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*12-1. An A-36steel strap having a thickness of 10 mm and
awidth of 20 mm is bent into a circular arc of radius p = 10m.
Determine the maximum bending stress in the strap.

Moment-Curvature Relationship:

LM ol
— = — owever = —
o EI ’ e
1_eo

p EI

o= %E = (%85)[200(109)] = 100 MPa

12-2. A picture is taken of a man performing a pole vault,
and the minimum radius of curvature of the pole is
estimated by measurement to be 4.5 m. If the pole is 40 mm
in diameter and it is made of a glass-reinforced plastic for
which E, = 131 GPa, determine the maximum bending
stress in the pole.

Moment-Curvature Relationship:

r_m w=1
p = El owever, = o
1_o
p EI
c 0.02 o
o= E= ( 13 )[131(10 )] = 582 MPa Ans.
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12-3. When the diver stands at end C of the diving board,
it deflects downward 3.5 in. Determine the weight of the
diver. The board is made of material having a modulus of
elasticity of £ = 1.5(10°) ksi.

Ap L
2> 135in. —-2in
© -
3t 9 ft | 18 in.

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Functions. Referring to the free-body diagrams of the diving board’s cut
segments, Fig. b, M(xl) is

C+IMpy =0 M(x;) +3Wx, = 0 M(x;) = =3Wx,

and M(xz) is

C+IM, = 0; ~M(x;) = Wx, = 0 M(x;) = —Wx,
Equations of Slope and Elastic Curve.

d*v
El W = M(x)

For coordinate x;,

dzl/']
EI-——5 = —3Wx
dx1
d* 3
Elﬁl1 = =S Wx’+ G (1)
1 3
EIVl = _5 le + Clxl + CZ (2)

For coordinate x,

d2V2
EIl 5 = _WX2
dX2
dV2 1
El—=—-_-Wx;>+C 3
dx, B X2 3 3)
1
EIV2 = - gWXza + C3X2 + C4 (4)

Boundary Conditions. At x; = 0,v; = 0.Then, Eq. (2) gives

EI0) = —% w(0%) + C,(0) + G, G, =0

At x; = 3ft,v; = 0.Then, Eq. (2) gives

1
EI0) = — w(3%) + Ci(3) + 0 C, = 45W
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12-3. Continued
At x, = 9 ft,v, = 0.Then, Eq. (4) gives
1 3
EI0) = —¢ W(9) + C509) + ¢4
9C; + C4 = 121.5W (5)

dv dv
Continuity Conditions. At x; = 3 ft and x, = 9 ft, dixl = —chz. Thus, Egs. (1) and
1 2

(3) give
—§W(32) +4.5W = —[—1W(92) +C } Cs = 49.5W
> . > 3 3 .
Substituting the value of C; into Eq. (5),

C, = —324W
Substituting the values of C; and C, into Eq. (4),
= i(—lw P+ 495Wx, — 324W>
V) = El 6 Xy . Xy
At x, = 0,v, = —3.51in. Then,

—324W(1728)
-35 = .
6 3
1.5(10 ){5(18)(2 )}
W =112531b = 1131b Ans.

w W

V()
¥ M) - M)

S~ —’l H
> S . ‘[} =3. 5in x, X
IBH g (4 L )

gft N

(&)
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*12-4. Determine the equations of the elastic curve using P
the x; and x, coordinates. ET is constant.
A

d*v
-

. n o re)

-0 i _ L 1 L \
M,(x) = 0; Eld =0 | 2
X1 X3 |

dVl
B =G M) 1) M) =0
| X t

t

EI vy = Clxl + Cz (2)
My(x) = Px, — P(L — a) J'
. |

d2 Va

El dx22 Px; — P(L - (l) ——:@lﬁmz
L"z |Vz

dV2 P
Eld—x2 = Ex22 —P(L — a)x, + G4 3)
P P(L — a)x}
EIVQZEXZ3_ ( ) ) 2’+C3X2+C4 (4)
Boundary conditions:
dV2
Atx, =0,——=0
de

From Eq. (3), 0 = C3
At Xy = O, V) = 0
0= C4

Continuity condition:

dVl de
Atx; =a,x; = L — a; d—)q:—d—xz
From Egs. (1) and (3),
P(L — a)* P(L — a)’
Clz—{%—P(L—a)z : CIZ%)

Atxy=a,x, =L —a,vi = w

From Egs. (2) and (4),

— )2 — 3 — 3
(P(L a) )a fe - P(L —a)’ P(L — a)

2 6 2

Pa(L —a)*  P(L —a)’

€2 = 2 3
From Eq. (2),
- N, N2 N
Kiairy=r: [3(L — a)*x; — 3a(L — a)” — 2(L — a)’] Ans.
For Eq. (4),
v, = P [x3 — 3(L — a)x3] Ans.
6E1
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¢12-5. Determine the equations of the elastic curve for
the beam using the x; and x, coordinates. E/ is constant. l

Moment Functions. Referring to the FBDs of the beam’s cut segments shown in
Fig. b and c,

C+Mo =0 M(w)+ 3 P(e) =0 M(x) = —5 xq

And
g"rEMO:O; _PXZ_M(JCz):O M()CZ): _PX2
d*
EIW = M(X)
For coordinate x;,
EI d2V1 _ P
dX12 B 2 M
dVl P
El— = ——x*+ 1
dx, il ¢ (1)
P
EI vV = _EX]3 + CIX + Cz (2)
For coordinate x,,
dZVZ
EI 7= —Px,
dX2
de P 2
_c — +
EI dx2 B X2 C3 (3)
P
El V) = _g x23 + C3X2 + C4 (4)

At x; = 0,v; = 0.Then, Eq (2) gives

EI(0) = —% 0) + C1(0) + G, G =0

At x; = L,v; = 0.Then, Eq (2) gives

P PL?
EI0) = — LY+ CL+0 €= ST
L .
At x, = = 0.Then Eq (4) gives
b0 -2 (L) + L) v
6 \2 \ 2 ¢
rPL’
GiL +2C, = —— 5
3 = (5)
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¢12-5. Continued

Ld d
Atxy = Landx, = E’T: = —TZ. Thus, Egs. (1) and (3) gives
P, ,  PL? P(L\? }
- +—=—-=l=) +
4(L) 12 { 2(2) <
7PL?
G

Substitute the result of C; into Eq. (5)

_pL
8

Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq (4),

C4:

P

— _ 3 2

v = 12E1( X + L) Ans.
—_ P 3 2 3

v2—24E1(—4x2 + 7%, — 3L°) Ans.
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12-6. Determine the equations of the elastic curve for the
beam using the x; and x3 coordinates. Specify the beam’s
maximum deflection. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve:

d*v

EI— = M(x)
X

d

P
For M(x) = — Xq.

dz'U] P
EI ==
dx? 2 o
dU1 P
El —=——xi+C
dy, 41T M
P 3
EI v = —Exl + C1x1 + CZ
3PL
For M(x3) = Px; — -
d? 3PL
EIS2% = pyy— 222
dX3 2
dv; P 3PL
El— = —x3 — +C
de; 287 2 BT
P 3PL
E]‘U3 = gxg - Txg + C3X3 + C4

Boundary Conditions:
vy = 0at x; = 0. From Eq.[2],C, = 0
vy = Oat x; = L. From Eq. [2].

PL? PL?
= — + = —
0 B CL B

vy = 0 at x3 = L.From Eq. [4].

PL?> 3PL?
0= T — 1 + C3L + C4
7PL?
0=— 12 + C3L + C4

Continuity Condition:

~

(1]

(2]

(3]

(4]

At == L B b Bgs (1] and [3
Xy =Xx3 = ey dy rom Egs. [1] and [3],
_PL*  PL® _PL* 3PL* . o _SPL
4 2 2 2 ’ T 6
PL?
From Eq. [5],C4 = 1
889
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12-6. Continued
The Slope: Substitute the value of C; into Eq. [1],
d'U] P
-t 7 LZ -3 2
dx,  12EI ( )
dv1 P L
7 - L2 _ 2 -
a7 (L7 - 3xf) RV
The Elastic Curve: Substitute the values of C,, C,, C;, and C, into Egs. [2] and [4],
respectively.
P)C] 2 P
v = 1DEI (fxl + L ) Ans.
P() 13 0.0321PL3
Vo = Uy ly-L = (\/§>(_ + Lz) =
Vi 12EI 3 EI
vy = P (203 — 9Lx3 + 10L%; — 3L7) Ans.
12E1
Uc = U3 |x3:% L
P 3.\ 3\ ( ) }
=——12(>L) —9L| L) +10L% L) -3
12E1 { (2 ) (2 )
__rL
- 8EI
Hence,
PL?
Vmax — @ Ans.
P
lﬁ' —— E\.
L 3 s
P F]
T %
@)
Vi)
z:::l J M= - £,
=
P &)
Z
MOKy) = Py - 3
vex)
m :'
3 __t’
| L X
¢ 0z
< (_(J
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12-7. The beam is made of two rods and is subjected to
the concentrated load P. Determine the maximum

<

deflection of the beam if the moments of inertia of the rods B
are [ 45 and I 3¢, and the modulus of elasticity is E. A 1C
|
)
d* ‘
El— = M(x L
dx? ()
Mi(x) = — Px
dzvl
EIBC ) = PX]
1
dv, Px?
Elgp —=—"+C 1
g =5 G M
Px}
EIBC v = 7? + C1x1 + C2 (2)
My(x) = — Px;
P PP P
= X
AB 2 2
dU2 P
Elyjp—— = ——x2+C 3
AB dx, sz 3 (3)
P
EIAB Uy = _5 X2 + C3X2 + C4 (4)

Boundary conditions:

d'UZ
Atx,=L,—=0
de
PIL? PI?
0=——-+Cy C3=—"
2 35 3 2
AtX2—L,U—O
PL? PL? PL3
0=—"—+—"+Cy; Cyj=——

Continuity Conditions:

dv, _ dvy

Atx = x, =152 =
1 *2 ’dxl dX2
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12-7. Continued

From Egs. (1) and (3),

1 [PIZ }7 1 {_PflerPLz}
ELjl 2 2

I 2 2 2

ﬂ{_ﬂJrﬂ%ﬂ
2 2 2

At)C1:X2:l,U1:U2

From Egs. (2) and (4),

3 I 2 2 2

Elgc 6 Lig\ 2 2 2
_ L[ PP PLY PLT

ELygl 6 2 3
¢ _ s PP Ipe PL’ _ PP
2 I 3 Ly 3 3
Therefore,

1 { Px;? {IBC ( PP PLZ) Plz}
v = - A =)+ = |x
Elgc 6 Lig\ 2 2 2

Igc PP Ige PL? Pl3}

Atx; = 0, |x:0 = Umax

v = ! {h’iﬁ_ﬁpﬁ_ﬁ}: P {13—L3—<1ﬁ>l3}

I
__r {(1 - ﬂ)ﬁ - L3} Ans.
3Elp Ipc
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*]12-8. Determine the equations of the elastic curve for
the beam using the x; and x, coordinates. E/ is constant.

Referring to the FBDs of the beam’s cut segments shown in Fig. b and c,

PL PL
Q+EMO:0, M(Xl)‘i'T—le:O M(X]):le_T
And
C+=M, = 0; M(x,) =0
d>
Elﬁ = M(x)

For coordinate x;,

d®v, PL
EI = Px; — —
xi )
dV] P PL
EIT)Q ExlszlerCl
P PL
Elv1=gx13— 4*X12+C1X1+C2
For coordinate x,,
d2V2
El—— =0
dXQ
e ¢
d.X2 B 3

El V) = C3.X2 = C4

dvy .
At x; = 0,—— = 0.Then, Eq.(1) gives
dX1

P PL
EI(0) = 5(02‘) - 7(0) +C, € =0
At x; = 0,v; = 0.Then, Eq(2) gives

P PL
EI(0) = g(03) - T(02) +0+C, G =0

At = o= 2 D2 Bs(1) and (3) g
X=X =, dx,  dn, us, Egs.(1) an gives

P(L\* PL(L PL?

5(5) ‘7(5)—C3 “=%

L
Also,at x; = x, = o= v,. Thus, Egs, (2) and (4) gives

P(LY CPLLY L (LPEY (L), - tE
6 \2 4\2) 8 2 4 4748

Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq (4),

P 3 2
vV = 712E[ (2)61 - 3LX1)
PL?
= —6x, + L
2= gy COR T L)

"

]

RY)

(1

@)

(©)
4)

Ans.

Ans.

Mg

e~
Q=
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¢12-9. Determine the equations of the elastic curve using
the x; and x, coordinates. EI is constant.

d*v A Zo\ B
Elﬁ = M(x) ! O
X]——‘

g

E17=fx12+C1 (1)

Pb
El vy = axﬁ + Cyx; + Gy (2)

Pb
Mzzfxsz(xzfa)

Butbh = L — a.Thus

M—P(l Q)
2 = ra I

d2U2 X2
El—2=Pa(1-2
de L

EI@—P( —x—%)+c 3

dxz_ al x; 2L 3 (3)
39

Elvy, = Pa 7_5 + Cyxy + Cy (4)

Applying the boundary conditions:
v = 0 at X = 0
Therefore,C, = 0,

v2=0atx2= L

O:PaL2

+ GL + Gy ®)
Applying the continuity conditions:

v |x1:a =V |x2:a

Pb a? a
aa3+C1a:Pa(?—a>+C3a+C4 (6)
dvi | _dv
dxl xX1=a de X,=a
P—b2+C—P(—a—2)+C (7)
Y Y5 3
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¢12-9. Continued

Solving Egs. (5), (6) and (7) simultaneously yields,

Pb Pa

_ 2 2. _ 2 2
q——aﬂL—b) Q——aﬂﬂ‘+a)
Pa?
G-
Thus,
Pb Pb
Elvy = 3} = o (L2 = P)x
or
_ Pb 3 2 2
vy = ﬁ(xl — (L - b )xl) Ans.
and
2 3 3
X7 X3 Pa P 5 Pa
= =)= + + —
Elv, Pa(2 6L) 6L(2L a®)x, .
v, = “lpﬁL—x;—QH+aﬂ@+fq Ans.
6EIL
P
s - P
- -
|"_ a L
oL _Pa_
T L
V'|

Eb
L
?
-
1) Me
- LYY 'V,
gl._
L
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12-10. Determine the maximum slope and maximum M,
deflection of the simply supported beam which is subjected N “
. Ale B
to the couple moment M. EI is constant. ) \ ®
| |
Support Reactions and Elastic Curve: As shown on FBD(a). ! L \
Moment Function: As shown on FBD(b). “
Slope and Elastic Curve: ( ——
e =
d*v -’;_'1 - K |
El—— = M(x) @ g
dx "
Mix)sitx [ | e
2
EILZ = %x m] i
dx L ) &
dv M, ,
= =-02.4C 1
dx 2L T ! 1
M,
Elv:ax + Cix + G [2]
Boundary Conditions:
v = 0at x = 0. From Eq. [2].
0=0+0+ Cz C2 =0
v = 0atx = L.From Eq. [2].
My, . ML
O:a(L)-i-Cl(L) G =

The Slope: Substitute the value of C, into Eq. [1],

dv M,

=7 3 2 LZ
dx _ 6LEI (3 )
dv M, V3
—=0= 3x% — L? =—1L
dx 6LEI (3x ) T3

d'U M()L
0 = — P

d.X x=0 6El

dU MQL

0. =60,="2| = Ans.
max =94 = o, T 3EI s

The Elastic Curve: Substituting the values of C, and C, into Eq. [2],

VT GLEI

(x3 - sz)

Upax OCCUTS At X = KN L,

VM L?

Umax = Togpp 1S

The negative sign indicates downward displacement.
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12-11. Determine the equations of the elastic curve for the

P
beam using the x; and x, coordinates. Specify the beam’s
maximum deflection. E7 is constant.
Referring to the FBDs of the beam’s cut segments shown in Fig. b and c, A .74
B
2 2P — X ‘ ‘ ‘
Q-i—EMO:O, M(Xl) _EPXI =0 M(xl):7x1 a ‘ ‘ 2a ‘
And 2 |
1 P
C+=M, = 0; 5P(3a — X)) — M(x)) =0 M(x,) = Pa — 30 P
d*
El ﬁ = M(x)
For coordinate x;,
d2U1 2P
El—F =—x
dx? 37!
d‘Ul P
El—=—-x*+C 1
dx, 3 X1 1 1)
L
EI v = E}Cl = C1X1 + Cz (2)
For coordinate x,, < V(.X_l)
d2U2
El = Pa — —
x22 a 3 X2 Z
d'Uz P b
Eld—xz—Paxz—gxzz-l-Q 3) C )
_Pa _,_P
EI vy = B X7 18

At x; = 0,v; = 0.Then, Eq (2) gives

0P+ Caxy + C ) MOK@ \/(x,,)

EI(0) = §(03) + G0 +C  C=0 3a-X,,
At x, = 3a,v, = 0.Then Eq (4) gives L

EI(0) = %(3@2 - %(361)3 + C5(3a) + Cy

C5(3a) + C, = —3Pd° 5)
dv1 dvz .
Atx; = x, = a,del = dxz'ThuS’ Eq. (1) and (3) gives

P P
gaz + C, = Pa(a) — gaz + G

Pa?
C -G = BN (6)
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12-11. Continued
Also, At x; = x, = a,v; = v,.Thus, Egs, (2) and (4) gives.

P P P
6113 + Cia = 70(112) ——ad*+ Ca+ G4

18
Pa’
Ca—GC,—C = 3 (7)
Solving Egs. (5), (6) and (7),
Pa’ 19 Pa® 5Pa*
G % 67T 9
Substitute the values of C, into Eq. (1) and C; into Eq. (3),
d'Ul _ b 2
dx,  9EI (3x:7 = s5a)
d'Ul P 2 2 5 .
_— = = — — = - >
dx, 0 SEI <3x1 Sa ) X; =, l3 a > a (Not Valid)
And
dU2 P
< —-— (1 _ 2 _ 1 2
dx,  18EI ( 8ax, — 3x, 9a )
d'l)2 2 2
o 0= or7 (18ax, — 3x,% — 194%)
X, = 4.633a > 3a (Not Valid) X, = 1.367a
Substitute the values of C; and C, into Eq. (2) and C; and C, into Eq.(4),
P 3 2
v = 9@ (.Xl — Sa Xl) Ans.
(3 2 _ 2 3
vy, = 18E1 ( X° + 9ax, 19a°x, + 3a ) Ans.
V nax Occurs at x, = 1.367a. Thus.
0.484 Pa® _ 0.484 Pa’
= ? - a4 l Ans.

Ymax = EI EI
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*]12-12. Determine the equations of the elastic curve for P P
the beam using the x; and x, coordinates. Specify the slope at ‘
A and the maximum displacement of the shaft. E7 is constant.

a

A | B
Referring to the FBDs of the beam’s cut segments shown in Fig. b and c, ‘ o
C+3My=0; M(x) — Px;=0  M(x;) = Px; T
X2
And L \
C+3IMy=0;, M(x;) —Pa=0  M(x,) = Pa
d*
El E = M(x)
For coordinate x;,
d2U1
El — = Px;
dx1
dUl P
El—="x"+C 1
dx, 2 X1 1 1)
L
EI v = gxl + C1x1 + Cz (2)
For coordinate x,,
d2'U2
EI 5 = Pa
dXQ
E12 ~ pay, + C 3)
dx, = raxp 3
P
EI vy = Tasz + C3X2 + C4 (4)

At x; = 0,v; = 0.Then, Eq. (2) gives

EI(0) = 2(03) +C0)+C, G =0

L dv
Due to symmetry, at x, = > chz = 0.Then, Eq. (3) gives
2

EL(0) = Pa(%) +C; Gy = _P;L
Atx; = x; = a,% = % Thus, Eqs(1) and (3) give
T+ C = Pa@) + (‘PgL)
c, - PTaZ - PgL
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*12-12. Continued

Also, at x; = x, = a,v; = v,.Thus, Eq. (2) and (4) give

P Pda*> PaL Pa PaL
ga3+(7— 2)a27(a2)+(—2)a+(f4
rPa’
C -
6

Substituting the value of C; and C, into Eq. (2) and C; and C, into Eq.(4),

P 3
v = eE [xl + a(3a — 3L)x1] Ans.
_ Pa 2 2
v = (3x,2 = 3Lx, + ) Ans.

L
Due to symmetry, v, occurs at x, = 5 Thus

Pa

_ _ba 2 2\ _ 2 2
Umax — @ (4Ll - 3L ) = ﬁ<3L — 4a ) l Ans.
Substitute the value C, into Eq (1),
dUl P 2 2
TJQ = ﬁ (xl + a° — aL)
At point A, x; = 0.Then
d‘Ul Pa Pa
=— =——((@—-L)=——=(L - Ans.
4= 0, weo  2EL ) =g Lol ns
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12-13. The bar is supported by a roller constraint at B, which P

allows vertical displacement but resists axial load and moment.

