine the moment reactions at the supports
A and B. EI is constant.

L–
2

A B

w

L–
2
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Support Reactions: FBD(a).

[1]

a [2]

Method of superposition: Using the table in Appendix C, the required
displacements are

The compatibility condition requires

Ans.

Substituting By into Eqs. [1] and [2] yields,

Ans.Ay = 125 N  Cy = 125 N

By = 550 N

0 = 2a366.67
EI

b + a -

1.3333By

EI
b

(+ T)   0 = 2yB ¿ + yB –

yB 
fl

=

PL3

48EI
=

By A43 B
48EI

=

1.3333By m
3

EI
 c

 =

366.67 N # m3

EI
 T

 =

400(1)(2)

6EI(4)
 A42

- 12
- 22 B

 yB 
œ

=

Pbx

6EIL
 AL2

- b2
- x2 B

+ ©MA = 0; By (2) + Cy (4) - 400(1) - 400(3) = 0

+ c ©Fy = 0; Ay + By + Cy - 800 = 0

•12–121. Determine the reactions at the bearing supports
A, B, and C of the shaft, then draw the shear and moment
diagrams. EI is constant. Each bearing exerts only vertical
reactions on the shaft.

400 N

1 m 1 m

CA B

1 m 1 m

400 N
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Referring to the FBD of the beam, Fig. a

Ans.

(1)

(2)

Referring to Fig. b and the table in appendix, the necessary deflections are computed
as follow:

The compatibility condition at support B requires that

Ans.

Substitute this result into Eq (1) and (2)

Ans.Ay =

3P

4
 MA =

PL

4

 By =

7P

4

 0 =

7PL3

12EI
+ a -By L3

3EI
b

 (+ T) 0 = vP + vBy

yBy
=

PL3
AB

3EI
=

By L3

3EI
 c

 =

7PL3

12EI
 T

 =

P(L2)

6EI
 c3a3

2
 Lb - L d

 yP =

Px2

6EI
 (3LAC - x)

 MA = By L -

3
2

 PL

 a + ©MA = 0; -MA + By L - Pa3
2

 Lb = 0

 Ay = By - P

 + c ©Fy = 0; By - P - Ay = 0

:+ ©Fx = 0;  Ax = 0

12–122. Determine the reactions at the supports A and B.
EI is constant.

A B
L
2

P

L
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Support Reaction: FBD(b).

Ans.

[1]

a [2]

Method of superposition: Using the table in Appendix C, the required
displacements are

The compatibility condition requires

Ans.

Substituting By into Eqs.[1] and [2] yields,

Ans.Ay = 2.625 kip Cy = 14.625 kip

 By = 30.75 kip

 0 =

6480
EI

+

2376
EI

+ a -

288By

EI
b

 (+ T)    0 = yB¿ + yB– + yB– ¿

yB– ¿ =

PL3

48EI
=

By A243 B
48EI

=

288By ft3

EI
 c

 =

12(6)(12)

6EI(24)
 A242

- 62
- 122 B =

2376 kip # ft3

EI
 T

 yB– =

Pbx

6EIL
 AL2

- b2
- x2 B

yB¿ =

5wL4

768EI
=

5(3) A244 B
768EI

=

6480 kip # ft3

EI
 T

+ ©MA = 0; By (12) + Cy (24) - 12(6) - 36.0(18) = 0

+ c ©Fy = 0; Ay + By + Cy - 12 - 36.0 = 0

:+ ©Fx = 0;  Cx = 0 

12–123. Determine the reactions at the supports A, B, and
C, then draw the shear and moment diagrams. EI is constant.

6 ft 12 ft

3 kip/ft

A B
C

6 ft

12 kip
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(1)

Compatibility condition:

(2)

Solving Eqs. (1) and (2) yields:

Ans.

Ans.MB = Pal (30) = 1761 lb # in. = 1.76 kip # in.

MA = Pst (30) = 639 lb # in. = 0.639 kip # in.