If the bar is subjected to the loading shown, determine the l C

slope at A and the deflection at C. EI is constant Al B

d2U1
EIF = Ml = le
X7

l\)‘[\
N~
A=

[ G
dxl B 2 1

_Px%
Elvl—T-i-Clxl-b-Cz

dU2 PL
EI“2 == i ¢
dv, 2 275

PL
Elv, = Tx% + C3xy, + Cy

Boundary conditions:
At X1 = O, v = 0

dUz
Atx, = 0,—2=0
dX2

5o V1 = U, = -

_ L. _L dv __dvy
2 dxl d)C2

) _ PL:%)Z

o
L

N

|~

+ G

——=g,= 2= Ans.

PP (éﬁ)(g) o
Ve = T6EI 8 EI J\2

ve = Ans.

901



12 Solutions 46060 6/11/10 11:52 AM Page 902 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-14. The simply supported shaft has a moment of inertia P
of 21 for region BC and a moment of inertia / for regions
AB and CD. Determine the maximum deflection of the A B C D
beam due to the load P. H

M, (x) = Lx L ‘ L ‘ L ‘ L

! 271 4 \ 4 \ 4 \ 4
P
My(x) = 5 x

Elastic curve and slope:

d?v
Elﬁ = M(x)
dzvl P
El =—x
dX12 2 !
dv, Px}
El—=—"+C 1
dx1 4 1 ( )
Px3
EIV] = — + Cl.X'] + C2 (2)
12
d2V2 P
2E1 = —
A2 272
e _ P 3
dX1 a 4 3 ( )
Px3
2E1V2 = 712 + C3X2 + C4 (4)

Boundary Conditions:
vV = 0 at X1 = 0

From Eq. (2),C, = 0

de L
dy, 3075
From Eq. (3),
PL?
=—+
0 16 G
PL?
C, = —
16
Continuity conditions:
dn _dv, oo _L
dxl_dxza R 4
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12-14. Continued

From Egs. (1) and (3),

64 17128

pL? . _PL 1(PL2)
2

16
_ =5prL?
Y128
L
Vi = vy at xy =x2=z

From Egs. (2) and (4)

PL*  5PL? (5) _rr 1 <PL2)(L) Ll
768 128 \4) 1536 2\ 16 J\4/) 27

-PL?
384

C4:

— P 3 2 3
vy = ooy (3203 - 247 0, - )

-3rPL*  3PL’
= = Ans.
et 256EI  256EI

Vmax = V2
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12-15. Determine the equations of the elastic curve for the P
shaft using the x, and x, coordinates. Specify the slope at A
and the deflection at the center of the shaft. E7 is constant.

!

N
1
]w
le—nx

Support Reactions and Elastic Curve: As shown on FBD(a). | le T o
Moment Function: As shown on FBD(b) and (c). F X3
!

Slope and Elastic Curve:

d*v
Elﬁ = M(x)

For M(x{) = —Pxy,

dz'U]
= _PX]

EI =
dx?

dU1 P
El —=—-——-xi+C 1
dx, 2x1 1 (1]

P
Elv, = < X} + Cixy + G, [2]
For M(x;) = —Pa,

d2U3
EI—— = —Pa
dX3

dv3
Eldix?’ = _PQX3 + C3 [3]

P
El vy = —7” 2+ Cyx; + G [4]
Boundary Conditions:
vy = 0 at x; = a. From Eq.[2],
3

o=—1%"+c1a+c2 [5]

dU3 b
Due to symmetry, Te Oatx; = > From Eq. [3]
3

b Pab
0= —Pa(g) + G C="

v; = 0at x3 = 0 From Eq.[4]. C, = 0
Continuity Condition:

Atx, = aandxs = 0.9 — D% o Fas [1] and 3]
x; = aand x5 = e, dy rom Egs. [1] an ,

Pa? Pab Pa
- 4 = =7 +
, th=— G=7 (a +b)
Pa?
From Eq. [5] C, = e (2a + 3b)
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12-15. Continued

The Slope: Either Eq. [1] or [3] can be used. Substitute the value of C, into Eq. [1],

dvl P 2
TXI = E[—xl + a(a + b)]
d'U] P 2 Pab
= =——|-a®+a@+b)| =1 Ans.
04~ axy |la ~ 2EI @ +ata +b)] = 5 ns

The Elastic Curve: Substitute the values of C;, C,, C5, and C, into Egs. [2] and [4],

respectively,
v = . [—x% + 3a(a + b)x; — a*(2b + 3b)] Ans.
6E1
Pax®
= (—xs + .
v = Spr (=x3 + b) Ans

ve = V3|t

Ans.

P P
ll - et T 4
]{_,r ¥ .‘.““
I
a ) b P a
@)

£ Vi)
El) Mex,) = =P,

X S)

P
% IMX,)=Fa
a X
P 3
(<)
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*12-16. The fence board weaves between the three smooth
fixed posts. If the posts remain along the same line, determine
the maximum bending stress in the board. The board has a
width of 6 in. and a thickness of 0.5 in. £ = 1.60(10°) ksi.
Assume the displacement of each end of the board relative
to its center is 3 in.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b).

Slope and Elastic Curve:

d*v
Elw = M(X)
dv P
El— =—
dx? 27
dv P ,
- = +
EI dx 4 X C] [1]
L
Elv:Ex + Cix + G [2]
.. dv L
Boundary Conditions: Due to symmetry, P Oatx = 5
X
Also,v = 0atx = 0.
P (LY PL?
. === + =——
From Eq. [1] 0 7 (2) C ¢ 16
FromEq.[2]0=0+ 0+ G, G =0

The Elastic Curve: Substitute the values of C, and C, into Eq. [2],

_ Px
48E1

(4x? - 31?) (1]

v

Require at x = 48 in.,v = —3 in. From Eq.[1],

L P(48) 2 3062
’ 48(1.60)(10°)(35) (6)(0.5%) [4(48°) - 3(567)
P =16281b

Maximum Bending Stress: From the moment diagram, the maximum moment is
M,.x = 390.625 1b - in. Applying the flexure formula,

_ Mc _ 390.625(0.25)

Omax = = 1562.5 psi = 1.56 ksi Ans.
max I ﬁ(6)(053)
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*12-17. Determine the equations of the elastic curve for M,
the shaft using the x; and x, coordinates. Specify the slope A B C
. . { | | |
at A and the deflection at C. EI is constant. j ‘ ‘
Referring to the FBDs of the shaft’s cut segments shown in Fig. b and c, ’»xl 7 ‘ %
L
Mo o L 2
C+EMo=0;  M(x) -~ =0 Mx)=""x

And

C+EIMp=0; Mo— M(x) =0  M(xy) = Mo

d*
EI W = M(x)
For coordinate x;,
d vV MO
EI =—Xx
dx12 L !
dUl MO
El—=—_—"x"+ 1
dv, 2LV G 1)
M
El v = 6723613 + C1x1 + C2 (2)
For coordinate x,,
d2U2
EI 7 = Mo
de
dU2
EI dx2 = M0x2 + C3 (3)
M
E] vy = TOXZZ + C3X2 + C4 (4)

At x; = 0,v; = 0.Then, Eq. (2) gives

_MO 3
EI (0) —6—L(0)+ C1(0) + G,

A
I
o

At x; = L,v; = 0.Then, Eq. (2) gives

~ML
C,=——
! 6

L
Also, at x, = Pk 0.Then Eq. (4) gives.

b0 =" (1 1 o, (5) v

MyL?

C3L+2C4:_ 4

®)
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¢12-17. Continued

Atz = Landx, = 290 = 9% s Bq. (1) and (3) g
xy = Land x, = 2de, © dyy en, Eq. (1) and (3) give
Mo 5 MoL L SMpL
L () =g = Mel3) + &) G=
Substitute the result of C; into Eq. (5),
_IML?
Y24
Substitute the value of C, into Eq. (1),
dUl MO 2
7 _ LZ
dx, 6LEI (351 )
At A, x; = 0.Thus
d‘Ul MO MoL
Oy =—— == Ans.
AT dx, oo GEI  G6EI ns
Substitute the values of C; and C, into Eq (2) and C; and C, into Eq. (4),
Mo 3 2
v, = GEIL (x1 - L xl) Ans.
Mo 2 2
v, = AE] (12x2 — 20 Lx, + 7L ) Ans.
At C, x, = 0.Thus
TML? ! A
ve=v =——— ns.
©7 |0 24EI

- /) )Mcx,) MCX:(): V) M,
. z 'V(JC,) | X2 I

@) HEQ‘ )
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12-18. Determine the equation of the elastic curve for the M, M,

beam using the x coordinate. Specify the slope at A and the

maximum deflection. EI is constant. H
9

A’fx% ‘B

\ L |

Referring to the FBD of the beam’s cut segment shown in Fig. b,

2My 2My
g"rEMO:O; M(x)+Tx—M0=O M(.X'):MO_ I X
d*v
Elﬁ = M(x)
d*v 2Mo
El" 5= Mo = =%
dv Mo
EIE:MOx—sz-i-Cl (1)
Moy Mo
Elv:7x2—37x3+C1x+C2 2)
At x = 0,v = 0.Then Eq (2) gives
Mo, , Mo,
EI0) = =2 (0°) = 37 () + GO + & G =0

Also,at x = L,v = 0.Then Eq (2) gives

Mo, Mo 4 MoL
EI0) = 57 (22) = 37 (L) + QL+ 0 €= =
Substitute the value of C, into Eq (1),
dl) MO
= 6Lx — 6x* — L*
dx = 6Err (OLx ~ 6x )
dl) _ _ MO P )
o= 0= o (6Lx - 627 - 1?)
x =02113 L and 0.7887 L
At A, x = 0.Thus
6, = — oL A
A= T6E] ns.
Substitute the values of C,; and C, into Eq (2)
Moy
= Lx* —2x° — L? Ans,
USRI (3 X X x) ns
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12-18. Continued

Viayx OCCUrs at x = 021132 L or 0.7887 L. Thus,

M,
Umax = EIOL {3L(0.2113L)2 —2(02113L)° — L2(0.2113L)}
~0.0160 MpL?  0.0160 MyL? . A
- El  EI s
and
Mo
= 3L(0.7887L)* — 2(0.7887L)*> — L*(0.7887L }
Umax = eprr { ( ) ( ) ( )
0.0160 MyL?
- Ans.
EI
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12-19. Determine the deflection at the center of the beam M, M,
and the slope at B. EI is constant. (

A ’7x‘—‘ ‘B
| L \
Referring to FBD of the beam’s cut segment shown in Fig. b, CM.
_—
CHAM, = 0. M)+ Moy My=0 M) =M, - e e
=05 X X = = x) = - X . z
o L o o L J%‘ ) L:e.
d2
EIC2 = M(x) Mol Yy
dx v ®
d?v 2M, e g
El— =M, —~
x2 ‘ L
dv M,
EIE:MOX*T)C2+C1 (1)
M, , M, 5
Elv=7x fix'+Clx+C2 (2)

At x = 0,v = 0.Then Eq. (2) gives

M, M,
EI(0) = 7(02) ~ar () +a@+c =0

Also,at x = L,v = 0.Then Eq. (2) gives

M, M, , . M,L
EILO) = (1) -3/ (D) +aL+0 G ===
Substitute the value of C, into Eq. (1),
dv M,
= _ 7o Lx — 2 L2
dx = GEIL \6Lx ~ 6x )
At B, x = L.Thus
dv M,L M,L
_&r - _ = Ans.
O = ux | .., =~ “6EI ~ 6EI s
Substitute the values of C, and C, into Eq. (2),
M
_ "o 2 3 2
v—m@Lx - 2x fo>
L
At the center of the beam, x = X Thus
V=t =0 Ans.
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*12-20. Determine the equations of the elastic curve 8 kip
using the x; and x, coordinates, and specify the slope at A
and the deflection at C. EI is constant.
L 20 kip-ft
Xy —

20 ft 101t

Referring to the FBDs of the beam’s cut segments shown in Fig. b, and c,

C+EM,=0; M(x)) +5x,=0  M(x;) = (—5x;) kip - ft

And
C+=M, = 0; —M(x;) — 8x, —20 =0 M(x,) = (—8x, — 20) kip - ft
d?v
Elﬁ = M(X)
For coordinate x;,
d2V1 .
Eldix% = (—le) klp‘ft
dVl 5 .
Eld—x1 = (—5 Xt + cl) kip - ft? (1)
5 3 : 3
EI vV = _g Xq + Clxl + C2 klp‘ft (2)
For coordinate x,,
d2
EIS2 — (—8x, — 20) kip- ft
dXQ
dv, 2 2
EL o= (—4x,2 = 20x, + C3) kip- ft 3)
4 3 2 : 3
EI V) = 75 X" — 1OX2 + C3.X2 + C4 klp'ft (4)

At x; = 0,v; = 0.Then, Eq (2) gives
S (p
EI(0) = ‘g(o )+ GO +C  C=0
Also, at x; = 20 ft,v; = 0.Then, Eq (2) gives
5
EI0) = —¢ (20°) + €, (20) + 0 €, = 333.33kip- 1t

Also, at x, = 10 ft,v, = 0.Then, Eq. (4) gives

EI(0)

—g(lo»’) - 10(10?) + C5(10) + C,

10C; + C, = 2333.33 5)
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*12-20. Continued

dVl de .
At x; = 20ftand x, = 10 ft,— = ———Then Eq. (1) and (3) gives
dxy dx,

5 2 2
= (20°) +333.33 = =[-4(10%) - 20(10) + ;]
C; = 1266.67 kip - ft?
Substitute the value of C; into Eq (5),

C, = —10333.33 kip - ft
Substitute the value of C, into Eq. (1),
dV] 1 5 2 )
— = —| —=x;2 + 333.33 | kip - ft?
dx, EI ( 2 P
At A, x; = 0.Thus,

v
dxl

_ 333kip-ft’

0 =
4 £=0 El

04 Ans.

Substitute the values of C, and C, into Eq. (2) and C; and C, into Eq (4),

vy = % (—% x>+ 333 x1> kip-ft3 Ans.
v, = % (—% X0 — 10x,% + 1267x, — 10333)kip-ft3 Ans.
At C, x, = 0.Thus
10333 kip-ft* 10333 kip - ft?
Ve = V2 |x=0 = Elp = Elp ! Ans.
8 Kip
20 Icip- t
& kip
M@,) MO% V) %
x‘ VOC,) -xb
5kip 20 Kip-ft
b) )
913
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¢12-21. Determine the elastic curve in terms of the and w
coordinates and the deflection of end C of the overhang l l
beam. EI is constant. - )
Aoy é C
Support Reactions and Elastic Curve. As shown in Fig. a. i
Moment Functions. Referring to the free-body diagrams of the beam’s cut 1
segments, Fig. b, M(x;) is X2
L
L L L 5
C+SMp = 0; M(x;) + W?xl -0 M(x;) = —% X 2
and M(x,) is
X
C+=M, = 0; —M(x,) — wx2(32> =0 M(x,) = —% X2
Equations of Slope and Elastic Curve.
d*
EI = M(x
dx? )
For coordinate x;,
d*v, wL
EI = —
dx,? g M
dV] wl
El—=—""x*+C 1
dy, 16 ! ! @
L
EIVl = _%X13 + C1x1 + C2 (2)
For coordinate x,,
d2V2 w
EI = ——x’
dX22 2 2
dV2 w
El—=——x°+
dx, PRI 3)
W o4
EIV2 = _ﬁ Xy + C3X2 + C4 (4)
Boundary Conditions. At x; = 0,v; = 0.Then, Eq. (2) gives
EI(0) = —W—L(03) +Cy0) + C C, =0
48 ! 2 2
At x; = L,v; = 0.Then, Eq. (2) gives
wL/ 4 _ wL?
EI(O):*E(L)+C1L+O Cl—ﬂ
L .
At x, = = 0.Then, Eq. (4) gives
r10) = -2 (B s o E) 4 ¢
To24\2 \ 2 N
L wL*
ZC.+C, = 22 5
PR T ®)
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¢12-21. Continued

Continuity Conditions. At x; = L Land v, = 2. 90 = —%2 1pu¢ Fas. (1) and
ontinuity Conditions. At x; = and x; = =, A, du us, Egs. (1) an
(3) give
wL, wlL3 W(L)3 wl?
— —=—— =) +C Cy=—+
16( ) 48 6\2 3 T 16

Substituting the value of C; into Eq. (5),

_1wL?
384

Substituting the values of C; and C, into Eq. (4),

C4=

- w
27 384E1

At C, x, = 0.Thus,

(—16x,* + 24L3x, — 11L%)

_ lwL*  11wlL?
=0 384E1  384EI

W(5)

Ve =V, Ans.

Vi)
M) ME) T

)

X, Vix,) X

b)
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12-22. Determine the elastic curve for the cantilevered 3 kip/ft
beam using the x coordinate. Specify the maximum slope and
maximum deflection. E = 29(10°) ksi.
) o A
Referring to the FBD of the beam’s cut segment shown in Fig. b, . ‘ B
C+EM, =0; M(x)+81+5(3x)(®)(3) —135x =0 9 ft |
M(x) = (13.5x — 0.05556x> — 81 kip - ft. .
() = ) ip 3okjp
d>
El— = M(x
dx? )
d>

El 5= (13.5x — 0.05556x> — 81) kip - ft

EI% = (6.75x2 —0.01389x* — 81x + cl) kip - ft? 1) (@)
EI'v = (225x% — 0.002778x% — 40.5x> + Cyx + C,) kip- £ (2) ZL & —jx*
dv . L
Atx = O’E = (0.Then, Eq (1) gives 15,5/5’-,, B 7--‘1f W=z X
= x

EI(0) = 6.75(0%) — 0.01388(0*) — 81(0) + ¢; ¢, =0 ( 1 7M ?
Also, at x = 0,v = 0.Then Eq. (2) gives 8lkipdt < Voo

EI(0) = 2.25(0%) — 0.002778(0%) — 40.5(0%) + 0+ C; €, =0 (b)

Substitute the value of C, into Eq (1) gives.

v _ 1 2 _ 4 .
o= 57 (67527 = 0.01389x* — 81x) kip-ft
The Maximum Slope occurs at x = 9 ft. Thus,

v 273.375 kip - ft*
" dx | o EI

273.375 kip - ft
TR

For W14 x 30,1 = 291 in*. Thus
6 = 273.375 (122) = 0.00466 rad Ans.

Substitute the values of C, and C, into Eq (2),

_ 1 3 5 2\ 1. 3
v = 27 (22507 = 0.002778x° — 40.5x°) kip - ft
The maximum deflection occurs at x = 9 ft, Thus,

1804.275 kip - ft®
Vmax = V’x:9ft = _T

~ 1804.275 kip - ft’ l
- EI

1804275 (12°)
~29.0(10°) (291)

=0.3691in | Ans.
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d*
Elﬁ = M(x)
prdy_m (L2x — »%)

dx* 6L

dv  wy [L*x* x4)
El—=—|—7--F]+

dx 6L ( 2 4 G

wo [ L*x3 xs)

Elv=— - —|+Cx+C

V6L ( 6 20 DR
Boundary conditions:
Atx =0,v = 0.

From Eq. (2),C, = 0

Atx=Lv=0
From Eq. (2),
) LS LS)
0=—\——=--)+CiL; C, =
6L < 6 20 e !
The slope:
From Eq.(1),
i w (£t 70
dx 6EIL\ 2 4 60
0 _ @ _ W0L3
X dx | 45EI

Twol?
360

12-23. The beam is subjected to the linearly varying
distributed load. Determine the maximum slope of the
beam. EI is constant.

Wo

L
= »

1

(@)

Ans.
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*12-24. The beam is subjected to the linearly varying wo
distributed load. Determine the maximum deflection of the
beam. EI is constant.

B =)
-

x——‘ ‘

dx*> 6L
dv wy [ L*x? x4)
El—=— - — )+
dx 6L ( 2 4 G )
wo 123 x° )
Elv=—|——-—)+ +
v 6L ( 6 20 Clx C2 (2)

Boundary conditions:
v=_0atx =0.
From Eq. (2),C, = 0

v=0atx = L.

From Eq. (2),
wo (L2 LS) TwoL?
0=—(=——-=)+CL C =-—
6L<6 20 = ! 360
b m (L)
dx 6EIL\ 2 4 60
Do (L2 s T
dx 2 4 60

15x* = 30L%x* + 7L = 0;  x = 0.5193L

_ WoX
YT 360EIL
Substitute x = 0.5193L into v,

(1022 — 3x* — 7L%)

~0.00652w,L*

Umax = £l Ans.
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*12-25. Determine the equation of the elastic curve 12 kN/m
for the simply supported beam using the x coordinate.