Pal = 58.72 lb Pst = 21.28 lb

Pst = 0.3625 Pal

Pst = aEstIst

EalIal
b(Pal) =

(29) A103 B A 1
12 B(1) A0.53 B

(10) A103 B A 1
12 B(1) A13 B(N)

 Pal

 
PstL

3

3EstIst
=

Pal L
3

3EalIal

 ¢st = ¢al

; ©Fx = 0 Pal + Pst - 80 = 0

*12–124. The assembly consists of a steel and an aluminum
bar, each of which is 1 in. thick, fixed at its ends A and B, and
pin connected to the rigid short link CD. If a horizontal
force of 80 lb is applied to the link as shown, determine
the moments created at A and B.
Eal = 1011032 ksi.

Est = 2911032 ksi,

80 lb

30 in.

C D

A B

0.5 in.

1 in.

Aluminum

Steel
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Referring to the FBD of the beam, Fig. a,

Ans.

(1)

(2)

Referring to Fig. b and table in appendix, the necessary deflections are:

The compatibility condition at support B requires that

Ans.

Substitute this result into Eq. (1) and (2) and solve,

Ans.

The shear And moment diagrams are shown in Fig. b and c respectively.

Ay = Cy = 3.125 kN

 By = 13.75 kN

 0 =

247.5
EI

+

247.5
EI

+ a -

36 By

EI
b

 (+ T) 0 = (vP)1 + (vP)2 + (vB)y

 (vB)y =

PLAC
3

48EI
=

By(123)

48EI
=

36 By

EI
 c

 =

247.5 kN # m3

EI
 T

 =

10(3)(6)

6EI(12)
 A122

- 32
- 62 B

 (vP)1 = (vP)2 =

Pbx

6EILAC
 ALAC

2
- b2

- x2 B

 Ay + By + Cy = 20

 + c ©Fy = 0; Ay + By + Cy - 10 - 10 = 0

 2Ay + By = 20

 a + ©MC = 0; Ay(12) + By(16) - 10(3) - 10(9) = 0

;+ ©Fx = 0; Cx = 0

•12–125. Determine the reactions at the supports A, B,
and C, then draw the shear and moment diagrams. EI is
constant.

3 m

A B
C

3 m 3 m 3 m

10 kN 10 kN
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Referring to the FBD of the beam, Fig. a,

Ans.

(1)

(2)

Referring to Fig. b and the table in the appendix, the necessary deflections are:

Compatibility condition at roller support B requires

Ans.

Substitute this result into Eq. (1) and (2)

Ans.Ay =

3Mo

2L
 MA =

Mo

2

 By =

3Mo

2L

 0 =

MoL2

2EI
+ a -

ByL3

3EI
b

 (+ T) 0 = vMo
+ (vB)y

vBy
=

PL3

3EI
=

ByL3

3EI
 c

vMo
=

MoL2

2EI
 T

 MA = ByL - Mo

 a + ©MA = 0; By(L) - Mo - MA = 0

+ c ©Fy = 0; By - Ay = 0

:+ ©Fx = 0;  Ax = 0

12–126. Determine the reactions at the supports A and B.
EI is constant.

L

A

M0

B
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Support Reactions: FBD (a).

Ans.

a [1]

Method of superposition: Using the table in Appendix C, the required
displacements are

The compatibility condition requires

Substituting By into Eq. [1] yields,

Ans.Cy =

P

3

 By =

2P

3

 
By L3

48EI
=

PL3

24EI
+ a -

By L3

24EI
b

 (+ T)   yB = yB¿ + yB–

yB– =

PLBD
3

3EI
=

By L3

24EI
 c

yB¿ =

PLBD
3

3EI
=

P AL2 B3
3EI

=

PL3

24EI
 T

yB =

PL3

48EI
=

By L3

48EI
 T

+ ©MA = 0; Cy(L) - By aL

2
b = 0

:+ ©Fx = 0;  Cx = 0

12–127. Determine the reactions at support C. EI is
constant for both beams.

A C

D

P

B

L
2

L
2
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Member AC:

Ans.

Ans.

Ans.

Member BC:

Ans.

Ans.