Determine the slope at A and the maximum deflection. ET M m
is constant.
A /"\ | B
=0
R

| 6 m 6 m 1

Referring to the FBD of the beam’s cut segment shown in Fig. b,

C+IM,=0; M(x) + %(2x)(x)(§) —36x=0 M(x)= (36x - %x3)kN-m

d*
Elﬁ:M(x)
d? 1
El—‘;=<36x—fx3)kN-m
dx 3
dv 1
EI— = (18x> — —x* + )kN- 2 1
dx (Sx 1Zx C, m (1)
3 1 5 3
Elv = 6x‘f%x‘+C1x+C2 KN -m" 2)

d
Due to the Symmetry, d%}c = 0 at x = 6 m.Then, Eq (1) gives

1
— 2 4 — 2
EI(0) = 18(6) = [ (6') + €1 €1 = —540kN-m
Also,at x = 0,v = 0.Then, Eq (2) gives

1
60
Substitute the value of C, into Eq. (1),

EI0) = 6(0°) = —(0°) + C(0) + C; G, =0

v _ 1 (oo 1, ) >
dx _ El (18x 12)( 540 | kN +m

At A, x = 0.Then

g — @ _ S540kN-m? _ 540kN-m? An
T El El >
Substitute the values of C; and C, into Eq (2)
v = L (6x3 - ix5 - 540x) kN -m? Ans.
EI 60
Due to Symmetry, v, occurs at mind span x = 6 m. Thus,
_ 1 3 L (s
Viax = 7 {6(6 ) =55 (6) - 540(6)}
2073.6 kN-m’ 2074 kN-m’
= L o l Ans.

El El
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12-26. Determine the equations of the elastic curve using w
the coordinates x; and x,, and specify the slope and deflection l l l l l l c
at B. El is constant. A |

I ‘

a \

Xy |

d*v
Elﬁ = M(x)

wa2

For M(x) = —% X7+ wax, — -

d*v, w wa?
El—5 = —x7 + wax; — ——
dx? 2! )

dv; w wa wa’®
EITM:—gx%—F?x%_Txl‘FCl (1)

2
Elv, = —%x‘l‘ + %x% — %x% + Cix; + G 2)

For My(x) = 0; EI

dUZ
El— =
dx G (3)

EI vy = C3x2 + C4 (4)

Boundary conditions:

From Eq. (1),C, =0
Atx; =0.v; =0
From Eq. (2):C, = 0
Continuity conditions:

dv _ dv

At x; = a, X, = a; =
’ dxl de

From Egs. (1) and (3),

_wad  wa’ _wa o wd
6 2 2 3 3

From Egs. (2) and (4),
Atx;=a, x,=a v =0

wa4 wa4 wa4 wa4 wa4

24 Te Ta T T T Gy
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12-26. Continued

The slope, from Eq. (3).

dv, wa’
o, = T2 _ _wa Ans.
B~ d4x,  6EI ns
The elastic curve:
v = (—x‘l‘ + 4axi — 6a° x%) Ans.
24E1
3
wa
= — + .
1%) 24EI( 4x, ﬂ) Ans
wa’ < 4L + a) Ans
vg =v = — .
B oL 24EI
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12-27. Wooden posts used for a retaining wall have a
diameter of 3 in. If the soil pressure along a post varies
uniformly from zero at the top A to a maximum of 300 Ib/ft
at the bottom B, determine the slope and displacement at
the top of the post. E,, = 1.6(10%) ksi.

Moment Function: As shown on FBD.

Slope and Elastic Curve:

- 300 Ib/ft

d*

El~— =M
dy? )

d2
EIC5 = —8333)°
dy

dv
El— = —2.0833y* + C 1
dy y 1 [1]

Elv=—04167y° + C;y + C, 2]

v _

Oaty = 6ftandv=0aty = 6ft
dy

Boundary Conditions:

From Eq.[1],0 = —2.0833(6*) + ¢, €, = 2700

From Eq. [2],0 = —0.4167(6%) + 2700(6) + C; ~ C, = —12960

The Slope: Substituting the value of C; into Eq. [1],

dv 1
— =12 Y42 Ib - ft?
4 El{( 0833y 700)} b-ft
g — v ~27001b - ft?
R EI

_2700(144)

1.6(10°)(%)(1.5%)
= 0.0611 rad Ans.

The Elastic Curve: Substituting the values of C; C, into Eq. [2],
1 5 3
v =2 {(-04167y° + 2700y — 12960)} Ib- ft

12960 Ib - ft?
va = theo = T

12960(1728)
1.6(10°)(%)(1.5%)

= —3.521n. Ans.

The negative sign indicates leftward displacement.
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*12-28. Determine the slope at end B and the maximum
deflection of the cantilevered triangular plate of constant

2
thickness ¢. The plate is made of material having a modulus %/
of elasticity E. ‘

Section Properties. Referring to the geometry shown in Fig. a,

bx) _ b _b
X L blx) =«

b

Thus, the moment of the plate as a function of x is

3
I(x) = 11—2 (b)) = %x

Moment Functions. Referring to the free-body diagram of the plate’s cut
segments, Fig. b,

+3M, = 0; -M(x) — w(x)(%) =0 M(x) = —2 2 L- A)I

2

Equations of Slope and Elastic Curve.

d>v  M(x) |
dx>  I(x)
bl b

v
v 2" 6wL !
dx* b bt?

1L” ¢ 5
dv 3wL \?C‘
dx - b 3 x° + Cl (1)

Ev:—%x3+Cx+C (2) Ca)
bt3 1 2

d
Boundary Conditions. At x = L,dfv = 0.Then Eq. (1) gives
x
3wL

E0) =5 (L) + ¢ C = 3wl MOC) IR, S—

be®
Atx = L,v = 0.Then Eq. (2) gives <

L 2wL ¢ >
E(0) = —%(ﬁ) + C(L) + G C, = - 2[3 y x
x
Substituting the value of C, into Eq. (1), ) (_b
Q_SWL(_ZJ’_LZ) )
dx  EbC '
At B, x = 0.Thus,
. — & _ 3wlL?
B dx =y EbP
Substituting the values of C; and C, into Eq. (2),
L
v =2 (=x>+ 302 - 217)
Ebt
Vmax Occurs at x = 0. Thus,
2wL'  2wlL!
Vmax = V‘x:() == Ebi = Ebi \L Ans.
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*12-29. The beam is made of a material having a specific
weight y. Determine the displacement and slope at its end

A due to its weight. The modulus of elasticity for the AL

material is E.

Section Properties: ?
h

h(x) = %x V(x) = %(% x)(x)(b) = %xz

1 R\ bR,
I(x) = E(b)<zx) =0 X

Moment Function: As shown on FBD.

Slope and Elastic Curve:

& _ M)
dx*  I(x)
Edzv _ Y
dx? lb?fisxs H
dv 2yL?
E = — h2 X + C] [1]
yL?
Ev=—7x2+C1x+C2 2]

d
Boundary Conditions: =" = 0at x = Landv = Oatx = L.

dx
2yL? 2yL3
From Eq. [1],0 = — e (L) + ¢ C = s
vL? ) 2yL3 vyL*
From Eq.[2],0 = — 5 (L) + S C G=—

The Slope: Substituting the value of C; into Eq. [1],

2

dv 2’)/L
— = -x+ L
dx =g YT
dv 2yL?
04 =— =— Ans.
dx x=0 hE
The Elastic Curve: Substituting the values of C, and C, into Eq. [2],
LZ
v = L(,xz + 2Lx — L2>
WE
yL*
=0 = — 5= Ans.
Vg | 0 2E

The negative sign indicates downward displacement.
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12-30. The beam is made of a material having a specific
weight of y. Determine the displacement and slope at its
end A due to its weight. The modulus of elasticity for the
material is E.

Section Properties:

r m(r \? r?
= Vix)=Z(L _Tr 3
r(x) x (x) 3 (L x) X =272%

4 4

a r mr
I [ =2 4
() 4<Lx) 4t

Moment Function: As shown on FBD.

Slope and Elastic Curve:

&y _ M)
dx*>  I(x)
‘ITI’2
dx? %ﬁx“ 3r?
dv Y 2
— = —x+C
dx 3r? * !
L
Ev= _27XZ+C1X+C2

d
Boundary Conditions: cT; =0atx =Landv =0atx = L.

From Eq.[11.0 = Y% (1) + € o = F
rom Eq.[1,0 = =22 (1) + € -5

yL?*, yL? yL*
FromEq.[2].0 = ——(12) + % L+ ¢, Gy = ——
rom Eq. [2], 6r2( ) <3r2 2 2 6r?

The Slope: Substituting the value of C, into Eq. [1],

2

dv yL

LA X+ L

ax 3 YD
dv yL3

0, = — ==
dx |,—9 3r°E

The Elastic Curve: Substituting the values of C, and C, into Eq. [2],

yL?

— 2 2
v—6r2E(—x +2Lx — L?)
yL*
valeo= ~g7p

The negative sign indicates downward displacement.

4L\/A

o
L
I,_f_4
M- (o 4 #

A=<

-

(1]

(2]

Ans.

Ans.
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12-31. The tapered beam has a rectangular cross section.
Determine the deflection of its free end in terms of the load
P, length L, modulus of elasticity £, and the moment of
inertia / of its fixed end.

Moment function:
M(x) = —Px

Moment of inertia:

Slope and elastic curve:

d*v
EI(x) i M(x)

)/ 2 2
E(—O) v _ _pe. w4 - pp

L) dx? dx?
dv
Ely "= ~PLx + G 1)
— L 5
ElU v = x° + Clx + C2 (2)

Boundary conditions:

dv
—=0,x=1L
dx -
FromEq.(1),0 = —PL?> + C;; C, = PL?
v=0,x=1L
From Eq. (2),
rL’ rPL’

0:*T+PL3+C2; CZZ*T

PL ) )

=—(—x"+Lx—-L
v 2Elo( X X )
pPL’

x =0, Umax = U o = _2E10 Ans.

The negative sign indicates downward displacement.

%

E/\/L

]

=
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*12-32. The beam is made from a plate that has a constant P
thickness ¢ and a width that varies linearly. The plate is cut JL
into strips to form a series of leaves that are stacked to
make a leaf spring consisting of n leaves. Determine the
deflection at its end when loaded. Neglect friction between \_:

the leaves.

Use the triangular plate for the calculation.

M = Px

R (I PAS
1—12<Lx)(t)
dv M Px

dx’ L g(L)(5)xey

d* 12PL
dx*  EbP
dv 12PL
i Eme TG
6PL
= Ebt3xz + Clx + C2
dv
— =0atx =L
dx at x
_ —l12prL?
! Eb?
v=0atx =1L
6PL3
C, =
2 Ebe
When x =0
6PL?
Vmax = 3 Ans.
Ebt
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¢12-33. The tapered beam has a rectangular cross section.

Determine the deflection of its center in terms of the load p
P, length L, modulus of elasticity £, and the moment of /
inertia /. of its center.
c < b\ Vs
= N

Moment of inertia:

w=§x /

L

= (= b (3)- ()

Elastic curve and slope:

Sl

2V
El(x)% = M(x)

ZIC d2V P
E(T)“)ﬁ =5

dv PL
El.— = —x + 1
iy 1 X (& (1)
PL
Elov, = ?xz + Cx + G, (2)

Boundary condition:

Due to symmetry:

Q =0 at X = £
dx 2
From Eq. (1),
PL?
0=—+2C
3 1
PL?
Cl=——
8
v=0atx =0
C2 = 0
PLx
= - L
se <D
PL?
_ Ans.
eVl LT T REL ns

The negative sign indicates downward displacement.
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12-34. The leaf spring assembly is designed so that it is f
subjected to the same maximum stress throughout its length. nb
If the plates of each leaf have a thickness ¢ and can slide L
freely between each other, show that the spring must be in ” K
b

7 T
AT N\
N
L N

the form of a circular arc in order that the entire spring
becomes flat when a large enough load P is applied. What
is the maximum normal stress in the spring? Consider
the spring to be made by cutting the n strips from the
diamond-shaped plate of thickness ¢ and width b. The modulus
of elasticity for the material is E. Hint: Show that the radius P
of curvature of the spring is constant.

N

=

0|~
D~

Section Properties: Since the plates can slide freely relative to each other, the plates

resist the moment individually. At an arbitrary distance x from the support, the

nx _ 2nx
=7
3 L

numbers, of plates is . Hence,

1 (2nx nbt’

1x) = 5 (T>(b)(t3) = "

Moment Function: As shown on FBD.

Bending Stress: Applying the flexure formula,

M 50G) e

oo = -
max I(x) "6L;3 x  2nb??

Ans.

Moment - Curvature Relationship:

1 M 5 3PL
—= ) = 2 -~ = — 5 = Constant (Q.E.D.)
p EI(x) E(%x) nbt°E
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12-35. The shaft is made of steel and has a diameter of 15 mm

15 mm. Determine its maximum deflection. The bearings at A | B
A and B exert only vertical reactions on the shaft. = i

Ey = 200 GPa.

~—200 mm l 300 mm i 200 mm*J

250 N S8ON

M=—(-20143) <x—-0>-250<x-02>-80<x—05>

M =20143x —250 < x - 02> -80<x — 05>

Elastic curve and slope:

d2
EIT?=M=201.43X*250<X*0.2>*80<xf().5>
X

d
Eld—v =10071x> = 125 < x — 02>2 — 40 < x — 0.5>2 + C,
X

Elv =3357x3 — 4167 < x — 02> - 1333 <x — 05>+ Cix + G, (1)

Boundary conditions:
v=20 at x=0

From Eq. (1)

C,=0

v=20 at x =07m

0 = 11.515 — 5.2083 — 0.1067 + 0.7C,

C, = —8.857

dv 1 2 ) 5
_— = . — < — 02> — < — 05> — 8.
S = g [10071x7 =125 < x = 02> — 40 < x — 05 8.857]

Assume v, occurs at 0.2 m < x < 0.5 m

dv

— 1 2 2
T = 0= 57100716 = 125(x — 0.2)” — 8.857]

T El
24.28x% — 50x + 13.857 = 0

x = 0.3300 m OK.

v 33.57x = 41.67 < x — 02> — 13.33 < x — 0.5> — 8.857x]

:E[

Substitute x = 0.3300 m into the elastic curve:

_ 1.808N-m’ 1.808

Vmax = — = - = —0.00364 = —3.64 mm Ans.
" El 200(10°)7 (0.0075)*

The negative sign indicates downward displacement.

930



12 Solutions 46060 6/11/10 11:52 AM Page 931 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*12-36. The beam is subjected to the loads shown.
Determine the equation of the elastic curve. EI is constant.

4kip

M=—(25<x-0>-2<x—-8>-4<x-16>

M=25x—-2<x—-8>—-4<x—-16 >

Elastic curve and slope:

d*v
Elfd2=M=2.5x—2<x—8>—4<x—16>

X

dv 2 2 2
EI?=1.25x - <x—-8>-2<x-16>"+ (|

X

Elv=0417x> — 0333 <x — 8>3 — 0667 <x —16>*+ Cx + C;, (1)
Boundary conditions:
v=20 at x=0
From Eq. (1),C, = 0
v=20 at x = 24ft
0 = 5760 — 1365.33 — 341.33 + 24C,

C, = —169

1
v =27 (04172 = 0333 < x = 8>7 — 0667 < x — 16> — 169x] kip-ft’ Ans.
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¢12-37. Determine the deflection at each of the pulleys
C, D, and E. The shaft is made of steel and has a diameter
of 30 mm. The bearings at A and B exert only vertical
reactions on the shaft. £, = 200 GPa.

M=—(-180) < x — 0> — 150 < x — 0.25 >

—-60<x—-05>-150<x-075>
M=180x — 150 < x — 025> -60<x — 05> —-150 < x — 0.75 >

Elastic curve and slope:

d2
Eld—VZ:lesox—150<x—o.25>—60<x—0.5>
X

—-150 < x — 0.75 >

d
d—; =90x2 — 75 < x — 025>2 — 30 < x — 0.50>2

El
—75<x—-075>2+ C (1)
EIv =30x> — 25 < x — 025> — 10 < x — 0.50>7
—25<x—075>*+Cix + x, (2)
Boundary conditions:
v=20 at x=0
From Eq. (2)
G =0
v=20 at x=10m
0=30-10.55 - 125 - 039 + C
C; = —17.8125

dv 1

2 2 2
e = pp 190 =75 < x = 02557 30 < x - 05>

—75 < x — 075> — 17.8125] 3)
v :i[30x3—25 <x—025>%-10 < x - 05>
£ : :

—25 < x — 075> — 17.8125x]

—3.984 —3.984
Ve =V = = = —0.000501 m
wo2sm  EL - 200(10°)% (0.015)
= —0.501 mm Ans.
—5.547
Vp =V = ————— = —0.000698 m = —0.698 mm Ans.
x=05m  200(10°)3(0.015)*
—3.984
VE =V = = —0.501 mm Ans. (symmetry check !)
£=075m El

The negative signs indicate downward displacement.
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12-38. The shaft supports the two pulley loads shown. A n| _ B
Determine the equation of the elastic curve. The bearings at A | LI | | ]
and B exert only vertical reactions on the shaft. E7 is constant. J Il

X

'—: 20 in.—i* 20 in.*"% 20 in‘al

401b 60 Ib

M

“10<x—-0>-40<x—20> —(—-110) < x — 40 >

M=-10x —40<x—-20> + 110 < x — 40 >

Elastic curve and slope:

2
E1%=M
x
d*
Elﬁ=—10x—40<x—20>+110<x—40>
X
dv 2 2 2
Eldf=—5x —20<x —20>°+55<x—40>"+ (4
x

Elv = —1.667x° — 6.667 < x — 20> + 1833 < x — 40> + C;x + C, (1)

Boundary conditions:
v=0atx=20

From Eq. (1):

C,=0

v =0 atx = 40in.

0 = —106,666.67 — 53,333.33 + 0 + 40C;.

C; = 4000

1
v= 27 [L676° = 667 < x = 20>7 + 183 < x — 40>" + 4000x]Ib-in®  Ans.
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12-39. Determine the maximum deflection of the simply 30 kN
supported beam. E = 200 GPa and I = 65.0(10%) mm?*,

15 kN

Support Reactions and Elastic Curve. As shown in Fig. a. \

Moment Function. From Fig. a, we obtain
~(=25)(x — 0) = 30(x — 2) = 15(x — 4) - 2m Ym e 2m
25x — 30(x — 2) — 15(x — 4)

M

Equations of Slope and Elastic Curve.

d2
EI®Y =M
dx

d?v
El7 =25x — 30(x — 2) — 15(x — 4)

d
dv 2 2 2

EI =125 = 15(x = 2" = 75(x = 47 + Gy 1)

Elv = 41667x> — 5(x — 2)° = 2.5(x — 4 + Cix + G, )

Boundary Conditions. At x = 0,v = 0.Then, Eq. (2) gives

Il
o

0:0—0_0+C1(0)+C2 C2
At x = 6 m,v = 0.Then Eq. (2) gives

0 = 4.1667(6%) — 5(6 — 2)* — 2.5(6 — 4)> + C1(6) + C,

C; = —93.333kN-m?

Substituting the value of C, into Eq. (1),

Q — i 2 _ _ 2 _ _ 2 _ :|
i E1{12.5x 15(x — 2)2 — 7.5(x — 4)* — 93.333

d
Assuming that LTV = 0 occurs in the region 2 m < x < 4 m. Then
x

dv 1
o YT E

[12.5x2 —15(x — 2)* — 93.333}

12.5x% — 15(x — 2)> — 93333 =0

2.5x%2 — 60x + 153.333 = 0

Solving for the root 2m < x < 4m,

x = 2.9079 ft O.K.
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12-39. Continued

Substituting the values of C; and C, into Eq. (2),

v 4.1667x3 — 5(x — 2)* — 2.5(x — 4)® — 93.3334 Ans.

:E{

d
Vmax Occurs at x = 2.9079 m, where dfv = (. Thus,
X

Vimax = V]x=2.9079

1
i {4.1667(2.90793) ~5(2.9079 — 2)> = 0 — 93.333(2.9079)}
_17260kN-md _ 17269(10°)
El 200(10°)[65.0(107°)]
= —0.01328 m = 13.3 mm | Ans.

30kd 5K

I

25 kN 20 KN
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*12-40. Determine the eqution of the elastic curve, the M, M,
slope at A, and the deflection at B of the simply supported =
beam. E1 is constant. A )S (" 7\ D
B C I R
Support Reactions and Elastic Curve. As shown in Fig. a. L L L 1
3 3 3

Moment Function.

= mpx B wof e 2

L 0 2 0
= M0<x - §> - Mo(x - EL)

Equations of Slope and Elastic Curve.

2
ErY — oy
dx
d*v L\’ ( 2 )U
EI=— =Myl x— =) — Mp[x — =L
dx? O(X 3) A3
dv L 2
EIE = Mo(x - E) - Mo(x - §L>+ Cl (1)
M, L\*> M, 2 \?
E1V7<x—§> _7<X_EL) + Cix + G (2)
.. dv L )
Boundary Conditions. Due to symmetry, o Oatx = X Then Eq. (1) gives
L L MpL
= —_—Z)-0+ = -
EI(0) MO( > 3) 0+ C C; o
At x = 0,v = 0.Then, Eq. (2) gives
EI(0) =0 — 0 + C,(0) + C, G =0
Substituting the value of C, into Eq. (1),
i s o 5) o -31)
===2 ~Z)-6lx-SL) - L
dx  6EI [6 *T3) 70\ T
At A, x = 0.Thus,
dv MO MoL MoL
=— =— —-6(0) - L|=— = Ans.
4= 0l -, 6El[6(0) ©) = L] 6EI  6EI ns

Substituting the values of C, and C, into Eq. (2),

“ar - 3) -3
Vv = EI [3()( 3) 3 x 3’L Lx Ans.

L
AtB,x = 3 Thus,

M,
vp = vt = 6;{[3(0) - 3(0) — L(lg)}

_ _MpL?  MoL?

18E1  18EI Ans.
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*12-41. Determine the equation of the elastic curve and
the maximum deflection of the simply supported beam. ET
is constant.

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function.

cmox - LY wx2)
= M0<x - %)0 - Mo(x - %L)

Equations of Slope and Elastic Curve.

M =

2
EI%ZM

X

d*v L\° < )
Eldxz_MO(x_:))) _MO x—3L

M,

d L
Eld—v = Mo(x - 5) - Mo(x - 7L>+ G 1)
Mo L\? M0< 2 )2
Elv—2(x-=) —=2(x-ZL) + Cx + 2
v (x 3> > \ ¥ 73 Cix + G 2)
.. dv L )
Boundary Conditions. Due to symmetry, o Oatx = X Then Eq. (1) gives
L L MpL
= —_—Z)-0+ = -
EI(0) MO( 5 3) 0+ C C ;
At x = 0,v = 0.Then, Eq. (2) gives
EI0) =0 — 0+ C(0) + C, G =0
Substituting the values of C; and C, into Eq. (2),
|30 5) (- 3e)
=—= -Z) =3(x-3L) - L Ans.
v 6E] [3(x 3) 3( x 3 X ns
L d
Vmax OCCUTS at x = —, where L 0.Then,
2 dx
Mo| (L LY L
Vmax = V|x:% = 6E]|:3(2 - g) -0 - L(Z):|
SMpL*  5MyL?
= ox _~7To0% | Ans.

T2E1 T2E1
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12-42. Determine the equation of the elastic curve, the P P
slope at A, and the maximum deflection of the simply
supported beam. EI is constant.
Support Reactions and Elastic Curve. As shown in Fig. a. _f; i— — =
Moment Function. ‘ I ‘ L ‘ L ‘
\ 3 ! 3 \ 3 \

M=—(—P)(x—0)—P(x—§)—P(x—% )

e #{x ) - a(e-)

Equations of Slope and Elastic Curve.

2
ErY — oy
dx
e~ p —P( —5)—13( —EL)
a0\ T3 N
dvv_ P, P L\? P( 2 )2 @)
- = J— — R J— +
EI 2" 2(x 3) A 3L C 1)
EI —53—5( —5)3—5( 2 )3+C +C ()
Vv 6X 6 X 3 6 X 3 1X 2
o L .
Boundary Conditions. Due to symmetry, i Oatx = X Then Eq. (1) gives
P(LV P(L LY PL?
=——] — |- - — — =+ = —
EI(0) 2(2) 2(2 3> 0+ G G 9

At x = 0,v = 0.Then, Eq. (2) gives
EI0)=0—0—0+ Cy(0) + C, C, =0
Substituting the value of C, into Eq. (1),

dv P ) L\’ ( 2 )2 5
Do Lo —o(x—2) —9(x—2L) —2L
dx  18EI [9" 9<x 3) ¥ 73

At A, x = 0.Thus,

dv P PL*> PL?
=— =——0-0-0-2[%=—T=—"— Ans.
4= 4|, T 18E1 [0-0-0 ] 9EI  9EI ns
SubStituting the values of C; and C, into Eq. (2),
_ P s Ly ( 2 )3 2
v—18E1[3x 3(x 3) 3( x 3’L 2L°x Ans.
L d
Vmax OCcurs at x = —, where i 0.Then,
2 dx
P L\? L LY <L>
w=Veet=——|3=) -3(=-=) —0-213 =
Vo = V- g 18EI|: (2) (2 3) 2
23PL®  23pL°
= Ans.

T T648EI  G48EI
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12-43. Determine the maximum deflection of the 30 KNJ/m 15kN
cantilevered beam. The beam is made of material having an
E =200 GPa and I = 65.0(10°) mm®. W
Support Reactions and Elastic Curve. As shown in Fig. a. A | |
Moment Function. From Fig. b, we obtain ’Pﬁ
M = —(-37.5)(x — 0) — 67.5(x — 0)° — E(x - 0)}
]
20 30 G015 K 15Kk
- (—Z)(x ~ 1.5 - (—7)@ ~ 1.5 i -
375kN s
> ol
_ _ _ 105 100 o _ 18y il i 4
= 37.5x — 675 3 + 3 (x —1.5)° + 15(x — 1.5) === — 4%
Equations of Slope and Elastic Curve. 15k |, “"~..‘ i
/m Zm N
2
ErY —y
dx
(@
d*v 10

10
El" 5 =375x = 615 - SO (19 I5(x — 15)°
X

3 \5KN
60
d 5 5 mns <520 Kim¥
Eld—v = 1875x% = 67.5x — Lx* + o (x = 1.5)' + 5(x = 1.5 + G (1) 3 / LA eoriim
* 375KA ﬂ)ﬂ I
3 , 1.5 1 s, 5 . A
Elv = 6.25x° — 33.75x" — gx* + g(x - 1.5 + Z(x =15+ Cix + G, (2) _ S——
p Grskam 30kA m
" o _ - g
Boundary Conditions. At x = 0, I 0 Then Eq. (1) gives m’éj’a ~ 0 Im
P &
0=0-0-0+0+0+C; C =0 —:eomlm’
/Ir&5m /r5m
At x = 0,v = 0.Then Eq. (2) gives
(b)

0=0-0-04+0+0+0+GC, C, =0
Substituting the values of C, and C, into Eq. (2),

b

VTRl

1 1
{6.25x3 — 33.75x% — ng + g(x - 1.5 + %(x - 1.5)4} Ans.

Vmax Occurs at x = 3 m Thus

Vmax = V|x:3m
1 1 1 5
= E |:625<33) — 3375(32) — g<35) + g(3 _ 15)5 + Z(3 _ 15)4:|
_16791kN-m? _ 167.91(10°)
H 200(109){65.0(10’6)}
= —0.01292m = 129 mm | Ans.
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*12-44. The beam is subjected to the load shown. Determine 50 kN
the equation of the elastic curve. EI is constant. 3kN/m l
Support Reactions and Elastic Curve: As shown on FBD. :
Moment Function: Using discontinuity function, AT 7 !B
— _ _ _ 2 _ 2 X
M=246<x-0>-15<x-0> (15 <x —4> Am 3m | m |
-50<x—-7>
=246x — 15X +15<x—-4>>-50<x—-7>
Slope and Elastic Curve:
2
el —
dx
d*v 2 )
Elﬁ=24.6x71.5x +15<x—-4>-50<x—-7>
X
dv 2 3 3 2
Eld—:lz.Sx—O.Sx +05<x—4>-25<x-T7>+C(C [1]
x
Elv =4.10x" — 0.125x* + 0.125 < x — 4>* - 8333 < x — 7>°
+ Clx + C2 [2]
Boundary Conditions:
v = 0atx = 0.From Eq.[2],C, = 0
v = 0at x = 10 m. From Eq.[2],
0 = 4.10(10%) — 0.125(10*) + 0.125(10 — 4)* — 8.333(10 — 7)* + €, (10)
C, = —278.7
The Elastic Curve: Substituting the values of C, and C, into Eq.[2],
1 3 4 4
v = E{4.10x = 0.125x" + 0125 < x — 4>
- 833 < x—7>%-279x} kN-m* Ans.
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*12-45. The beam is subjected to the load shown. 50 kN
Determine the displacement at x = 7 m and the slope at A. 3 kN/m
El is constant.

Support Reactions and Elastic Curve: As shown on FBD. A /H° B

Moment Function: Using the discontinuity function.

M=246<x-0>-15<x-0>>—(-15) <x—4>2 4m 3m——p— 3m——|
-50<x—-7>

=246x — 152 +15<x-4>2-50<x -7 >

Slope and Elastic Curve:

dZ
EISS =M
dx

d2
Eld—g’:zmx—1.5x2+1.5<x—4>2—50<x—7>
X

El%=12.3x2—0.5x3+0.5<x—4>3—25<x—7>2+C1 (1]
X

Elv=410x> — 0.125x* + 0125 < x — 4>* — 8333 < x — 7>°
+ Cix + G [2]
Boundary Conditions:
v =0atx = 0.From Eq.[2],C;, = 0
v = 0atx = 10 m. From Eq.[2],
0 = 4.10(10%) — 0.125(10%) + 0.125(10 — 4)* — 8.333(10 — 7)> + C, (10)

C, = —278.7
The Slope: Substituting the value of C, into Eq.[1],

dv 1
Ve {12322 = 053 + 05 < x — 4>3—25 < x — 7> — 2787} kKN -m?
dx EI
dv 1 279kN - m?
=8 - 0+0-0-2787) = Ans.
04 = 45| " Epl0-0+0-0-2787 £ ns

The Elastic Curve: Substituting the values of C; and C, into Eq.[2],

v = % {4.10x% — 0.125x* + 0.125 < x — 4>% — 833 < x — 7>°
—2787x} kN-m®

Vlemrm = é {4.10(7%) — 0125(7%) + 0.125(7 — 4)* — 0 — 278.7(7)} kN -m?

835 kN - m’
= *Tm Ans.
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12-46. Determine the maximum deflection of the simply 20kN  15kN/m
supported beam. E = 200 GPa and I = 65.0(10%) mm*,

Support Reactions and Elastic Curve. As shown in Fig. a.

Moment Function. From Fig. b, we obtain

B
—(=22.5)(x — 0) — 20(x — 1.5) — g(x — 32 - (—%)(x — 3)3 L”m*L”m 3m |

M

5
22.5x — 20(x — 1.5) — 7.5(x — 3)> + g(x - 3)}

Equations of Slope and Elastic Curve.

2
EI % =M
X

d*v , 5 5
El—5 =225x — 20(x — 1.5) — 7.5(x — 3)* + —(x — 3)

dx 6

dv 2 2 3 5 4
EI' = 11250 = 10(x = L5 = 25(x = 3)’ + —(x = 3)* + G, (1)

10 1
Elv = 3.75x> — ?(x —1.5)73 — 0.625(x — 3)* + a(x =3P+ Cx + G (2)
Boundary Conditions. At x = 0,v = 0.Then, Eq. (2) gives
0=0-0-0+0+ Ci(0) + C, G, =0
At x = 6 m,v = 0.Then Eq. (2) gives

10

0 =375(6%) - 6= 1.5 — 0.625(6 — 3)* + 21—4(6 —3) + Cy(6) + G,

C, = —77.625kN - m?
Substituting the value of C, into Eq. (1),

dv _ 1 2 2 3,9 4 }
— =1L - = 1.5)2 = 2.5(x = 3)* + —(x — 3)* = 77.
dx _ El {11 25x° — 10(x — 1.5)° — 2.5(x — 3) 2 (x = 3)" = 77.625
. dv . .
Assuming that e 0 occurs in the region 1.5 m < x < 3 m, then
dv 1
——=0=—-[1125x* = 10(x — 1.5)> = 0 + 0 — .2}
dx 0 zl [ S5x 0(x 57" -0+ 0—77.625

Solving for the root 1.5m < x < 3m,
x =2.970 m O.K.
Substituting the values of C, and C, into Eq. (2),

1

10 1
=——[375¢* = —~(x = 1.5)° — 0. =3+ (x =3 - 77 .
i 3.75x 3 (x — 1.5)° — 0.625(x — 3) 2 (x —3)’ — 77.625x | Ans

v

Vmax Occurs at x = 2.970 m, where % = 0. Thus,
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12-46. Continued

Vmax = V|x:24970 m

= L 3\ _ E _ 3 o
= [3.75(2.970 ) 3 (2970 = 15)° = 0 + 0 = 77.625(2.970)
1428kN-md  142.89(10°)

El

200(109){65.0(10"’)}

—0.01099 m = 11.0 mm | Ans.

20k H05)(3) kil
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12-47. The wooden beam is subjected to the load AKN 6 kN
shown. Determine the equation of the elastic curve. If 2kN/m
E, = 12 GPa, determine the deflection and the slope at l l l l l l l l
end B. A |B
: .
M=-63<x-0>"-(-16)<x—-0>-=<x—0>?
2 } 3m F—15m——15m
2 -
—(—E)<x—3>2—4<x—4.5> |:|71400mm
2 2 4k
M=—-63+16x —x"+ <x—-3>-4<x—45> 200 mm

Elastic curve and Slope:

d*v

E1—d2=M=—63+16x—x2+ <x-3>r-4<x-45>
X

d S|
EI%Y = —3x + 82 - X + - < x—3>3—2< x —45>2 + C )

dx 3 3
Elv=atse+ S0 - X o Lovgae 2o ysen

: 3 12 12 3 :
+C1X+C2 (2)

Boundary condition:

dv
dx
From Eq. (1),C; = 0

=0 at x=0

v=20 at x=0

From Eq. (2),C, = 0

dv 1 , x 1 5 5
= | -63x + 8 -+ - <x—3>-2<x-45>
ix El{ 63x + 8x 3 T3<~* 3 2<x—45 3)
V*L{—315x2+§x3—xf4+i<x—3>4
El ' 3 12 12
2 3 3
—§<x—4.5> kN -m”’ (4) Ans.

_ 3= -3)...4
1 =5 (020)(0.40)° = 1.067(10~)m

At point B, x = 6m

dv 1575 —1575(10°)

x| EL 12(10°)(1.067)(1073)

= —0.0123rad = —0.705° Ans.

The negative sign indicates clockwise rotation.

. —661.5 —661.5(103)
OBl 12(10°)(1.067)(1073)

= —0.0517m = —51.7 mm Ans.
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*12-48. The beam is subjected to the load shown. 30 kN
Determine the slopes at A and B and the displacement at 12 KN/m
C. EI is constant.
|l
The negative sign indicates downward displacement. A! _ < “
0 C B
Support Reactions and Elastic Curve: As shown on FBD. X
Moment Function: Using the discontinuity function, 3m i 5m ‘
M=6675<x-0>-6<x—-0>2-30<x-3>
= 66.75x — 6x* =30 < x — 3>
Slope and Elastic Curve:
2
Er9Y — m
dx
d2
EI2 =6675¢x — 6x2 — 30 < x — 3 >
dx
dv 2 3 2
EIE:33'37SX -2’ = 15<x-—-3>+C [1]
Elv=11125x> - 05x* =5 <x - 3>+ Cix + G, [2]
Boundary Conditions:
v =0atx = 0.From Eq.[2],C;, = 0
v = 0atx = 8 m. From Eq.[2],
0 = 11.125(8%) — 0.5(8%) — 5(8 — 3 + C; (8)
C; = —377.875
The Slope: Substituting the value of C, into Eq.[1],
dv_ i{33 375x% — 2% = 15 < x — 3>2 — 377.875} kN-m’
dx EI V7 '
dv 1 378 kN - m?
04 = dx| .o " EI {0-0-0—-377875} = — Bl Ans.
dv
O = —
b dx x=8m
_ 1 2 3 2
= 77 133375(8%) - 2(8°) - 15(8 - 3)* - 377875}
.2
_ 359kN-m Ans.
El
The Elastic Curve: Substituting the values of C, and C, into Eq.[2],
_ 1 3 4 3 3
v = {11125 = 05x' = 5 < x = 3> — 377875 x} kN'm
= _ 1 3 4
Ve = Vyosm = 5{11.125(3 ) — 0.5(3%) — 0 — 377.875(3) }
.3
_ _874kN-m Ans.
El
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*12-49. Determine the equation of the elastic curve of the 600 1b

simply supported beam and then find the maximum 500 Ib/ft

deflection. The beam is made of wood having a modulus of 3in

elasticity E = 1.5(10°) ksi. A M
Ale ——————— — E 61n
— ‘ B o

Support Reactions and Elastic Curve. As shown in Fig. a. 1 6ft 3ft——31ft J

Moment Function. From Fig. b, we obtain

M = —(—2400)(x — 0) — 600(x — 9) — 52Q(x - 0) - (—520>(x - 6)

2400x — 600(x — 9) — 250x* + 250(x — 6)?

Equations of Slope and Elastic Curve.

2
BT~y
dx
d*v 2 2
El— = 2400x = 600(x = 9) = 250x” + 250(x — 6)
X
d 250 5 250
ETSY = 120007 — 300(x — 9)? — 2 + o (x — 6)° + € (1)
dx 3 3
125 , 125
Elv = 400x* = 100(x = 9)° = = =x* + = =(x = 6)' + Cix + &, )

Boundary Conditions. At x = 0,v = 0.Then Eq.(2) gives
C2 =0
At x = 12ft,v = 0.Then Eq.(2) gives

400(12%) — 100(12 — 9)* — %(12)4 + %(12 —6)* + C(12)

[=)
Il

C, = —236251b - ft?
Substituting the value of C, into Eq.(1),

dv 1 5 , 250 5 250 3
=T - = — — — 3 == — —
i El [1200)5 300(x — 9) 3 " 3 (x — 6)” — 23625

d
Assuming that d%}c = 0 occurs in the region 0 < x < 6 ft. Then

@ _o- L 2 205
o =0=— [1200x S X — 23625

250
1200x% — sz — 23625 =0

Solving

x = 5.7126ft O.K.
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¢12-49. Continued

Substituting the values of C, and C, into Eq.(2),

1 ; , 125, 125 . }
=— - -9 - —x*+ —(x - 6) - .
V= Er {400x 100(x — 9) ¢ ; (x —6) 23625x Ans
dv
Vmax OCcurs at x = 5.7126ft, where i = 0. Thus,
Vmax = Vlx=s7126 1t
1 5 125 .
=27 {400(5.7126 ) =0 == (57126') + 0 - 23625(5.7126)}
_ sTAlber  8257741(12°)
EI 1
6 3
1.5(10 ){5(3)(6 )}
= —1.76in = 1.76 in | Ans.

50006)1b Goolb

r-‘--- -*--—ﬂ
| i L
- !

“"-—-—-"-ﬁ

3ft ’i‘ éft | 3pt
2400/b 1200 1b

@)

| 9
| 500 1bfse

\fl L o

00 Ibfft
6
2400 [b # ‘{ 1200 b

(b)
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12-50. The beam is subjected to the load shown. 2 kN/m S kN-m
Determine the equations of the slope and elastic curve. EI l

iS constant.

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

1 1
M:0.200<x—0>—5(2)<x—0>2—5(—2)<x—5>2

- (-178) <x - 5>
=0200x — x>+ <x—-5>?+178<x—-5>
Slope and Elastic Curve:

d2
EIS S =M
dx

2,

d
15‘161—’;:0.200x—x%r <x-5>2+178<x-5>
X

d
Eldfz = 0.100x* — 0.3333x” + 0.3333 < x — 5> + 890 < x — 5> + C; [1]

Elv = 0.03333x* — 0.08333x* + 0.08333 < x — 5>*

+29667 < x — 5>+ Cix + G, [2]
Boundary Conditions:
v =0atx = 0.From Eq.[2],C;, = 0
v = 0atx = 5m.From Eq.[2],
0 = 0.03333(5%) — 0.08333(5%) + 0 + 0 + C, (5)
C, = 9.5833

The Slope: Substituting the value of C, into Eq.[1],

dv _ 1
== =l {0.100x? — 03332 + 0333 < x — 5>3 + 890 < x — 5>2

dx

+ 9.58 kN - m? Ans.

948



12 Solutions 46060 6/11/10 11:52 AM Page 949 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-51. The beam is subjected to the load shown. Determine 6 kN/m 20 kN
the equation of the elastic curve. EI is constant. l
The Elastic Curve: Substituting the values of C; and C, into Eq.[2], L = Ak]gl
! | |
V=7 {0.0333x3 — 0.0833x* + 0.0833 < x — 5>% +297 < x — 5>° ~1.5m—| 3m L-15m—
+9.58x} kN-m? Ans.