Ans.©MB = 0; MB =

PL

2

©Fx = 0; Bx = 0

©Fy = 0; By =

P

2

© MA = 0; MA =

PL

2

©Fx = 0; Ax = 0

©Fy = 0; Ay =

P

2

 R =

P

2

 ¢C =

(P - R)L3

3EI
=

RL3

3EI

*12–128. The compound beam segments meet in the
center using a smooth contact (roller). Determine the
reactions at the fixed supports A and B when the load P is
applied. EI is constant.

P

L

A
C B

L

By superposition:

Ans.TAC =

3wA2E2L1
4

8 C3E1I1L2 + A2E2L1
3 D

TAC a L2

A2E2
+

L1
3

3E1I1
b =

wL1
4

8E1I1

TACL2

A2E2
=

wL1
4

8E1I1
-

TACL1
3

3E1I1

(+ T) ¢A = (¢A)¿ - dA

dA =

TAC L1
3

3E1I1

(¢A)¿ =

wL1
4

8E1I1
 ; ¢A =

TACL2

A2E2

•12–129. The beam has a constant and is supported
by the fixed wall at B and the rod AC. If the rod has a cross-
sectional area and the material has a modulus of
elasticity determine the force in the rod.E2,

A2

E1 I1

A

L2

L1

B

C

w
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By superposition:

Ans.

Equilibrium:

a

Ans.

Ans.

Ans.+ c ©Fy = 0 ; By = P

:+ ©Fx = 0 ; Bx = 0

MB =

3PL

8

+ ©MB = 0; -

PL

8
+

PL

2
- MB = 0

MA =

PL

8

0 =

PL2

8EI
-

MAL

EI

0 = (uA)1 - (uA)2

(uA)1 =

PL2

8EI
 ; (uA)2 =

MAL

EI

12–130. Determine the reactions at A and B. Assume the
support at A only exerts a moment on the beam. EI is
constant.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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L–
2

L–
2

A B

P

Ans.

Ans.¢max =

PL3

192EI
+

aL

4

¢max =

PL3

48EI
-

L2

8EI
 aPL

8
-

2EIa

L
b

¢max = ¢ - ¢¿ =

PL3

48EI
- 2 cM(L

2)

6EIL
 CL2

- (L>2)2 D d

 M = aPL

8
-

2EI

L
 ab

 ML = a PL2

16EI
- ab(2EI)

PL2

16EI
-

ML

3EI
-

ML

6EI
= a

u - u¿ = a

12–131. The beam is supported by the bolted supports at its
ends. When loaded these supports do not provide an actual
fixed connection, but instead allow a slight rotation before
becoming fixed. Determine the moment at the connections
and the maximum deflection of the beam.

a

P

L—
2

L—
2
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Method of Superposition: Using the table in appendix C, the required
displacements are

Using the spring formula, .

The compatibility condition requires

Ans. Fsp =

5wkL4

4 A6EI + kL3 B

 
Fsp

k
=

5wL4

24EI
+ a -

Fsp L3

6EI
b

 (+ T)   ysp = yB¿ + yB–

ysp =

Fsp

k

yB– =

PLAC
3

48EI
=

Fsp (2L)3

48EI
=

Fsp L3

6EI
 c

yB¿ =

5wLAC
4

384EI
=

5w(2L)4

384EI
=

5wL4

24EI
 T

*12–132. The beam is supported by a pin at A, a spring
having a stiffness k at B, and a roller at C. Determine the
force the spring exerts on the beam. EI is constant.

A
B

L L

k

w

C

The curvature of the beam in region BC is zero, therefore there is no bending
moment in the region BC, The reaction F is at B where it touches the support. The
slope is zero at this point and the deflection is where

Thus,

Ans.

Ans.a = L - a72¢EI

w0
b

1
4

L - a = a72¢EI

w0
b

1
4

R = a8¢EI

9w0
3 b

1
4

u1 =

w0(L - a)3

6EI
-

R(L - a)2

2EI

¢ =

w0(L - a)4

8EI
-

R(L - a)3

3EI

¢

•12–133. The beam is made from a soft linear elastic
material having a constant EI. If it is originally a distance

from the surface of its end support, determine the
distance a at which it rests on this support when it is
subjected to the uniform load which is great enough to
cause this to happen.

w0 ,

¢

�

L
a

w0
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Equations of Equilibrium. Referring to the free-body diagram of the beam, Fig. a,

Ans.