M = —g <x—-0>2—(-125 <x-15> —(—g) <x-15>2

—(=2775) < x — 45 >
M=-3+125<x—-15>+3<x—-15>"+2775<x - 45>
Elastic curve and slope:

d2
EIZ =M
dx

= 3x24125<x—-15>+43<x—-15>242775<x — 45>
dv 3 2 3
Eld—:—x +0625 <x—15>+ <x—-15>
X

+ 13875 < x — 45> + C
Elv = —025x* + 0208 < x — 1.5>% + 025 < x — 1.5>*
+4625<x—45>3+ Cx + G, 1)
Boundary conditions:
v=20 at x=15m
From Eq.(1)
0= -1266 + 1.5C; + C,
1.5C; + G, = 1.266 2)
v=20 at x =45m
From Eq.(1)
0 = —102.516 + 5.625 + 20.25 + 4.5C, + C,

4.5C, + C, = 76.641 3)
Solving Egs. (2) and (3) yields:

C, = 2512
C, = —36.42 Ans.
1

v [—025x* + 0208 < x — 1.5>3 + 025 < x — 1.5>*

T EI

+4.625 < x — 45>% + 25.1x — 36.4 kKN-m’
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*12-52. The wooden beam is subjected to the load shown. 0.8 kip/ft 1.5 kip

Determine the equation of the elastic curve. Specify the l
deflection at the end C. E,, = 1.6(10%) ksi.
ARy | [ Tw2in.
<o 3 C —
’»x—— 4 ‘e
6 in.
‘ 9 ft 9 ft |

M=—0.3<x—0>—%(%)<x—0>3—(—5.4)<x—9>

0.8 , 1 0.8 3
=) <x-9>2—-—(-—")<x-9>
( 2> x—9 6( 9) x—9

M = —03x — 0.0148x> + 54 < x — 9> +04 < x — 9>?

+0.0148 < x — 9>3

Elastic curve and slope:

d2
EI T = M= —03x — 0.0148x> + 54 < x — 9 > +04 < x — 9>
X
+0.0148 < x — 9>3
d
Elé — —0.15x% — 0.003704x* + 2.7 < x — 9>2 4 01333 < x — 93

+0.003704 < x — 9>* +
EIv = —0.05x% + 0.0007407x> + 0.9 < x — 9>3 + 0.03333 < x — 9>*
+0.0007407 < x — 9> + Cix + G, 1)

Boundary conditions:

v=20 at x=0
From Eq.(1)

G =0

v=20 at x =9ft
From Eq.(1)

0=-3645—-4374+ 0+ 0+ 0 + 9C,

Cy =891
1
V= [—0.05x% — 0.000741x + 0.9 < x — 9> + 0.0333 < x — 9>*
+0.000741 < x — 9> + 8.91x] kip - ft’ Ans.
Atpoint C, x = 18 ft

—612.29kip - ft* -612.29(12°)
Vo = =
‘ El 1.6(10%)(35)(6)(12°)

The negative sign indicates downward displacement.

= —0.765 in. Ans.

950



12 Solutions 46060 6/11/10 11:52 AM Page 951 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-53. Determine the displacement at C and the slope at 8 kip/ft
A of the beam.

Support Reactions and Elastic Curve: As shown on FBD. C o\ B
A==

x—»‘ ‘

Moment Function: Using the discontinuity function,

Iy 6 ft ‘ 9 ft

1 1
75(8)<x70>276(f§)<x76>3f(788)<x76>

—4x2+%<x—6>3+88<x—6>

Slope and Elastic Curve:

2
Er4Y —m
dx
2
4
Eld—z=—4x2+—<x—6>3+88<x—6>
dx 27
dv 43 1 4 2
=t o< x -6t M < x - 6>+
Eldx 3 g <« 6 4 <x-6 C [1]
1 1 44
E1v=—gx“JrR<x—6>5+?<x—6>3+C1x+C2 2]

Boundary Conditions:

v = 0at x = 6 ft. From Eq.[2],
1 4
O=f§(6)+O+O+C1(6)+C2

432 = 6C, + C, (3]
v = 0 at x = 15 ft. From Eq.[2],

I O T S AT
0= 3(15)+135(15 6) + 5 (15=6)° + C, (15) + G

5745.6 = 15C; + G, [4]
Solving Egs. [3] and [4] yields,
C, = 5904 C, = —31104
The Slope: Substitute the value of C; into Eq.[1],

d 1 4 1
v —{—x3 + o <x—6>*+44<x—6>2+ 590.4} kip - ft?

dx EI| 3 27

dv 1 4 302 kip - ft?
6, = =—1—=(6°) +0+0+59%04) =——F— Ans.
AT dx|—en EI{ 3( ) } EI "

The Elastic Curve: Substitute the values of C, and C, into Eq. [2],

11, 1 s M ,
= (-t <x—6>+— <x—6>
v El{ 3V Fs T 3 5% 0

+ 590.4x — 3110.4} kip - ft3

3110kip - ft*

El ns.

1
Ve = Ulyog = E{_O +0+4+0+0—31104}kip-ft* =

951
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12-54. The beam is subjected to the load shown. Determine 6 kip/ft
the equation of the elastic curve. ET is constant.

15 ft

1/16 11/ 10
= | — | < — >3— —77. < — > - — — | < — >3
M 6(24) x—=0 (=774) <x -9 ( 6)(15) x—9

M =—-01111x> + 774 < x — 9 > +0.1111 < x — 9>3

Elastic curve and slope:

d2
EI 5 =M = 0111 + 774 < x = 9 > +01111 < x — 9>
X
dv . 5 )
EI = —002778¢' + 387 < x = 957 + 02778 < x — 9> +
X

EIv = —0.005556x° + 12.9 < x — 9>% + 0.005556 < x — 9>% + Cjx + G, (1)
Boundary conditions:
v=20 at x=9ft
From Eq.(1)
0=-32805+0+0+9C, + G,
9C, + C, = 328.05 2)

v=20 at x =24 ft

o
Il

—44236.8 + 43537.5 + 4218.75 + 24C, + C,
24C, + C, = —3519.45 3)
Solving Egs. (2) and (3) yields,

C, = —256.5C, = 2637
1
" E[—0.00556x5 +12.9 < x — 9> + 0.00556 < x — 9>3

~ 265.5x + 2637 kip - {t* Ans.
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12-55. Determine the slope and deflection at C. EI is

15 kip
constant.
|
B_A—(_)—l_ ‘
30 ft | 15 ft |
B [t Al
A7 30
1/-225 —-33750
= = = 10) = —
Ip/a 2( El )(30)( 0) El
1125
AT EI
1/ =225 1/-225 —5062.5  5062.5
= - = + = — = =
Oc/a 2( EI >(30) 2( EIl )(15) EI EIl
0(; = GC/A + BA
5062.5 1125 39375
c = — = Ans.
EI EI EI
45
Ac = lteyal = 30 [t/ al
1/ =225 1/ 225 101 250
= —= + - —— = —
cn=3(- 2 Janes) + 3 (-2 Jasyao) - 102
101.250 45(33 750) 50 625
Ac = - — = Ans.
EI 30\ EI EI
953
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*12-56. Determine the slope and deflection at C. EI is
constant.

Referring to Fig. b,

0 |71(£)(9>7135kN-m2
A= o \EI EI
= S [1(22)(6) ] = 0N
BlAL T 312 \EI EI

o= (5 25 o[+ Fo (5o
_ 540 kN - m*

From the geometry shown in Fig. b,

ltsal 180/EI 30 kN -m?
A" ¢ = 6  EI

Here,
+Dec = GA + HC/A

_30
EI

135

0o = —=
¢ EI

105 kN - m?
T

(&)

6

30 _1%09)
EI EI \6

_ 270kN-m’ !
EI

ve = |lc/a Ip/a

Ans.

Ans.

| C
B =2= ‘
6 m } 3m ‘
1OKN
l b 4
om ;} 3m
#
g £ }—x(m)
_S0Mm
EI
@)
Tank
O/
On
s N || [t
= N 3
O
Cb ) tane

954




12 Solutions 46060 6/11/10 11:52 AM Page 955 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

¢12-57. Determine the deflection of end B of the P P
cantilever beam. E is constant.

e
]

Nl

M
Support Reactions and I Diagram. As shown in Fig. a.

Moment Area Theorem. Since A is a fixed support, 6, = 0. Referring to the
geometry of the elastic curve, Fig. b,

05 = |0 |._1,§B£4Flﬂ; Ly Y PL (L
B BIAL = ol 2ET " 2E1 |\ 2 2| 2E1 |\ 2

5P
:8EI Ans.
An— 3L PL \[ L S5L|1(PL\(L L|1[ PL \(L
s = lmal =\ ) GE N2 ) Y s 2\ Er \2 )| 5] 2\ aEr )\ 2
7PL?
:16E1 l Ans.
P P
2P
e —
3pL e 3¢
2= L L
< Z 2
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12-58. Determine the slope at A and the maximum 20 kip-ft 20 kip-ft
deflection. EI is constant. )

(l B\ |C
Aal \a B =9
6 ft 12 ft ‘ 6 ft

Point D is located at the mid span of the beam. Due to symmetry, the slope at D is
zero. Referring to Fig. b,

20 120 kip - ft?
ooyl = (2 )co) = 25

20 360 kip - ft*
ol = 3( 27 )(6) = 258

20 1440 kip - ft*
el = o 7 )12) =

From the geomtry shown in Fig. b

120 kip - ft?
GA = |9D/A| = T GA Ans.

vp = 04(6) = [tp4l

120 360
“Er " Er
360 kip - ft’ !
-~ EI

ve = lteypl — 4D

El El

1440 360

~ 1080 kip - ft
B EI

| (max) Ans.

0 ? v @ 24

20 kiph | tanc
- s£ b)
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12-59. Determine the slope and deflection at C. EI is 20 kip-ft 20 kip-ft

constant. . X
(l B\ |C>
Referring to Fig. b, L %‘ B=S=_
6 ft 12 ft ‘

6 ft
10/l = (20>(18> - 30k | |
A=\ EI ~ EI J
20 1440 kip - ft®
10541 = 6(E,)(12) - =
20 3240 kip - ft>
el =5( 57 )18) = 27

From the geometry shown in Fig. b

ltsal  1440/E1
AT 12 12

120 kip-ft® ;
- EI 4

Here,

+DGC:0A +0C/A

5. _ 120 360
¢ EI ' EI
240 kip - ft
c = T c Ans.
18
ve = ltejal = Itgyal )
3240 1440 (18)
El EI \12
1080 kip - ft3
= T \I/ Ans.

tanA

Ga "

6 v 2 :
o ¥ £ ¥ o,
- 20 kip-t ¢ \ 2
EL &

(b) tanc
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*12-60. If the bearings at A and B exert only vertical 50 Ib-ft 50 Ib-ft
reactions on the shaft, determine the slope at A and the

A /\ "\ B
maximum deflection of the shaft. ET is constant. HC DH
L 2 ft 1 4ft 1 21t 4

Point E is located at the mid span of the shaft. Due to symmetry, the slope at E is
zero. Referring to Fig. b,

50 100 1b - ft2
04l = E(Z) T
50 100 1b - £t
|1E/A| = (D(E) (2) = Bl
Here,
100 1b - ft2
OA = |0E/A| = T HA Ans.
Umax — GA (4) - |tE/A|
100 100
- (4) _
EI EI
300 Ib - ft?
= T T AHS.

50 lo-ft 50 Ib.ft B tan A

- 50 Jb-ft

ET

(2)
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*12-61. Determine the maximum slope and the maximum M, M,
deflection of the beam. EI is constant. ( 3
AL 0 B
o Mo (L) ML
AT Er\2)  2EI ‘ ‘
Oc = 0cja + 04 ‘ L \
0=l
2E1 A
b g ML _ ML A
Y ) s
B _ My (L\(L\ ML’
Amax_|tB/C|_EI(2><4) = REI Ans.
12-62. Determine the deflection and slope at C. EI is
constant. .A B C
o s
wa= ()3 )w Mol |
B/A =5\ =7 ~ = -
2\ EI 3 6EI | L | L |
Ac = ltcyal = 2ltg)al
1/ —M, L —MO) ( L) TM,L?
= — + =+ —)=-
feja 2( EI )(L)(L 3) (EI (L 5 6EI
Ao TMyL? 5 (MOLZ) _ SMyL? A
= 6er ~ D\err )= 6k s
B It Al _ ML
A7 L 6EI
1/ M, MO) 3MyL  3M,L
Ocja =\ ——+ J(L) + | — (L) = - =
/A 2( El>( ) < g1 ) 2EI  2EI
0C = OC/A + 0/\
o= 3ML ML AML A
CT2EI ~ 6EI _ 3EI s
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12-63. Determine the slope at A of the overhang beam. 30 kN
E = 200 GPa and I = 45.5(10%) mm*.
30 kN'm
. M - EEEEER—————...,
Support Reactions and 7l Diagram. As shown in Fig. a. ﬁ A A c
AR B =2
Moment Area Theorem. Referring to Fig. b,

4m ‘ 2m —

fopal = | 5 (4)}[; (?})(4)} . Bm}[gj (4)}

~ 320kN-m’
EI

From the geometry of the elastic curve, Fig. b,

ltgal  320/E1 80KN-m?
AT L 4 EI

80(10%)

= = 0.00879 rad Ans.
200(10%)[45.5(107°)] o .

30K\ tank

r = o
20 ku(-‘m F ._ tane | |t a Y

4m 2m
7.5k 375 kN

EL
(b) Tanc

2 6

< l X(m)

30 kN
EL
60 KA'm

ET

(@)
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*12-64. Determine the deflection at C of the overhang
beam. E = 200 GPa and I = 45.5(10°) mm*.

ool = |4 (4)}[2 (23)(4)] + BM)}[ZL(; <4)}

~ 320kN-m’
EI

feal = | 2@y + 2][; @)(4)} + 2 + 2}[23 (4)}
Bol:(ep

_ 760 kN -m’
EI

L
Ac = ltcjal — ltgal —
¢ = licsal |B/A<LAB>
_ 760 3206
EI  EI\4

 280kN-m® 280(10°)

EI 200(10°)[45.5(107°)]

=0.03077 m = 30.8 mm |

30KA

30 kil:m

4m Yem
7.5k 375Kk
M
ET
4 é
2 I +—X(m)
30 KN
EI
60 kN'm
ETL

(@)

2m —

30 kN'm
‘A
\
Ans.
&
Tenp

tanA

T
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¢12-65. Determine the position a of roller support B in
terms of L so that the deflection at end C is the same as the
maximum deflection of region AB of the overhang beam. L

EI is constant.
—— C

|2
|| &

7
:

M
Support Reactions and El Diagram. As shown in Fig. a.
a

Moment Area Theorem. Referring to Fig. b,

_a|1({P(L-a) _ Pa*(L — a)
sal =315\ 5 )@ | T s

B 2 \|1(P(L - a) 2L —a)[ 1 P(L - a) ]
ltc/al = (L - 3a)[2 (EI )(a):| + 3 L2< i >(L - a)] }
a L-a

R
s

P(L - a)(2L* — aL) pl-2) PL
= 6EI a a
M
From the geometry shown in Fig. b, &3
b8 I
It 4l 0 . bt T
Ac = lteyal — ! T S
PL(L — a)(2L — 2(L —
_PLUL -0l —a) PlL-afL p(L-a)
6E1 6E1 a EIa P(L-a)
ET
_ PL(L - ay’ @)
- 3EI
Pa*(L — a) EAA
B [t3al B 6E1 _ Pa(L — a) [
AT a7 a B 6E1
The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero (6p = 0).
(65 = 0) 6 ¢ t | [t
Thus, tand Wb tanp
—
|90/A| =04 :
78 P @“*\L Ae)
1| P(L — a) Pa(L — a) X £
| —x|(x) = —— anc
2 Ela 6EI
)
_V3
3
Also,

3

2V3 a)[l{P(L —a) ( 3 )H(\ﬁa) _ \V/3Pa¥(L — a)

A = — v
p = ltayol (9 2| Ela “ 3 27EI

It is required that

Ac=Ap
PL(L —a) \3PdXL - a)
3EI 27EL
3
iaz +La—1>=0
9

Solving for the positive root,

a = 0.858L Ans.
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12-66. Determine the slope at A of the simply supported
beam. EI is constant.

|

M
Support Reactions and I Diagram. As shown in Fig. a.

B

=L

iﬁt

Moment Area Theorem. 2L |
3
5 1/2PL\(2 2 |1/2PL\(/L
==Lzl == )\ L )|+ <Lzl == | =
B4 (9 )[2(9151)(3 )} 9 {2(9151)(3)}
_ 4P’
 81EI
Referring to the geometry of the elastic curve, Fig. b,
4PL?
sl 81ET 4p? an
A7 L L 8IEI .
P X
1€
RS o e
!_ 1 t{c A Ac /v’
tane

P~
3P
P, 2p (b
FE1 XY Ger /
[
) 1 X
5L L

JJ AN N
2 T 9%
L ] |
£
3
il
FT

3

A
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12-67. The beam is subjected to the load P as shown.
Determine the magnitude of force F that must be applied
at the end of the overhang C so that the deflection at C is

[ ——
o]
—

zero. EI is constant. A
y: |c
1/ Pa 1/ Fa 2 Pa®  2Fd’ ==
= | — + | —— = - - _
B4 2(2E1>(2“)(“) 2( EI)(Z”)<3”) 2EI  3EI | a | a | a |
1( Pa 1 2a\  1(—-Fa 2a
2a)(2a) + ~ 2 += )+ 2 =
fera = 2<2E1)( a)(24) ( El >( “)(“ 3) 2< El )(“)( 3)
_ Pa® 2Fd’
~ EI  EI

3
Ac =tc/a — Stsa =0

P’ 2Fd ;(Pf B 2Fa3> 0
EI El 2\2El 3EI
P
F = 7 Ans.
*12-68. If the bearings at A and B exert only vertical M, = Pa
reactions on the shaft, determine the slope at A and the A /o B
maximum deflection. j | | = { QD M
s 1 a | 2a 1 a 1
1( Pa a Pa 17Pa l
tga=>\ 75 3a+ )+ | = )Qa)a + a) =
BAT 5 <E1)(”)< ! 3) (EI)( alata) =g M
ltsal  17Pa?
A7 4a T 12EI Ans.
Assume A, is at point E located at 0 < x < 2a
1 Pa? Pax
+ _ —
Oria = ( )( ) ( )( ) =261V EI
OEZOZOE/AJFBA
Pa*  Pax (—17Pa2)
0=+ —+
2EI  EI 12E1
11
X
12
Pa (2a — j30) } 481Pa’
Amax = gyl = <E1><2a 12")[ 2 YT ssEr Ans.
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¢12-69. The beam is subjected to the loading shown.
Determine the slope at A and the displacement at C. Assume
the support at A is a pin and B is a roller. EI is constant.

-«
o||[e—— =
|e—— =

Support Reactions and Elastic Curve: As shown. A ‘
M/EI Diagram: As shown. L a

Moment - Area Theorems: Due to symmetry, the slope at midspan (point C) is zero.
Hence the slope at A is

ot (o 2o

_ 5Pd?

= SEI Ans.

The displacement at C is

Nl e D - )
¢t = H\2Er 3 261 )\ " 2) T 2\2E1 473
_9pra’ !
6EI

Ans.

12-70. The shaft supports the gear at its end C.
Determine the deflection at C and the slopes at the d LA ’—{B = C

bearings A and B. EI is constant. —_
} L \ L
) 2 | oo
Bia =2\ 2E1 )\ 2 )\ 6 48E1
X * s c
1/—-PL L —PL
tra=—— )= ) =
€42 ( 2E1 >( )(2> SEI 7z 7
4 2P ¢
L
Ac = ltcyal — (Z)|IB/A|
2
PL? PL? PL?
== _ 2( ) = Ans.
8EI 48E1 12E1
ltgral  EL- PI?
0, = /Al _ BEL _ Ans.

Nl

BEL _
L~ 24EI

0 1(—PL)(£) _-rL* PL?
B2\ 261 )\2 S8EI  8EI

03203/A+0A \/

o — PL*>  PL*>  PL’ Ans
BT 8EI  24EI  12EI )
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12-71. The shaft supports the gear at its end C. Determine =
its maximum deflection within region AB. EI is constant. ﬂ IA ﬂB = C
The bearings exert only vertical reactions on the shaft. —u
| L | L
[ 2 [ 2 vP
Ip/a
Op/a = W 43 tand
5 [ - |
7 r Z, iy t
2(2) () 6)(5) P s
1(Px 2\2)\2e1)\3)\2
Pl el B ; x = 0.288675 L
2\EI (%) ﬁr % ‘ - I S PN
— ! 1
Apax = L (P(O'288675 L)> 0.288675 L <2) 0.288675 L l
max 2 EI ( . ) 3 ( . ) ___& ":_:,.
0.00802PL’
max — T Ans.
*]12-72. Determine the value of a so that the displacement P P
at Cis equal to zero. EI is constant.
A C B

Moment-Area Theorems: |

- (NN - 2 k
o3 e)- 5

G ) -

0|~
|~

(tc/a)2

PaL2> _ 5Pal’ _ Pal?

1 1
(Ac), = §|(IB/A)2| = |(tc/a)l = 2< 3E] 18E] — 16EI

Require,

Ac=0=(Ac) — (Ac)

_ PL’  Pal’
48E1  16EI
L
a=z Ans.
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*12-73. 'The shaft is subjected to the loading shown. If the M, M,
bearings at A and B only exert vertical reactions on the Al — -
shaft, determine the slope at A and the displacement at C. ; Se <8
El is constant.

l a \ a l

M/EI Diagram: As shown.

Moment-Area Theorems:

e EJols) o2
B _SMO a’
6E1

¢ _ 1(_%)( )(ﬂ) _ _M0a2
A=\ "E1)'\3) T "6kl

The slope at A is

5M0a2
_ lt5).4l _ eEL _ SMya Ans
AT L 2a  12EI )
The displacement at C s,
1
Ac = 5 tB/a| = ltc)l
1 (5Mya’ M, a*
-2\ 6EI 6EI
M0a2
= WEl 1 Ans.
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12-74. Determine the slope at A and the maximum 12 kip
deflection in the beam. ET is constant.
24 kip-ft
.
AlP = B

N

Pm : 12 ft 6 ft l

Here,

Ipja = 20{% (%)(6)} + 12[%61 (12)} + 10[%(%)(12)} + 4[% (%)(6)}

8064 kip - ft?
B EI

From the geometry of the elastic curve diagram, Fig. b,

g, 'Ba _ B064/EI 336 kip - ft* ; A
AT T w B e

Assuming that the zero slope of the elastic curve occurs in the region 6ft < x = 18ft
such as point C where the maximum deflection occurs, then

Ocia = 04

1(2)(6“(&) +l(21)( y = 36
2\ EI er)* T 2\Er )Y T EI
X%+ 36x — 300 = 0

Solving for the root 0 < x < 12 ft,

x = 6.980 ft O.K.
Thus,

1/12 36 1
Vpnax = Lajc = 4{5 <E>(6)} + 9.490{5(6.980)} +10.653 {5(13.960)(6.980)

3048 kip - ft’

Ans.
B Y ns

12kjp

2¢kipft |
==

| 6V =S 6f1
2 kip 10 kip

%‘f (ex 136 ) kip:ft

3bkiptt
ET,
RKipft

ET

!l
o
f——

(a)
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12-75. The beam is made of a ceramic material. In order to
obtain its modulus of elasticity, it is subjected to the elastic
loading shown. If the moment of inertia is / and the beam has
a measured maximum deflection A, determine E. The

supports at A and D exert only vertical reactions on the beam.

a

Moment-Area Theorems: Due to symmetry, the slope at midspan (point E) is zero.
Hence the maximum displacement is,

Apmax = tae = (%)(L 5 2“)(a + L 4 2“> + %(%)(@(%)

_ Pa
24E1

(312 - 4a?)

Require, A ,x = A, then,

(3L% - 4a?) Ans.

L |

*12-76. The bar is supported by a roller constraint at B,
which allows vertical displacement but resists axial load and
moment. If the bar is subjected to the loading shown,

—
a

determine the slope at A and the deflection at C. EI is

constant.

) _1(PL><£) N PL (£> _3pL?
A8 =2 \2ET )\ 2 2EI\2)  8EI

04 =04
3PL?
A= 3R] Ans.
1/ PL\/L\/L PL/L\/L L 11PL?
ta/g = 5 SN3 )T SNs T4 =
2\2E1/\ 2 )\ 3 2EIN2/\2 4 48E1
- 28425
BT orr\2)\ 4 16EI
A upL?  pPL> _ PL’ Ans
€T AB OB T O A8ET 16EI 6EI )

Sl
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¢12-77. The bar is supported by the roller constraint at C, P
which allows vertical displacement but resists axial load
and moment. If the bar is subjected to the loading shown,
determine the slope and displacement at A. EI is constant. f

Support Reactions and Elastic Curve: As shown.
M/EI Diagram: As shown.

a ! 2a

Moment-Area Theorems:

Pa 1/ Pa 5Pa*
=(-== + - = = -
Oasc ( EI)(Z“) 2( E1>(”) 2EI

3
e = (-2 )eaa) - 200

e (e oG olie) - 55

Due to the moment constraint, the slope at support C is zero. Hence, the slope at A is

5Pa’
GA = |9A/C| = E Ans.

and the displacement at A is

Ay = tascl — Itscl

13Pa>  2Pd® _ 7Pd’ !

3EI  EI  3EI Ans.

12-78. The rod is constructed from two shafts for which P
the moment of inertia of AB is I and of BC is 21. Determine
the maximum slope and deflection of the rod due to the
loading. The modulus of elasticity is E. Al

—

l\)‘h
N\h

R CRED OB
A€ =2\ 2E1 J\2 2\ 4E1 )\ 2 4E1 )\ 2 16EI ~ 16EI

0A = OA/C + OC

o —p 5PL? _5PL? Ans
max — UA T 6E] 16E1 :
Amax = AA = |tA/C|
2 Gan)G)G) alE)G)G +5)
T 2\2EI/\2)\3 2\ 4E1 J\2/)\2 3
GGG+ 5)
NN+
4E1 J)\2 )\ 2 4
3PL?
= 16EI Ans.
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12-79. Determine the slope at point D and the deflection
at point C of the simply supported beam. The beam is made
of material having a modulus of elasticity £. The moment of
inertia of segments AB and CD of the beam is 7, while the
moment of inertia of segment BC of the beam is 21.

M
Support Reactions and El Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

wo = 5 ()] 5[] S B G

:

C

NI

.4)_[.)

W
/

A
_prL?
16E1 [ L T A
o =513 (47 )(5) R
b 122 \4E1)\ 4
PL} 'r{:%
T 384E1 % 4£L—I
From the geometry of Fig. b, PL
BEL
PL? |
el 18ET PI2 Ans i +— X
oL L 16EI ) ‘% L %L L
Z
Ac + te)p = 4D
¢t e 4 @)
PL’
_ PL* 16EI
€ 384EI 4
spL?
€ 384E1 Ans.
tanA /A.c
3
\\'--....(ﬂ

fﬂ/b

Tan p

tanc

(b)
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*12-80. Determine the slope at point A and the maximum P P
deflection of the simply supported beam. The beam is made

of material having a modulus of elasticity £. The moment of

inertia of segments AB and CD of the beam is /, while the

moment of inertia of segment BC is 21. '

M
Support Reactions and £l Diagram. As shown in Fig. a.

Moment Area Theorem. Due to symmetry, the slope at the midspan of the beam,

i.e., point E, is zero (fz = 0). Thus the maximum deflection occurs here. Referring
to the geometry of the elastic curve, Fig. b,

o)) £ )
AT VAEL = o \4ET )\ 4 SEI \ 4

PIL?
— Ans.
16E1 ns
3 [PL/L L[1/PL\/L
Ay = Ap = |tag| = L] — + 2= )=
max £ = lael 8 {8E1(4>} 6[2 <4E1)(4>}
13PL3
~ 768EI Ans.

P P

S~
e
Hr~

oo PL
4EI 4EL
oL
T
f——t— X
s L
r 5 = °

@
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¢12-81. Determine the position a of roller support B in T —

terms of L so that deflection at end C is the same as the } M,
. . . . s Q 0

maximum deflection of region AB of the simply supported B ‘ C

overhang beam. ET is constant.

a |
L |

t
ol

M -
Support Reactions and £l Diagram. As shown in Fig. a.

Moment Area Theorem. Referring to Fig. b,

o]
wal =313\ 51 )@ = 6E1

ol = (1= 3 3 (5 Jo |+ (%5 ) 5 0o

L=

My
&

——
a
Mo
a
From the geometry shown in Fig. b, E i x I
o L
1L

Mo , 2
= + -
CEl (a 3L 3La>
|f3/A| 0
Ac = lteyal — P i j. &
My Mod® (L)
= ——(a* + 3L* — 3La) — =
opr @+ 3L = 3La) =S .
0 Mo
- Mo (> + 3L% — 4La) Fra™ ET
6E1
2
Moa® (a)
B |fB/A\ _ 6EI _ Mopa
AT a4 a4 6EI Tanh
The maximum deflection in region AB occurs at point D, where the slope of the
elastic curve is zero (6p = 0).
Thus
’ tal |t
h <
., Tanp
04l = 04 L
1 (&)( 2 = Moa < D :]TLC’-—
2\E1a)") "~ 6EI tp T x fanc
‘= V3 . (by
3
Also,
A= g = 2( V3 (o) V3 (5, - VaMee
o=t =3\ 3 2\Ea )\ 3 ) \ 37T " 27EI
It is required that
Ac=Ap
MO P \/§M0(l2
——(a* +3L* = 4La) = ————
o1 T

0.6151a*> — 4La + 312> =0

Solving for the root < L,

a = 0.865L Ans.
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12-82. The W10 X 15 cantilevered beam is made of A-36
steel and is subjected to the loading shown. Determine the
slope and displacement at its end B.

Here,
1/ 54
Op = |93/A| = g (E)(@
108 kip - ft®
B EI ¢

For W 10 X 15 I = 68.9 in*, and for A36 steel E = 29.0(10%) ksi. Thus
108(122)
® 7 29(10%)(68.9)

= 0.00778 rad 0y

vy = i = 2@ + 6] 1 (2+)o) |

1134 kip - ft3
EI

1134 (12°)
29(10°)(68.9)

0.981in. |

3(6)kjp

3 kip/ft
A, Y ¥ )
|B
A
6 ft 6 ft
Ans.
Ans.
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12-83. The cantilevered beam is subjected to the loading
shown. Determine the slope and displacement at C. Assume
the support at A is fixed. EI is constant.

-

‘ C
|

Support Reactions and Elastic Curve: As shown.

M/EI Diagrams: The M/EI diagrams for the uniform distributed load and
concentrated load are drawn separately as shown.

Moment-Area Theorems: The slope at support A is zero. The slope at Cis

b = ool = 3 (- 2oy + (-2 Yo

2

= GEI —— (12P + wa) Ans.

The displacement at C is

=l = (200 2) (2 Yo+ 24)

3

T 24E1

(64P + Twa) | Ans.

*12-84. Determine the slope at C and deflection at B. EI w
is constant.

Support Reactions and Elastic Curve: As shown.
M/EI Diagram: As shown.

Moment-Area Theorems: The slope at support A is zero. The slope at C is

bc = |oc/4 = %(_%012>(a) + ( 2EI )(a)

wa3

= E Ans.
The displacement at B is
Ap = ‘IB/A‘
1 wa* 2 waz) ( a> 1( ) ( )
= — +Za)+ | —— + -+
2 ( EI )( )(“ 3“) ( 261) N\ 5) T3\ e )@
41wa*
T 24E1 Ans.
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*12-85. Determine the slope at B and the displacement 5 kip
at C. The member is an A-36 steel structural tee for which | 1.5 kip/ft
I =768 in" i
' A ‘ - _oB
31t : 31t l

Support Reactions and Elastic Curve: As shown.

M/EI Diagrams: The M/EI diagrams for the uniform distributed load and
concentrated load are drawn separately as shown.

Moment-Area Theorems: Due to symmetry, the slope at midspan C is zero. Hence
the slope at B is

05 = [05c| = %(%)(3) * %(%)(3)

_ 24.75kip-ft’

N EI

_2475(144)
29.0(10%)(76.8)

= 0.00160 rad Ans.

The dispacement at C is

Ac = |iad = %(%)(3)(%)(3) + %(%5)(3)(9(3)

_ 47.8125kip - ft®

El
_ 47.8125(1728)
29.0(10%)(76.8)
=0.037lin. | Ans.
12-86. The A-36 steel shaft is used to support a rotor that 5 kN/m
exerts a uniform load of 5 kN/m within the region CD of the A l l l l l l l l B
shaft. Determine the slope of the shaft at the bearings A and T
B.The bearings exert only vertical reactions on the shaft. %Mﬁ m
D
20 mrg 40 n;m 20 mm ‘
1,75 4.6875 2(3.5156 4.805 100 mm 300 mm 100 mm
= (= J0.1) + 15) + = A5) = ——
be14 =3 (EI>(O D < EI )(0 15) 3( EI )(0 15 ="
4.805 4.805
04 =04 = = = 0.00306rad = 0.175° Ans.
T 200 (10°)(0.01)* T s
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12-87. The W12 X 45 simply supported beam is made of 12 kip
A-36 steel and is subjected to the loading shown. Determine
the deflection at its center C. 50 Kip-ft
+(F -
‘ C
| 12 ft 12 ft |
(a)y = PE _ 12(24°) 3456 |
VT 48El T 48EI EI
Mx
Ay (x) = L*—x*
2 () = gy (2 )
L
Atpoint C,x = 5
MN(3)
2 _ (L2
(AC>2 6LEI (L - (5>)
oMz 50(247) 1800 |
- 16EI  16EI  EI
3456 1800 5256
— + = + =
Ac = (ac) + (ac) EI  EI  EI
5256(1728) ,
=——————> =0.89in. | Ans.
29(10°)(350)

977




12 Solutions 46060 6/11/10 11:52 AM Page 978 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*12-88. The W10 X 15 cantilevered beam is made of 6 kip 4 kip
A-36 steel and is subjected to the loading shown. Determine
the displacement at B and the slope at B.
|
B ‘ A
| 6 ft ‘ 6 ft
Using the table in appendix, the required slopes and deflections for each load case
are computed as follow:
Ay SPLY_ 5@)(12°) 720 kip-in? |
(Rh = 4gEr = a8EI  EI
P _H12) _ 7iipein?
Ooh =851 = 8E1 ~ EI B
Ay P 6(12°) 3456 kip-in.* |
(882 =351 = 3p1 © EI
o, _ PL _ 6(122)  432kip-in? ,
68): = 507 = 57 El (05)2
Then the slope and deflection at B are
0p = (05)1 + (0p):
72 432
= 4+ ==
EI EI
504 kip - ft*
- EI
Ap = (Ap)1 + (Ap)
_ 720 N 3456
El El
_ 4176 kip-in”
- EI
For A36 steel W10 X 15,1 = 68.9 in* And E = 29.0(10%) ksi &)
_ 504
P 29.0(10°) (68.9)
= 0.252(1073) rad Ans.
4176
Ap=——"""""
29.0(10%)(68.9)
= 0.00209 in Ans.
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*12-89. Determine the slope and deflection at end C of
the overhang beam. EI is constant.

Elastic Curves. The uniform distributed load on the beam is equivalent to the sum of
the seperate loadings shown in Fig.a. The elastic curve for each seperate loading is
shown Fig. a.

Method of Superposition. Using the table in the appendix, the required slopes and
deflections are

wL? w(2a)? _wa®

24EI ~ 24EI  3EI

(Bc) = (0p)1 =

wa3 wa4 “
(Ao = (Op)i(a) = 3@(“) = 3EI 1
wl? wa’
Oc) = 6g1 = 6E1
wlL* wa*
(Ac), = o7 l

S8EI  8EI

wa
MoL <2>(2a) wa’
(0c)s = (0p)3 = AEL

El 3EI 3EI
W(l3 Wa4
A)a = =2 =2
(Ac)s = ()3 (a) 3BT (a) 35T l

Then the slope and deflection of C are

0c = (0c)1 + (0c)2 + (0¢)3

wa3 wa3 wa3

3EI 6ElI 3EI

3

DL Ans. R
6EI ), (),
Ac = (Ao + (Ac)2 + (Ac)s (A)
wa*  wa'  wa

" 3EI  8EI | 3EI

W(l4

= @ Ans.
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12-90. Determine the slope at A and the deflection at
point D of the overhang beam. E7 is constant.

Elastic Curves. The uniform distributed load on the deformation of span AB is
equivalent to the sum of the seperate loadings shown in Fig. a. The elastic curve for
each seperate loading is shown in Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

wl? _ w(2a)? _ wa’

Ot = 5057 = 241 ~ 3EI
_oSwLt Sw(a)* ~ Swa*
(Ap)r = 384E1  384EI  24EI ! ”
2 D g
wa- -
0 _ MoL 2 (2a) _ wa’ //
2 =6gr = 6E1 61 : = %
<Wa2>(a) - A )
> )
M()X 2 Le ) !
A _ 12— 42) = 2 — a2 (]
(W2 = oy (17 = %) 6EI(2a) |@ay — ] ! 'I'

wa4

=31 |

Then the slope and deflection of point D are

04 = (04)1 + (04):

WLZ3 Wll3 W(l3

= 3EI  6EI  6EI Aus. @)

Ap = (Ap)1 + (Ap),

B Swa* wa* B wa*

T 24EI  8EI  12EI

Ans.
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12-91. Determine the slope at B and the deflection at
point C of the simply supported beam. E = 200 GPa and
I = 45.5(10°) mm*,

9kN/m

10 kN

Elastic Curves. The loading system on the beam is equivalent to the sum of the
seperate loadings shown in Fig. a. The elastic curves for each loading are shown in
Fig. a.

Method of Superposition. Using the table in the appendix, the required slope and
deflections are

wol?  9(6°)  432kN-m?

(O =

45E1  45EI  EI
WoX 4 2.2 4
= - +
(A = 30717 (3x* — 10122 + 7L%)
9(3) 4 2 2 4
e 3(E) = 10(6)(3) + 7(6")]
 75.9375kN-m’ l
EI
O}y = Pz 10(6)  225kN-m?
B2 16E1 ~ 16EI EI
(aey, = PL 10(6°)  45kN-m? |
27 48EI  48EI EI
Then the slope at B and deflection at C are
0 = (0p)1 + (0p):
2 65.7(10°
_ 432 225 65 7N-mT (1) = 0.00722rad  Ans.
EI  EI El 200(10%)[45.5(107°)]
Ac = (Ao + (Ae)
759375 45 _ 1209375kN-m® _ 120.9375(10°)
EI  EI El 200(10%)[45.5(107°)]
=0.01329m = 133 mm | Ans.
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*12-92. Determine the slope at A and the deflection 3kN 3kN
at point C of the simply supported beam. The modulus of
elasticity of the wood is E = 10 GPa. 1‘(1(2‘111
- [ S R
~—1.5m 1.5 m— 3m
Elastic Curves. The two concentrated forces P are applied seperately on the beam 3k 3 Kk
and the resulting elastic curves are shown in Fig. a.
Method of Superposition. Using the table in the appendix, the required slopes and QA_

deflections are

Pab(L + b)  3(1.5)(45)(6 + 4.5) _ 5.90625kN - m?

O ="¢pIL 6EI(6) EI
_ Pbx o, 5 _ 3(4.5)(L5) 2 g
(Ach =y (L2 = b x)—76E1(6) (6> — 4.5 — 1.5%)
_ 7.594kN-m’ |
EI
0, = L _ 3(6))  6.75kN-m?
A2 7 16EL  16EI EI
COPx o 3(1.5)< , 2) 981 Sy ""zf[ %
(Ac) = qgpy (37 = 4x?) = e (367 — 40y ) = =7 (AC):
Then the slope and deflection at C are
04 = (041 + (04): 3 kN
_ 590625 , 675 (9/. ).
EI EI
{ X/©
\H v 1]
o2 12.6525(10° ¥ |
= 12'65625;“ L (19) = 0.0190 rad Ans. %\%_“ ____g,._—rz"

10(109){%(0.1)(0.23)}
and

Ac = (Ach + (Ae)

7594 9281 16.88(10%)
= + = = 0. = 75. 3
£l £l 0.0253 m = 25.3 mm Ans,

10(109)[11—2(0.1)(0.23)}
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¢12-93. The W8 X 24 simply supported beam is made 6 kip /ft
of A-36 steel and is subjected to the loading shown. 5 kip-ft
Determine the deflection at its center C. ‘)
A L g @ B
I =828in* -2 c
| 8 ft 8 ft }
(aoy, = WL _ 56)(16') 2560 |
@17 768EI T 768EI El
Mx
Ay (x) = ———(L* = x*
2 () = g7 (17~ %)
L
Atpoint C,x = 5
M(3)
_ 2 LY2
(Ack = T ET (22 - (5))
_mrz_s(€) s
~16EI  16EI  EI
2560 80 2640
= + == 4 —=""—
Ac = (Ao + (A¢) El El El
2640(1728) ,
=——F———=190in. Ans.
29(10°)(82.8)
12-94. Determine the vertical deflection and slope at the —3 in.—
end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of B
segment AB. EI is constant. ud
6in.
A A
PL> 83 72
AT 3R T 3BT T EI Ans.
6, PL _ 8(3%) 36 Ans
AT 2EI 2EI  EI ) 8 kip
j'
"l
8rip
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12-95. The simply supported beam is made of A-36 steel 20 kN
and is subjected to the loading shown. Determine the 4 kN/m
deflection at its center C. I = 0.1457(10~°) m*.
‘ o Vil
\
Aa— C 31
‘ Sm Sm ‘
Using the table in appendix, the required deflections for each load case are 20 KN

computed as follow:

oy, = 5(4)(10%)
VN T 268EI T 768 EI

26042 kN -m’ !

EI
5 I
o, = P _ 20N(10°) 416,67 kN - m’® | 4kl
Y2 T BET T 48EI EI . FEER)
Then the deflection of point C is =

ve = (ve) + (ve)2

_ 26042 416,67
~ EI EI

_ 677.08 kN -m’ |
EI

= 0.1457(10 %)m*

and £ = 200G Pa

677.08(10%)

- = 0.0232m = 232 Ans.
< 200(10°)[0.1457(1073)] " m "
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*12-96. Determine the deflection at end E of beam CDE.