(1)

a (2)

Method of superposition: Referring to Fig. b and the table in the Appendix, the
necessary deflections are

The deflection of point B is

The compatibility condition at support B requires

Ans.

Substituting the result of FB into Eqs. (1) and (2),

Ans.Ay = Cy = 70.11 kN = 70.1 kN

 FB = 219.78 kN = 220 kN

 
FB

p

4
 A0.042 B +

36FB

875 A10- 6 B =

8100

875 A10- 6 B -

0.2 A10- 3 B C200 A109 B D
1000

 0.2 A10- 3 BE +

FB

A
=

8100
I

-

36FB

I

 0.2 A10- 3 B +

FB (1)

AE
=

8100
EI

+ a -

36FB

EI
b

 A + T B vB = (vB)1 + (vB)2

vB = 0.2 A10- 3 B +

FBLB

AE
= 0.2 A10- 3 B +

FB(a)

AE
 T

(vB)2 =

PL3

48EI
=

FB A123 B
48EI

=

36FB

EI
 c

(vB)1 =

5wL4

384EI
=

5(30) A124 B
384EI

=

8100kN # m3

EI
 T

+ ©MA = 0;  FB(6) + Cy(12) - 30(12)(6) = 0

+ c ©Fy = 0;  Ay + FB + Cy - 30(12) = 0

:+ ©Fx = 0;  Ax = 0

12–134. Before the uniform distributed load is applied on
the beam, there is a small gap of 0.2 mm between the beam
and the post at B. Determine the support reactions at A, B,
and C. The post at B has a diameter of 40 mm, and the
moment of inertia of the beam is The
post and the beam are made of material having a modulus
of elasticity of E = 200 GPa.

I = 875(106) mm4.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

A

B
C

6 m

1 m

6 m

0.2 mm

30 kN/m
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For the shaft:

For the beam:

Compatibility condition:

Ans.

Form the free-body digram,

Ans.

Ans.Cy = 76.8 lb

Ay = 243 lb

By = 634 lb

20.833By (0.04909)

500
= 13200 - 20.833By

Is =

p

4
 (0.5)4

= 0.04909 in4

 
20.833By

EIb
=

13200
EIs

-

20.833By

EIs

 + T  ¢b = (¢b)1 - (¢b)2

¢b =

By A103 B
48EIb

=

20.833By

EIb

(¢b)2 =

By A103 B
48EIs

=

20.833By

EIs

(¢b)1 =

800(3)(5)

6EIs(10)
 A -52

- 32
+ 102 B =

13200
EIs

12–135. The 1-in.-diameter A-36 steel shaft is supported by
unyielding bearings at A and C. The bearing at B rests on a
simply supported steel wide-flange beam having a moment
of inertia of If the belt loads on the pulley are
400 lb each, determine the vertical reactions at A, B, and C.

I = 500 in4.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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400
lb400

lb

2 ft

3 ft

5 ft

5 ft

5 ft

A

B

C
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Method of Superposition. Referring to Fig. a and the table in the Appendix, the
necessary deflections are

The compatibility condition at end C requires

Referring to Fig. b, the compatibility condition of post CD requires that

(1)

Thus, Eq. (1) becomes

Ans.FCD = 6061.69N = 6.06 kN

3FCD

p

4
 A0.0752 B +

18FCD

255 A10- 6 B = 2.16 A10- 3 B C200 A109 B D

3FCD

AE
+

18FCD

EI
= 2.16 A10- 3 B

dT = a¢TL = 12 A10- 6 B(60)(3) = 2.16 A10- 3 B  m
dFCD =

FCD LCD

AE
=

FCD (3)

AE

dFCD
+ vC = dT

 =

9FCD

EI
+

9FCD

EI
=

18FCD

EI
 c

 A + c B vC = (vC)1 + (vC)2

(vC)2 = (uB)2LBC =

MOLAB

3EI
 (LBC) =

3FCD (3)

3EI
(3) =

9FCD

EI
 c

(vC)1 =

PLBC 
3

3EI
=

FCD A33 B
3EI

=

9FCD

EI
 c

*12–136. If the temperature of the 75-mm-diameter post
CD is increased by 60°C, determine the force developed in
the post.The post and the beam are made of A-36 steel, and
the moment of inertia of the beam is I = 255(106) mm4.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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C

D

B

3 m

3 m

3 m
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Elastic curve and slope:

(1)

Boundary conditions:

From Eq. (1)

(2)

From Eq.(1)

(3)

Solving Eqs. (2) and (3) yields:

Ans. + 38 700x - 412 560]

 v =

1
EI

 [-30x3
+ 46.25 6 x - 12 7

3
- 11.7 6 x - 24 7

3

C1 = 38 700 C2 = -412 560

60C1 + C2 = 1909440

0 = -6 480 000 + 5 114 880 - 544 320 + 60C1 + C2

v = 0 at x = 60 in.

12C1 + C2 = 51 840

0 = -51,840 + 12C1 + C2

v = 0 at x = 12 in,

EIv = -30x3
+ 46.25 6 x - 12 7

3
- 11.67 6 x - 24 7

3
+ C1x + C2

EI 
dv
dx

= -90x2
+ 138.75 6 x - 12 7

2
- 35(x - 24 7

2
+ C1

EI 
d2v

dx2 = M = -180x + 277.5 6 x - 12 7 - 70 6 x - 24 7

M = -180x + 277.5 6 x - 12 7 - 70 6 x - 24 7

M = -180 6 x - 0 7 - (-277.5) 6 x - 12 7 - 70 6 x - 24 7

•12–137. The shaft supports the two pulley loads shown.
Using discontinuity functions, determine the equation of
the elastic curve.The bearings at A and B exert only vertical
reactions on the shaft. EI is constant.
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exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

A B

12 in. 12 in. 36 in.

70 lb
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x
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For 

(1)

(2)

For 

(3)

(4)

Boundary conditions:

From Eq.(2)

Continuity conditions:

From Eqs. (1) and (3)

(5)

(6)

Solving Eqs. (5) and (6) yields:

Ans

Ans.v2 =

1
EI

 A -4.44x2
3

+ 640x2 B  lb # in3

v1 =

1
EI

 A4.44x1
3

- 640x1 B  lb # in3

C3 = 640 C1 = -640

C3 - C1 = 1280

7680 + 12C1 = -7680 + 12C3

v1 = v2 at x1 = x2 = 12

C1 = -C3

1920 + C1 = -(-1920 + C3)

dv1

dx1
= -

dv2

dx2
 at x1 = x2 = 12

C4 = 0

v2 = 0 at x2 = 0

C2 = 0

v1 = 0 at x1 = 0

EIv2 = -4.44x2
3

+ C3x2 + C4

EI 
dv2

dx2
= -13.33x2

2
+ C3

EI 
d2v2

dx2
2 = -26.67x2

M2 (x) = -26.67x2

EIv1 = 4.44x1
3

+ C1x1 + C2

EI 
dv1

dx1
= 13.33x1

2
+ C1

EI 
d2v1

dx2
1

= 26.67x1

M1 (x) = 26.67 x1

12–138. The shaft is supported by a journal bearing at A,
which exerts only vertical reactions on the shaft, and by a
thrust bearing at B, which exerts both horizontal and
vertical reactions on the shaft. Draw the bending-moment
diagram for the shaft and then, from this diagram, sketch
the deflection or elastic curve for the shaft’s centerline.
Determine the equations of the elastic curve using the
coordinates and EI is constant.x2 .x1
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12 in.

80 lb

x1

4 in.

x2

4 in.
80 lb

12 in.
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Elastic Curves: The elastic curves for the uniform distributed load and couple
moment are drawn separately as shown.