The beams are made of wood having a modulus of elasticity
of E = 10 GPa.

Sectiona —a

Method of Superposition. Referring to the table in the appendix, the deflection of
point D is

AL PL 45(3°) 253125 kN-m? |
DT 48ET T 48EI EI

Subsequently,

3 2.53125 (3 3.796875 kN - m?
(Ap)1 = Ap (E) ~EI (5) B EI l

Also,

(A, = PL () _1kNem?
B2 3pr  3EI EI

MoL 3(2) 2kN-m’

Op)s =351 =361~ EI

21<N-m3l

(g = ()L = = (1) = 20

Thus, the deflection of end E is

Ap = (Ap) + (Ap), + (Ap)s

3796875 1 2 _ 6796875kN-m’ _ 6.796875(10°)

10(109){11—2(0.075)(0.153)}

El ElI EI El

=0.03222m = 322 mm | Ans.
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¢12-97. The pipe assembly consists of three equal-sized
pipes with flexibility stiffness E£I and torsional stiffness GJ.
Determine the vertical deflection at point A.

o = TP _ pL
AT 3B 24E]

o TL _ (PL/2)(5) P12
JG JG 4G

L PL?
(Ay), = 9(;) = 3G

Ajg=Ap+ (A 1+ (Aa)

% N pPL’ N pPL’
"~ 24E1  24EI  8JG

1 1
— PL3 + A .
< 12EI 8]G> ns

12-98. Determine the vertical deflection at the end A of P
the bracket. Assume that the bracket is fixed supported at A
its base B and neglect axial deflection. EI is constant. -+

ML _ Pab

EI EI
Pa’b
EI

(Ay) = 6(a) =

PL> P&
(Aa) = 3EI  3EI
Pa®h  Pa®  Pa>(3b + a)
EI ~ 3EI 3EI

Ap= (A1 + (Aa), = Ans.
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12-99. Determine the vertical deflection and slope at
the end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of
segment AB. EI is constant.

Elastic Curve: The elastic curves for the concentrated load, uniform distibuted load,

and couple moment are drawn separately as shown.

Method of Superposition: Using the table in Appendix C, the required slopes and

displacements are

wliy  20(4) 21333 1b-in?
6EI  GEI El

(041 =

Mo Lpc _ 160(3) _ 4801b - in’

El El El

(04)2 = (0p)>

PLyc  80(32)  3601b-in
2EI . 2EI El

(04)3 = (Bp)3 =

wLig  20(4%)  6401b-in®
(A, = =2 = ) =

8EI 8EI EI
480 19201b - in?
(A, = (08)2 (Lap) = El 4 = BT !
360 14401b - in®
(AA)V_z = (03)3 (LAB) = E (4) = T l
The slope at A is
04 = (0401 + (04)2 + (0.4)3

21333 480 360
+—+ =
El El El

1053 1b - in’
EI

The vertical displacement at A is
(AA)V = (AA)vl + (AA)VZ (AA)V3

640 1920 = 1440
=— -+ —
El El El

4000 1b - in’ l
-~ EI

Ans.

Ans.

20 Ib/in.

4in.

|A

80 Ib
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*12-100. The framework consists of two A-36 steel
cantilevered beams CD and BA and a simply supported
beam CB. If each beam is made of steel and has a moment
of inertia about its principal axis of /, = 118 in*, determine
the deflection at the center G of beam CB.

3 7.5(16°
AC_PL B ( )210.240 !

T 3EI 3EI El
o P _15(16) 1280 .
G 48EI  48EI EI
AG = AC + A,G
10240 . 1,280 11,520
T EI EI ~ EI
11,520(1728) ,
= T —58in. | Ans.
29(10°)(118)

¢12-101. The wide-flange beam acts as a cantilever. Due
to an error it is installed at an angle 6 with the vertical.
Determine the ratio of its deflection in the x direction to its Vertica
deflection in the y direction at A when a load P is applied at
this point. The moments of inertia are I, and /,. For the
solution, resolve P into components and use the method of
superposition. Note: The result indicates that large lateral
deflections (x direction) can occur in narrow beams,
I, << I,, when they are improperly installed in this
manner. To show this numerically, compute the deflections
in the x and y directions for an A-36 steel W10 X 15, with
P =15kip,0 = 10°,and L = 12 ft.

P cosL? P sind L?
=== X e ey

ymax 3E1x k) max 3E1y

Psing L} 7
xmax 3 EI.V X
max - = tan Ans.
Vimax Pcost L~ y

3EL

W10 x 15 I, = 68.9in* , = 2.89in*

1.5( cos10°)(144)3 .
Vmax = —————————— = 0.736/in. Ans.
3(29)(10°)(68.9)
1.5(sin10°)(144)3
py = ASCIIONART Ans.
3(29)(10%)(2.89)
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12-102. The simply supported beam carries a uniform load 8 kip 8 kip

of 2 kip/ft. Code restrictions, due to a plaster ceiling, require | 2 kip/ft |

the maximum deflection not to exceed 1/360 of the span

length. Select the lightest-weight A-36 steel wide-flange Y Y V V VY JY V VvV V)

beam from Appendix B that will satisfy this requirement
and safely support the load. The allowable bending stress
IS Oaow = 24ksi and the allowable shear stress is 4 ft ‘ 8 ft ‘ 4 ft —
Tallow = 14 ksi. Assume A is a pin and B a roller support.

M, = 96 kip - ft

Strength criterion:

M
Tallow = Sevd
req’
96(12
4 %6012)
Sreq’d

Sreqd = 48 in’
Choose W14 X 34,8 = 48.6in’,1, = 0.285in.,d = 13.98 in., I = 340 in*.
1%

Tallow =
Aweb

24

4= 13980285

= 6.02 ksi O.K.

Deflection criterion:

Maximum is at center.

_ SwLt P(4)(8)
Vmax = + (2) 6E1(16)

384E1 [(16) — (4 = (8))]12)°

~ [5()(16)*  117.33(8)
| 384E1 EI }(12)3

4.571(10°) . 1 .
=——————" = 0.000464 in. < —— (16)(12) = 0.533 in. O.K.
29(10%)(340) 360

Use W14 X 34 Ans.
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12-103. Determine the reactions at the supports A and B, M,
then draw the moment diagram. £/ is constant. (-\
Ai
—&—_ oo Bl
| L |
Support Reactions: FBD(a).
B 3F, =0, A, =0 Ans.
+13%F, =0, A,-B,=0 (1]
C+ZMp = 0; My— AL+ Mp=0 [2]

Moment Function: FBD(b)

G +=My, =0; M(x) + My— Ax=0
M(x) = Ayx — M,

Slope and Elastic Curve:

d*v
Elﬁ = M(x)

d*v
Elﬁ = Ayx - MO

dv Ay
EIE = 7}62 - Myx + C; [3]
A M
Elv = f6yx3 - 720){2 + Cix + G, (4]

Boundary Conditions:

Atx = 0,v = 0. From Eq.[4],C, = 0

d
Atx = L,i = 0. From Eq. [3],
A, L?

Atx = L,v = 0.From Eq. [4],

A y L’ M, 12
0= -
6 2
Solving Egs. [5] and [6] yields,

+C L (6]

3M,
A, = S Ans.
MyL
4

Substituting A, into Eqs. [1] and [2] yields:

C1=

_ M _ M

v T 3L 5= Ans.

B
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*12-104. Determine the value of a for which the
maximum positive moment has the same magnitude as the

maximum negative moment. £/ is constant.
_&_

—

+12F,=0; A, +B,—P=0 (1]
C+3SM, =0, My+B,L—Pa=0 2]
Moment Functions: FBD(b) and (c).
M(x) = Byx,
M(x,) = Byx, — Px, + PL — Pa
Slope and Elastic Curve:

d*v
Elﬁ = M(x)

For M(x,) = Byxy,

dzvl
Eldix% = Byxl
d'l)l By
EITxl = 7)(% + C; [3]
By
EI v = ?x? + C]X] + C2 [4]

For M(x,) = Byx, — Px, + PL — Pa,

d2U2
El—— = Byx, — Px, + PL — Pa
de
d P
Eld—z = %x% ~ 53+ PLx, — Pax, + G 5]
B, P, PL, Pa,
El vy = ?Xz - g.xZ + TXQ - 7X2 + C3X2 + C4 [6]

Boundary Conditions:

vy = 0at x; = 0.From Eq.[4],C;, = 0

d‘U2
i 0 at x, = L.From Eq.[5]
X
B,L> pp?
0=— —T+PL2—PaL+C3
B,L*> pp?
= — -~ + PaL

C3 B ) a
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*12-104. Continued

v, = 0 at x, = L.From Eq.[6],

2 2

B,L>  pr3 pr3  pal? B,L> pj2
S A S ‘; +(— > ——+PaL)L+c4

0=7% 6 2
_BL pr3 par?

= +
Ca 3 6 2

Continuity Conditions:

d‘U] d'U2
= — From Eqs.[3] and [5],

—q.—

At = = [ =
1 2 ’ dxl de

B, B, P
7(L —a)P’ + C —7(L - a)sz(L —a)’> + PL(L — a)

- —a)+ (- -+
Pa(L — a) ( > 2 PaL

B,L* pp? )

Pa? By L
C - -
1= 2 2

Atx; = x, = L — a,v; = v,. From Egs.[4] and [6],

(PTaz N Bysz)(L -4

By
?(L - 0)3 +

B P PL P
_ 7 3 3 2 a 2
=2 — I — + — — —

6 (L —a) 6 (L —a) > (L —a) ) (L —a)

B,L’ pr’  pal?

B,L? 2
y PL y

+ | = ——— + PaL |(L — a) + + —
( 2 2 ”)( A+ 6 2
P Pa*L ByL3

— + =0

6 2 3

3Pa> Pd® Pd?
B, = =— (3L —
v =0 o ot %)

Substituting B, into Eqs.[1] and [2], we have

A, =L -3l + &)

y = 2L3
Pa
My = —5(=3aL + a* + 2L?
A 2L2 ( )
Require |Mpyax(+)| = |[Mpax(—)|. From the moment diagram,

Pa’ P
2—23(3L —a)(L - a) = 2—;(—3@ +a® +212)

a*> —4al + 21> =0

a=(2-V2)L

Ans.
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¢12-105. Determine the reactions at the supports A, B,and
C; then draw the shear and moment diagrams. E/ is constant.

Support Reactions: FBD(a).

) A, =0
+1SF, =0, A, +B,+C,—2P=0
L 3L
C+3M,=0; B,L+C,(L) - P(E) - P(T) =0
Moment Function: FBD(b) and (c).
M(xl) = Cy-xl
PL
M(X2) = ny2 - P)Cz + —
2
Slope and Elastic Curve:
d*v
Elﬁ = M(X)
For M(x,) = Cy xy,
dz‘Ul
EITX% = nyl
d
Eld—: = A+
¢y
EI v = ?X? + C]X] + C2
PL
For M(x;) = Cyx; — Px, + -
d*v, PL
EITX%:C},XQ*PXQ+T
dv, ¢ , P, PL
— =3 -3+
EI dx2 5 X2 2)(32 B X2 C3
y P PL
EI vy, = ?x% - gx% + TX% + C3x2 + C4
Boundary Conditions:
vy = 0at x; = 0. From Eq.[4],C, = 0
d
Due to symmetry, TZZ = 0 at x, = L.From Eq.[5],
2
C,L? 2 2 C,L?
0=" _PL+PL+C C*—y
2 2 2 } } 2

(3]

(4]

(0]
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*12-105. Continued
v, = 0 at x, = L.From Eq. [6],

L pr3 pr C,L?
0=— ——+—+(—y )L+C4

6 6 4 2
C = CyL3 3 PLS
Y3 12
Continuity Conditions:
L d‘Ul dv2
Atx) = x = 2 dx, = dy From Eqs.[3] and [5],
C, <L>2 Cy(L)Z P(L)2 PL <L> C,L?
— (=) +Ca==(F) = F) +=(F) -
2 \2 2 \2 2\ 2 2 \2 2
2 C,I?
PL y
“=7% 2

L
Atx; = x, = SV T v From Egs.[4] and [6],
S (T
6 \2 8 2 2

RO DN E 2 ORE
6 \2 6 \2 4 \2 2 2 3 12

5
C, = 6 Ans.
Substituting C, into Egs.[1] and [2],
11 5
By = ? Ay = R Ans.
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12-106. Determine the reactions at the supports, then
draw the shear and moment diagram. E/ is constant.

— L —=

Support Reactions: FBD(a).
B 3F =0 A,=0 Ans.
+12F, =0, B,—A,—-P=0 (1]
C+IMy=0; A,L— My~ PL=0 2]
Moment Functions: FBD(b) and (c).
M(x;) = —Px;
M(x;) = My — Ayxy
Slope and Elastic Curve:

d*
Elﬁ = M(X)

For M(x;) = —Pxy,

El — = — X7 + C] [3]

2+ [5]

A
7.7(3% - J_x% + C3X2 + C4 [6]
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12-106. Continued

Boundary Conditions:
v, = 0 at x, = 0. From Eq.[6],C; = 0

dllz
— = 0atx, = 0.From Eq.[5],C; = 0
de

v, = 0 at x, = L.From Eq. [6],

M, 12 AL
0=—4- 2 [7]
2 6
Solving Egs.[2] and [7] yields,
PL 3p
MA = 7 Ay = 7 Ans.
Substituting the value of A, into Eq.[1],
5P
B, = o Ans.

Note: The other boundary and continuity conditions can be used to determine the
constants C; and C, which are not needed here.
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12-107. Determine the moment reactions at the supports P P
A and B. El is constant. l l
A B

a

Support Reactions: FBD(a).

C+=Mg = 0; Pa+ P(L—a)+My— A,L—Mp=0
PL+ My~ AL — My=0 1]
Moment Functions: FBD(b) and (c).
M(x)) = Ayx; — My
M(x;) = Ayx, — Pxy, + Pa — My
Slope and Elastic Curve:

d*v
Elﬁ = M(x)

For M(x1) = Ayx; — My,

d2U1
Eliz = Ayxl - MA
X1
S L N ST VO 2]
dxl 2 1 Ar 1
A M
EI v = ?yx% - TAX% + C]X1 + C2 [3]

For M(x;) = Ayx, — Px; + Pa — Ma,

d*v
EIEZAYXZ_PXZ"FPLZ_MA
2
dv P
Eld—xz = 33— a3+ Pax, — Myx, + G [4]
P P M
Elv, = ?yx% - Ex% + Tax% - TAx% + Cixy + Cy [5]
Boundary Conditions:
dv]
chl = 0 at x; = 0. From Eq.[2],C; = 0

vy = 0at x; = 0. From Eq.[3],C, = 0
dvz L
Due to symmetry, Pk Oatx, = > From Eq.[4],
X

Ay (IN? P [L\? L L
y
=—|=) - = + — | = My =)+
0 2<2) 2(2) Pa<2) A(2) <

A L*  pr? pal.  M,L
C; = - + - +
8 8 2 2
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12-107. Continued

d'Ul d'Uz
= ——atx; = aand x, = L — a.From Egs.[2] and [4],

Due to symmetry, =
y Y dxl de

A, d? A, P
T Mya = —7(L - a)2+E(L — a)’ — Pa(L — a)

AL PP Pal ML

y
F M (L —a) +
all—a) 8 8 2 2
34, L7 3PL2  3Pal.  3Pa: ML
~A,d* - —— + A,aL + - + AR g
y@ 8 y@ 8 2 2 , 0 [6]

Continuity Conditions:

Atx = 5= a0 = 2 g Bas 2] and 4]
X, = x, = a, Aoy dny rom Egs.[2] an ,

A, a’
B - MA a
A, a? 2 A, L? 2 M. L
-2 —PL+Pa2—MAa— > +£_PaL+ 4
2 2 8 8 2 2
2 AL 2 M, L
2 8 8 2 2
Solving Egs.[6] and [7] yields,
P
MA=J(L7a) Ans.
L
A, =P
Substitute the value of M, and A  obtained into Eqgs.[1],
Ans.

P
My =""(L ~ a)
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*12-108. Determine the reactions at roller support A and w
fixed support B.
; B
Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a, ! =
A
B
BIF, = 0; B, =0 Ans. ﬂq
L L
+12F, =0 A, + B, —wL=0 (1) 3 1 2; 1
L 2
atXZMp = 0; WL(E> —Ay(§L> - Mp=0
wl? 2
Mgp=———--AL 2
B 2 3 y ( )

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,

L L
at>M, = 0; M(x) + wx(%) + w(3)<x + 6> —Ax=0
AW wL o wL?
M(x) = Ax 7 X 3 13

Equations of Slope and Elastic Curves.

E]% = M(x)

EI%:Ayx—%xz—wTLx—WTI;
E1%=%x27%x3f%xzf%x+@ 3)
Elv I%x‘%—%x“—%ﬁ—%xz—kCﬂ-&-Q 4)

Boundary Conditions. At x = 0,v = 0.Then Eq. (4) gives

2 d
0=0-0-0-0+0+G, CQ:0Atx:gL,d—vzo.ThenEq.(s)gives
X

Ay 2N w2 N wL{2 \* wL*/2
== —— = - = — = +
0=1 <3L) 6 (3L) 6 (3L) 18 (3L) G
13wl ZAyLZ
819 )

(&

2
Atx = EL’ v = 0.Then Eq. (4) gives

A 3 4 3 2 2
y (2 w (2 wlL (2 wlL” (2 2
0=—\2L) - (5L) - —5L) - ——(5L) +al5L
6 (3 ) 24 (3 ) 18 (3 ) 36 (3 ) Cl(3 ) M
LN
wL3 2A,L* L o
- _ 6
ST 27 © B N A
| FAN
Solving Egs. (5) and (6), L
36
17wL L
A, = ZZ Ans.C; = ;}274$ubstituting the result of A into Egs. (1) and (2), %ﬁ
5 WL Mo — wL? An @
Y B~ 36 >

The shear and moment diagrams are shown in Figs. ¢ and d, respectively.
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¢12-109. Use discontinuity functions and determine the
reactions at the supports, then draw the shear and moment
diagrams. E/ is constant.

BIF, =0 C, =0
+15F,=0 A, +B,+C,-24=0
C+=M, =0 18C,+ 8B, —24(4) =0
Bending Moment M(x):
M(x)=—(-C)<x—-0>—-(-B) <x—-10> —% <x-10>?

3
:ny+By<x—10>—5<x—1O>2

Elastic curve and slope:

d* 3 2
ElI-—5=M(x)=Cx +B,<x—-10>-><x—10>
dx 2
2
dv  Cyx B, , 1 3
= = + < x — >4 — — < x — > +
Eldx 5 5 x — 10 5 x — 10 (o
ny3 B, 1
Elv = +—<x-10>3-=<x—-10>*+ Cx + G
6 6 8
Boundary conditions:
v=20 at x=0
From Eq. (4)
Cz =0
v=20 at x =10 ft
From Eq. (4)

0 = 166.67C, + 10C,

v=20 at x = 18 ft

0 = 972C, + 85.33B, — 512 + 18C;

Solving Egs. (2),(5) and (6) yields:

B, = 14.4kip
C, = —1.07 kip = 1.07 kip |
¢, =17.78

From Eq. (1):
A, =107 kip

3 kip/ft

| 8 ft |
Ans.
1)
(2)
vikip)
/07
\ /07
T
',.;*\
-/33
M (Kip-ft! 190
@ "
=07
4)
(5)
(6)
Ans.
Ans.
Ans.
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12-110. Determine the reactions at the supports, then

Wo
draw the shear and moment diagrams. E1 is constant.
A | C
B === =0
, l L \ L l
Support Reaction: FBD(b).
B IF, = 0; A, =0 Ans.
+13F,=0; A, +B,+C,—wL=0 [1]
C+=M, = 0; B, L+ C,(2L) —wyL(L) =0 [2]

Moment Function: FBD(b).

1/ wy X
4 =0 _ _ (= Z )+ =
G+ XMyp = 0; M(x) 2 ( 7 x)x (3) Cyx =0

M(x) = Cyx — 20 43
4 6L
Slope and Elastic Curve:

d*v
Elw = M()C)
d*v Wo 3
El dx2 = ny - EX'

dv Cyz w

_ 0 4
o) e A B R 3
dx 2% Tt TG B3
C w,
E1v2€x3—712(;)Lx5+C1x+C2 (4]

Boundary Conditions:

Atx = 0,v = 0.From Eq.[4],C, = 0

d
Y~ 0atx = L.From Eq. [3],

Due to symmetry, dx
X

0—CyL27W0L3+C
2 24 !