Method of superposition: Using the table in Appendix C, the required
displacements are

The displacement at C is

Ans. =

2640(1728)

29 A103 B(82.8)
= 1.90 in. T

 =

2640 kip # ft3

EI

 =

2560
EI

+

80
EI

 ¢C = (¢C)1 + (¢C)2

 =

80 kip # ft3

EI
 T

 = -

5(8)

6EI(16)
 C(16)2

- (8)2 D
 (¢C)2 = -

M0x

6EIL
 AL2

- x2 B
(¢C)1 =

-5wL4

768EI
=

-5(6) A164 B
768EI

=

2560 kip # ft3

EI
 T

12–139. The simply supported beam is subjected
to the loading shown. Using the method of superposition,
determine the deflection at its center C. The beam is made
of A-36 steel.

W8 * 24
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Support Reactions and Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

Referring to the geometry of the elastic curve, Fig. b,

Ans.

and

Ans. =

0.75 kN # m3

EI
=

0.75 A103 B
200 A109 B cp

4
A0.03754 B d

= 0.002414 m = 2.41 mm c

 =

9
EI

-

5.5
EI

 a3
2
b

 ¢C = �  tC>A� - �  tB>A ¢LAC

LAB
≤

 = 0.805 A10- 3 Brad

 =

0.25 kN # m2

EI
=

0.25 A103 B
200 A109 B cp

4
A0.03754 B d

 uC = uC>A - uA =

3
EI

-

2.75
EI

uA =

� tB>A �
LAB

=

5.5
EI

2
=

2.75kN # m2

EI

 =

3 kN # m3

EI

 � uC>A � =

1
2

 a 7.5
EI
b(2) +

1
2
a -

3
EI
b(3)

 =

9 kN # m3

EI

 + c2
3

 (1) d B1
2
a -

3
EI
b(1)R

 � tC>A � = (1 + 1)B1
2

 a 7.5
EI
b(2)R + c1

3
(2) + 1 d B1

2
 a -

3
EI
b(2)R

 =

5.5 kN # m3

EI

 � tB>A � = (1)B1
2

 a 7.5
EI
b(2)R + c1

3
(2) d B1

2
 a -

3
EI
b(2)R

M

EI

*12–140. Using the moment-area method, determine the
slope and deflection at end C of the shaft. The 75-mm-
diameter shaft is made of material having E = 200 GPa.
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Due to symmetry,

By superposition:

Ans.

Equilibrium:

Ans.

Ans.

Ans.;+ ©Fx = 0; Dx = 0

 Dy =

2wL

5

 c + ©Fy = 0; 2wL

5
+

11wL

10
+

11wL

10
+ Dy - 3wL = 0

 Ay =

2wL

5

 a + ©MD = 0; 3wLa3L

2
b -

11wL

10
 (L) -

11wL

10
 (2L) - Ay (3L) = 0

By = Cy =

11wL

10

0 =

11wL4

12EI
-

4By L3

9EI
-

7By L3

18EI

+ T 0 = ¢B - ¢BB - ¢BC

 =

7By L3

18EI

 ¢BC = ¢CB =

By (L)(L)

6EI(3L)
 C -L2

- L2
+ (3L)2 D

 =

4By L3

9EI

 ¢BB = ¢CC =

By (L)(2L)

6EI(3L)
 C(3L)2

- (2L)2
- L2 D

By = Cy

 =

11wL4

12EI

 ¢B = ¢C =

wL

24EI
 CL3

- 2(3L)L2
+ (3L)3 D

•12–141. Determine the reactions at the supports. EI is
constant. Use the method of superposition.
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Support Reactions: FBD(a).

[1]

a [2]

Moment Function: FBD(b).

Slope and Elastic Curve:

[3]

[4]

Boundary Conditions:

At , From Eq.[3],

At , From Eq.[4],

At , From Eq. [3].

[5]

At , From Eq. [4],

[6]0 = 20By L - w0 L
2

- 60MB

0 =

By L3

6
-

w0 L
4

120
-

MB L2

2

y = 0. x = L

0 = 12By L - w0 L
2

- 24MB

0 =

By L2

2
-

w0L
3

24
- MBL

dy

dx
= 0. x = L

 C2 = 0y = 0. x = 0

 C1 = 0
dy

dx
= 0 x = 0

 EI y =

By

6
 x3

-

w0

120L
 x5

-

MB

2
 x2

+ C1x + C2

 EI 
dy

dx
=

By

2
 x2

-

w0

24L
 x4

- MBx + C1

 EI 
d2y

dx2 = Byx -

w0

6L
 x3

- MB

 EI 
d2y

dx2 = M(x)

 M(x) = Byx -

w0

6L
 x3

- MB

 a +  ©MNA = 0; -M(x) -

1
2

 aw0

L
xbx ax

3
b - MB + Byx = 0

+ ©MA = 0; ByL + MA - MB -

w0L

2
 aL

3
b = 0

+ c ©Fy = 0; Ay + By -

w0L

2
= 0

12–142. Determine the moment reactions at the supports
A and B. Use the method of integration. EI is constant.
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L

A

w0

B
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Solving Eqs. [5] and [6] yields,

Ans.

Substituting By and MB into Eqs. [1] and [2] yields,

Ans.

Ay =

7w0 L

20

MA =

w0L
2

20

By =

3w0L

20

MB =

w0 L
2

30

12–142. Continued

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12 Solutions 46060  6/11/10  11:53 AM  Page 1033



1034

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Section Properties: Referring to the geometry shown in Fig. a,

Thus, the moment of inertia of the tapered beam as a function of x is

Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b,

a

Equations of slope and Elastic Curve.

(1)

(2)

Boundary conditions. At , . Then Eq. (1) gives

At , . Then Eq. (2) gives

Substituting the results of C1 and C2 into Eq. (2),

At A, . Then

Ans.vA = v� x = 0 = -

w0L
4

Eth0 
3 =

w0L
4

Eth0 
3 T

x = 0

v =

w0L
2

Eth0 
3 A -x2

+ 2Lx - L2 B

0 = -

w0L
2

th0 
3  AL2 B +

2w0L
3

th0 
3 (L) + C2    C2 = -

w0L
4

th0 
3

v = 0x = L

0 = -

2w0L
2

th0 
3 (L) + C1         C1 =

2w0L
3

th0 
3

dv
dx

= 0x = L

Ev = -

w0L
2

th0 
3  x2

+ C1x + C2

E 
dv
dx

= -

2w0L
2

th0 
3  x + C1

E 
d2v

dx2 =

-

w0

6L
 x3

th0 
3

12L3x3

= -

2w0L
2

th0 
3

E 
d2v

dx2 =

M(x)

I(x)

+ ©MO = 0; M(x) + B1
2

 aw0

L
xbxR ax

3
b = 0  M(x) = -

w0

6L
 x3

I(x) =

1
12

 t Ch(x) D3 =

1
12

 t¢h0

L
 x≤3

=

th0 
3

12L3 x3

h(x)

x
=

h0

L
 ;  h(x) =

h0

L
 x

12–143. If the cantilever beam has a constant thickness t,
determine the deflection at end A. The beam is made of
material having a modulus of elasticity E.

B

A

L

x

h0

w0
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Equation of Equilibrium. Referring to the free-body diagram of the beam, Fig. a,

Ans.

(1)

(2)

Method of superposition: Referring to Fig. b and the table in the appendix, the
deflections are

The compatibility condition at support B requires that

Ans.

Substituting the result of By into Eqs. (1) and (2),

Ans.

Ans.Cy = 22.41 kN = 22.4 kN

MC = 35.65 kN # m = 35.7 kN # m

 By = 31.59 kN = 31.6 kN

 
4.5By

EI
=

816
EI

+ a -

21.3333By

EI
b

 A + T B vB = (vB)1 + (vB)2

(vB)2 =

PLBC 
3

3EI
=

By A43 B
3EI

=

21.3333By

EI
 c

 =

816 kN # m3

EI
 T

 (vB)1 =

wx2

24EI
 Ax2

- 4Lx + 6L2 B =

9 A42 B
24EI

 C42
- 4(6)(4) + 6 A62 B D

vB =

PLDE 
3

48EI
=

By A63 B
48EI

=

4.5By

EI
 T

 MC = 162 - 4By

 a + ©MC = 0;  9(6)(3) - By(4) - MC = 0

+ c ©Fy = 0;  By + Cy - 9(6) = 0

:+ ©Fx = 0;  Cx = 0

*12–144. Beam ABC is supported by beam DBE and
fixed at C. Determine the reactions at B and C. The beams
are made of the same material having a modulus of
elasticity and the moment of inertia of both
beams is I = 25.0(106) mm4.

E = 200 GPa, A
B

C
ED

6 ft

100 lb/ft

6 ft
4 ft4 ft

3 in.

6 in.

a

a

a

a

Section a – a
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Support Reactions: The reaction at B is shown on the free-body diagram of beam
AB, Fig. a.

Method of superposition. Referring to Fig. b and the table in the appendix, the
deflection of point B is

Subsequently, referring to Fig. c,

Thus, the deflection of point C is

Ans. = 0.644 in T

 =

30200 lb # ft3

EI
=

30200 A123 B
1.5 A106 B c 1

12
(3) A63 B d

 =

3200
EI

+

27000
EI

 A + T B ¢C = (¢C)1 + (¢C)2

(¢C)2 =

5wL4

384EI
=

5(100) A124 B
384EI

=

27000 lb # ft3

EI
 T

(¢C)1 = ¢B a 6
12
b =

6400
EI

 a 6
12
b =

3200 lb # ft3

EI
 T

¢B =

PLDE 
3

48EI
=

600 A83 B
48EI

=

6400 lb # ft3

EI
 T

•12–145. Using the method of superposition, determine
the deflection at C of beam AB. The beams are made of
wood having a modulus of elasticity of E = 1.5(103) ksi .

A
B

C
ED

6 ft

100 lb/ft

6 ft
4 ft4 ft

3 in.

6 in.

a

a

a

a

Section a – a
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Centrifugal Force: The centrifugal force action on a unit length of the rim rotating
at a constant rate of is

(Q.E.D.)

Elastic Curve: Member AB of the rim is modeled as a straight beam with both of
its ends fixed and subjected to a uniform centrifigal force w.

Method of Superposition: Using the table in Appendix C, the required
displacements are

Computibility requires,

[1]

[2]

Solving Eqs. [1] and [2] yields,

Due to symmetry,

Maximum Moment: From the moment diagram, the maximum moment occurs at

the two fixed end supports. With and .

Ans.Mmax =

wL2

12
=

btgv2r
g Apr

3 B2
12

=

p2btgv2r3

108g

L = ru =

pr

3
w =

btgv2r

g

Ay =

wL

2
  MA =

wL2

12

By =

wL

2
  MB =

wL2

12

 0 = 3wL2
+ 12MB - 8By L

 0 =

wL4

8EI
+

MB L2

2EI
+ a -

By L3

3EI
b

 (+ c)  0 = yB¿ + yB– + yB– ¿

 0 = wL2
+ 6MB - 3By L

 0 =

wL3

6EI
+

MBL

EI
+ a -

By L
2

2EI
b

 0 = uB¿ + uB– + uB¿ –

yB¿ =

wL4

8EI
 c yB– =

MBL2

2EI
 c yB– ¿ =

ByL3

3EI
 T

uB¿ =

wL3

6EI
  uB– =

MBL

EI
  uB¿ – =

ByL2

2EI

w = mv2 r = btag
g
bv2r =

btgv2r

g

v

12–146. The rim on the flywheel has a thickness t, width b,
and specific weight If the flywheel is rotating at a
constant rate of , determine the maximum moment
developed in the rim. Assume that the spokes do not
deform. Hint: Due to symmetry of the loading, the slope of
the rim at each spoke is zero. Consider the radius to be
sufficiently large so that the segment AB can be considered
as a straight beam fixed at both ends and loaded with a
uniform centrifugal force per unit length. Show that this
force is w � btgv2r>g.

v

g.

r

A

B

t

v
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