CyL2 W0L3
1=~ +
2 24
Atx = L,v = 0.From Eq. [4],

C, L’ woL* C, L? wolL?
0= - + L
6 120 2 24
_ W()L A
Y= 10 ns.
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12-110. Continued

Substituting C,, into Eqgs. [1] and [2] yields:

4WOL WoL
By = 5 y = W Ans.

Shear and Moment diagrams: The maximum span (positive) moment occurs when
the shear force V' = 0. From FBD(c¢),

L 1
+T2Fy:0; %—E(Ex)x:

L
+3ZMyy = 0; M + %(%x)(x)(%) — 141L0(x) =

W()L WO 3
M =20, T
10" 6™
Vs V/SwoL?
Atx = 21 M =
R 75
Atx =1L M=
e BT
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12-111. Determine the reactions at pin support A and
roller supports B and C. EI is constant.

Equations of Equilibrium. Referring to the free-body diagram of the entire beam,
Fig. a,

B 3F, =0, A, =0 Ans.
+13F, = 0; A, + B, +Cy—wL =0 (1)
) L
C+EMy = 0; Cy (L) + wL| S ) = A(L) =0
wlL
Ay*Cy:T (2)

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,
M (x 1) is

x
C+2M, = 0; M(x)) + wx1<21> —Ax; =0
w
M(Xl) = Ayxl - Exlz

and M(x,) is given by
Q+EMO = 0, ny2 - M(XZ) =0
M(Xz) = CyXZ

Equations of Slope and Elastic Curves.

d?v
Elﬁ = M(X)

For coordinate x,,

d*v W,
EIT)C% = Ayx1 - Exl
dv Ay w
EITMZTXIZ_E)C13+C1 (3)
A
E1v=?yx13—%x14+C1x1+C2 (4)
For coordinate x,,
d*v
EITX% = ny2
dv ¢y
El —=—x+C 5
g, 27 3 (5)
¢y
EIV = ?X23 + C3X2 + C4 (6)

w

L \ L

wil

== ey

e ,, H

2~

‘HFJ
v~
I\
q'\.._.x_g._
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12-111. Continued

Boundary Conditions. At x; = 0,v; = 0.Then Eq.(4) gives
0=0-0+0+G,

Cz =0
At x; = L,v; = 0.Then Eq. (4) gives
A L?
i AL Y _wL Ay
0= () -5, (L") + L G =, ‘
At x, = 0,v, = 0.Then Eq. (6) gives
0=0+0+Cy C,=0
At x, = L,v, = 0.Then Eq. (6) gives
2
0=—"(L%) + GL G = ot
6 6
— g, dvy dv, .
Continuity Conditions. At x; = x, = L,—— = ———.Then Egs.(3) and (5) give
dxl d.XZ
ﬁ(Lz) - K(Ls) . wLd A L? o &(Lz) - C,L?
2 6 24 6 2 6
3wL
A+ C ==~ (7
Solving Egs. (2) and (7),
TwL wlL
AT &=

y E Ans.

The negative sign indicates that C, acts in the opposite sense to that shown on free-
body diagram. Substituting these results into Eq. (1),

SwL
B, = % Ans.
The shear and moment diagrams are shown in Figs. ¢ and d, respectively.

7
\ L %:L 2L

qwi
1o
<)
M
wi* »)
512
: -
x
) 1] 1
wi
7
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*]12-112. Determine the moment reactions at fixed Wo
supports A and B. EI is constant.

]

vad
Equations of Equilibrium. Due to symmetry, A, = B, = Rand M, = Mz = M. & &
Referring to the free-body diagram of the entire beam, Fig. a, A Bﬂq
. . L
+12F, = 0; 2R — S wol =0 ! 5 > \
_ WL /
Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b, A% Pt B’d“
A“, [ /l‘.s.’—'/ ) My ("
M(x) + {1(%x)(x)}(£)+M—W(7)Lx—O N |
2\ L 3 4 My IF T L “ Mg
13 X z
_ Wk Wo 53 @)
M(x) TRy R M
Equations of Slope and Elastic Curves. 1 (,31\]'2
d*
EI— = M(x) wil . ’l A
2 (2]
dx = 4. i /‘ L Jﬁ
d’>v  wL W A - o
0 0 3 -
El—=—x—_—x-M Aix. = /.
a4 3Lt = 5 Mox)

/
ax 8 ¥ 1ot rra x

woL wo M
Elv = EYR ¥ - 760Lx5 - sz + Cix + G, )

d
Boundary Conditions. At x = O,df: = 0.Then Eq. (1) gives

0=0-0-0+C C;=0
dv L .
Due to symmetry, i Oatx = > Then Eq. (1) gives
(LY (L)
8 \2 120\ 2 2
My = My = 11 =
ATTETTT 96
Note. The boundary condition v = 0 at x = 0 can be used to determine C, using

Eq.(2).
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¢12-113. The beam has a constant £/ and is supported
by the fixed wall at B and the rod AC. If the rod has a
cross-sectional area A, and the material has a modulus of
elasticity E,, determine the force in the rod.

L, }
+15F, =0 Tuc+ B, —wL; =0

WL12
C+ =M =0 Tae(Ly) + Mp — 5 0 1)
WL]Z
Mp = 5 TacLy (2
Bending Moment M(x):
2
M(X) = TACx - %
Elastic curve and slope:
d%v wx?
Elw = M()C) = TACX - T
dv  Tacx>  wx®
EI— = -——+cC 3
dx 2 6 ! ®)
TACx3 W)C4
EIV:T_H"FClx—FCZ (4)
Boundary conditions:
TycL
_ tacks v =0
AyEy
From Eq. (4)
TACLZ)
—FE,I =0-0+0+C
2 1( ALE 2

From Eq. (4)
TAcLl3 WLl4 E\LL,
0=—"—""—— + CiLy — T 5
6 24 141 ALE, AC (5)
dv
E =0 at X = Ll
From Eq. (3)
TACL12 WL13
0=—"F—— + 6
) 6 G (6)
Solving Egs. (5) and (6) yields:
3AEwL*
TAC = 232 ! Ans.
8(A2E,L\* + 3EL,L,)
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12-114. The beam is supported by a pin at A, a roller at B,

15kN/m

and a post having a diameter of 50 mm at C. Determine the
support reactions at A, B, and C. The post and the beam are

\

made of the same material having a modulus of elasticity

E = 200 GPa, and the beam has a constant moment of
inertia I = 255(10°) mm*.

6m

Equations of Equilibrium. Referring to the free-body diagram of the entire beam, Fig. a,

5 3F =0

A, =0

Ans.

/5C12) kN

+13F, =0 A, + B, + Fc — 15(12) = 0

atSMy = 0; 15(12)(6) — Fe(6) — A,(12) = 0

24, + Fe = 180

a+t3M, = 0; M(x) + 15x<%) - Ax=0

M(x) = Ayx — 7.5x%

Equations of Slope and Elastic Curves.

Boundary Conditions. At x = 0,v = 0.Then Eq. (4) gives

C, =135 - 64, — 0.02165F¢

d
Due to symmetry, d%; = 0 atx = 6 m.Then Eq. (3) gives

A
0= %(62) —2.5(6%) + 135 — 6A, — 0.02165F,

Moment Functions. Referring to the free-body diagram of the beam’s segment, Fig. b,

1

(@)

0=0-0+0+G G, =0
FcL Fe(1 1600F,
Atx =6m,v = —Ac = Acgz c) = EC.ThenEq.(4)gives
C m 2 T
~(0.05*)E
2 (005%)
1600F, A,
-6 — 7 (g3) _ 4
E[255(10 )](_T> = (6') - 0625(6") + C1(6)

12A, — 0.02165F- = 405 ®)
Solving Egs. (2) and (5),

Fc = 112.096 kN = 112 kN A, =3395kN = 340kN Ans.
Substituting these results into Eq. (1),

B, = 33.95kN = 34.0kN Ans.

d?v
Elﬁ = M(x)
2
El% = Ax — 7.5¢2
X
d A
Eld—; = Tyxz — 258 + ¢ 3)
A, Ay' (b
Elv = —x’ = 0625x* + Cix + ) )
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12-115. Determine the moment reactions at the supports |

A and B, then draw the shear and moment diagrams. ET is A [. | ) M,
I
\
\

constant.

Support Reaction: FBD(a).

5 3F, =0, A, =0 Ans.
+1%F, =0, B, —A,=0 [1]

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for By and M, acting on a cantilever beam are shown.

Moment-Area Theorems: From the elastic curve, (g4 = 0.

wa=0-3 (G Jo i) = (o ()

B, = % Ans.
Y 2L

Substituting the value of B into Eqgs.[1] and [2] yields,

3M, M,
y = Z MA = 7 Ans.
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*]12-116. The rod is fixed at A, and the connection at B

consists of a roller constraint which allows vertical w
displacement but resists axial load and moment. Determine l l l l l l l l l l l
the moment reactions at these supports. £/ is constant. =

Support Reaction: FBD(a).

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for M and the uniform distributed load acting on
a cantilever beam are shown.

Moment-Area Theorems: Since both tangents at A and B are horizontal
(parallel), 6,4 = 0.

Op/a =0 = (%)(L) + %(—%)(L)

LZ
Mp = WT Ans.

Substituting M into Eq.[1],

L2
My = W? Ans.
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¢12-117. Determine the value of a for which the
maximum positive moment has the same magnitude as the
maximum negative moment. £/ is constant. ‘

—P(L — 2L — “P(L — aR(L
(IA/B)1=%((EiIa)>(L—a)<a+ ( 3 a))= ( 6521( + a)

(tasp) = 5 (%)(L) (%) - I;‘JYEI;S

tap = 0= (taph + (tap):2

—_

_ —P(L - a)’2L + a) . AL

0 6E1 3EI

P(L — a)*QL + a)
y = 2L3

Require:
|My| = |M)|

Pa(L — a)*(2L + a) _ Pa(L — a)(L + a)
203 - 217

a?> +2La—-1*=0

a = 0.414L Ans.
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12-118. Determine the reactions at the supports, then M, M,
draw the shear and moment diagrams. £ is constant. . q
Ao 5O AQ
| L | L |
Require:
M, LY 1/ 4 L) (ZL)
= = E— —_— _l’_ —
fap = 0 (EI)(L)(Z) 2 ( er )P\
M2 AL 3M,
_ _ : = Ans.
2EI 3EI Y 2L
Equilibrium:
. 3M,
atXZMp = 0; Z(L)_Cy(L):O
3M,
Cy = I Ans.
3M, 3M,
+12F, =0, B,————=0
! 7 72L 2L
3M,
B, = 2 Ans.
B3F, =0, C, =0 Ans.
v
3Me
2L
M. H
2
Ml A H'
\\L/’ 1
| &
Z
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12-119. Determine the reactions at the supports, then
draw the shear and moment diagrams. £/ is constant.
Support B is a thrust bearing.

Support Reactions: FBD(a).

5 3F, =0, B, =0
+13F,=0; -A,+B,+C,—P=0

3L
atIM, =0 By(L)+C,(2L) = P( ) =0

Elastic Curve: As shown.

P
B i C
it 1 " f

by

Slig}

(2]

M/EI Diagrams: M/EI diagrams for P and By acting on a simply supported beam

are drawn separately.

Moment-Area Theorems:

- IO -

%
16E1

3
B, L B, L

1
(tajc)r = 5<_2E1 )(ZL)(L) == 2El

- LN ()

o

5 (e (5)(5 %)

_seL?

T 48EI
3
1 ByL) (L) ByL
t = - =)= -——
(t5c)2 2( 261 )P\ 3 12EI
7pL> B, L’
tac = (t + (t ==
e = (aor + (taje)z 16E] SE]
spr? B L’

tgic = (tgch + (tgic)2 = A8EI  12EI

From the elastic curve,

Lajc = 2Up)c

7pL3 B L’ sp? B, L’
16EI  2EI (48E1 B 12E1)
5 _ 1P

T

Substituting B, into Egs. [1] and [2] yields,

13P 3P
G = 32

A ==
Y32

Ans.

Ans.
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*]12-120. Determine the moment reactions at the supports
A and B. El is constant.

(G o (o« 3G)(5)
04 =0 2<EI (L) 1 )P T3 ser )2
yL wlL?
48

s Gwl) - (G

—0=- DE) +

tsra = 0= 55 )3 El
A

yL MA WL2

6 2 384
Solving Egs. (1) and (2) yields:

3wl
=5
_SWL2
1Y)
3wL SwL? wL (L
+ =0, + (L) - -—\({-)=
cHEIMp =0 Mg+ (L)~ g, 2(4> 0
_ lwl?
LET)

Jols) GG

1

&)

(@)

Ans.

Ans.
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¢12-121. Determine the reactions at the bearing supports
A, B, and C of the shaft, then draw the shear and moment . .

A
diagrams. E1 is constant. Each bearing exerts only vertical ﬂgﬁ qp: i
}—— 1m l 1m

reactions on the shaft.
1 1m l 1m *»‘

400 N 400 N

i ey
a

Support Reactions: FBD(a).
+1%F, =0, A, + B, +C,—800=0 [1]
C+=ZM, = 0; B, (2) + C, (4) — 400(1) — 400(3) = 0 [2]

Method of superposition: Using the table in Appendix C, the required
displacements are

w9

_400(1)(2)

GEI(4) (4-r-2)

_ 366.67N-m’ !
EI

. pr} B/(#) 1333Bm’
YPOT48EI T 48EI  EI

The compatibility condition requires

(+1) 0=2vy + vg"
1.3333B
0 2(366.67) N (_ y)
El El
B, = 550N Ans.

Substituting B, into Egs. [1] and [2] yields,

A, =125N C, = 125N Ans.

1014



12 Solutions 46060 6/11/10 11:53 AM Page 1015 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-122. Determine the reactions at the supports A and B.

P
El is constant. i
|

A B=2—_ ‘
L
L l ) !
Referring to the FBD of the beam, Fig. a
B SF =0; A, =0 Ans. P
+1%F,=0;, B, -P—-A,=0
A
A,=B,—-P 1 Z
y C
3 ¢ <
+ -0 — + _pl2 = L
atIM, = 0; —M, + B, L P(Z L) 0 Aﬂ L £
3 Bif
MA:ByL—EPL 2)
_ _ @)
Referring to Fig. b and the table in appendix, the necessary deflections are computed
as follow: P
Px?
Vp = 6EI (BLac — x)
B y
- [1Ge) -] =
- 6EI |T\2 ~
L " N
7PL’ ¢
_ ! | L | &
12E1 2.
pLy, B L’
vp = AB _ ) 1 ” P
y 3EI 3EI
The compatibility condition at support B requires that
(+l) OZVPJ'_VB}‘
A - -
_7PL | (*By L3) ' ~J_hy
12E1 3EI ~ P
~,
7P ™
By = T Ans. »
Substitute this result into Eq (1) and (2) +
3P PL
A, = My=— Ans. a"'
- 4 4 - ¢u
/P
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12-123. Determine the reactions at the supports A, B, and 12 kip
C, then draw the shear and moment diagrams. E7 is constant.

l 3 kip/ft

b6ttt } 121t |

Support Reaction: FBD(b).

B 3F, =0, C,=0 Ans.
+13F,=0; A, +B,+C,—12-360=0 (1]
C+IM,=0;  B,(12) + C,(24) — 12(6) — 36.0(18) = 0 2]

Method of superposition: Using the table in Appendix C, the required
displacements are

Cswit 5(3)(24%) 6480 k-t

VB T 768EI ~  768EI EI l
. _ Pbx 232 2
v = 6EIL (L b X )
12(6)(12) 2376 kip - ft®
= (247 -6 - 12°) = ————
6E1(24) ( ) EI l
pr? B, (24%)  288B, 16
VBT 4EI - 48EI | EI
The compatibility condition requires
(+l) 0=vp +vp" + vp"

6480 2376 <2883y)
0= + +

El El El
B, = 30.75 kip Ans.
Substituting B, into Egs.[1] and [2] yields,
A, = 2.625 kip C, = 14.625 kip Ans.
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*12-124. The assembly consists of a steel and an aluminum
bar, each of which is 1 in. thick, fixed at its ends A and B, and
pin connected to the rigid short link CD. If a horizontal
force of 80 Ib is applied to the link as shown, determine
the moments created at A and B. Eg = 29(10%) ksi,
E, = 10(10°) ksi.

—2F, =0 P,+ P, —80=0
Compatibility condition:
Axt = Aal

P> P, L’

3Euly  3Euly,

3) (L 3
b - (Eszlw)(Pl _ @)(10°)(5)m(05°) N
Pl (10)(10%) () D(F)M)

P, = 03625 P,

Solving Egs. (1) and (2) yields:

P, =58721b P, = 21.281b

My = P, (30) = 639 1b-in. = 0.639 kip - in.

My = Py(30) = 1761 Ib-in. = 1.76 kip - in.

Steel—|

0.5 in.—|

[e’e]
(==
—
o

)

30

in.

—Aluminum

(1

(@)

Ans.

Ans.
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*12-125. Determine the reactions at the supports A, B, 10 kN 10 kN
and C, then draw the shear and moment diagrams. EI is
constant.
| -
A8 } B L= ‘ ‘A‘
Referring to the FBD of the beam, Fig. a,
ESF, =0, C,=0 Ans. JO kN 10 kN
atZMc =0; A,(12) + B,(16) — 10(3) — 10(9) =0 Y
!
2A, + B, =20 1)
3m | 3m
+1%F, =0, A, +B,+C,—10-10=0 A
A, + B, +C, =20 @ f
Referring to Fig. b and table in appendix, the necessary deflections are: JO kN 10 KN
Pbx
= =——= (12%2.—p>—x
(v = (vp)a 6EIL 4 ( AC X ) 4 l

S
10(3)(6)
= 6T(12)<122 _ 32 _ 62) @.-ﬁ#ﬁ%

_ 2475 kN - m? l 10N
EIl i

PL3. B(12°) 36B,
48EI ~ 48EI  EI

(VB)y =

The compatibility condition at support B requires that

(+1) 0= (vp) + (vp)r + (vp),

oo 2475 2475 ( 36 By)
EI  EI EI

B, = 1375 kN Ans.

Substitute this result into Eq. (1) and (2) and solve,

A, =C,=3125kN Ans.
The shear And moment diagrams are shown in Fig. b and ¢ respectively. T _7/ 1}57,
e
- T
%
(b)
VCkN) M(knm)
o875 9.575 9375
|3.25 6
R f xX{m
0369’;«m)o;\|‘/é,«£)
ko ~Il.25
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12-126. Determine the reactions at the supports A and B. M,
El is constant.

_0 B

Referring to the FBD of the beam, Fig. a,

<
X

B 3F, =0; A, =0 Ans. ,)
i
+13F, =0, B,—A,=0 (1) A'y;le 3 Mo
atEZM, = 0 By(L) - M,—M,=0 @) 5?
My=BL—-M, 2)

Referring to Fig. b and the table in the appendix, the necessary deflections are: ?5) M,

vy = M"L2 y L 1

Mo 2EI

3 I
rr® BL )

VB, T 3EI ~ 3EI

Compatibility condition at roller support B requires

(+) 0=y, + (vp)y +
M0L2 ( ByL3)
0= + (-
2E1 3E1
B, = Mo A
V= 3L ns.
Substitute this result into Eq. (1) and (2) (b) B'!J,
_3M, M,

A = — Ans.

M
Yoo AT 2
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12-127. Determine the reactions at support C. EI is
constant for both beams. li
D

o_l€&—~

Slig}

Support Reactions: FBD (a).
5 3F, =0, C,=0 Ans.

L
C+EZM, = 0; Cy(L) — B, (E) =0 [1]
Method of superposition: Using the table in Appendix C, the required
displacements are
pL3 B L’
VBT 48EI ~ 48EI

_PLyy, PGP pr? .

’

VBT 3EI T 3EI 24EI

_PLy, BL
" 3EI  24EI

The compatibility condition requires

"

vp

(+1) vg =vg + vy

B,L*  pp3 +( ByL3)
48EI  24EI 24E1

2P
Y3
Substituting B, into Eq. [1] yields,

B

C,=— Ans.
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*12-128. The compound beam segments meet in the P
center using a smooth contact (roller). Determine the

reactions at the fixed supports A and B when the load P is
applied. EI is constant. A |
C. Q
| B
L \ L \
A P R)L* RL?
¢ 3EI  3EI
P
R=—
2
Member AC:
P
2F, =0 A, = 5 Ans.
2F, =0 A, =0 Ans.
PL
XMy =0 MA=7 Ans.
Member BC:
P
2F, =0 B, = 5 Ans.
2F, =0 B, =0 Ans.
PL
Mg = 0; Mg = BN Ans.
¢12-129. The beam has a constant £/, and is supported
by the fixed wall at B and the rod AC. If the rod has a cross-
sectional area A, and the material has a modulus of
elasticity E,, determine the force in the rod.
w
. wLi TacL,
(A =7 4=
8E I AE,
s~ Tacli L |
A7 3R

By superposition:
(D) Aa=(a0) -,

TacL,  wLi  Tacli
AE, 8E, 3E

( L, L3 ) wL}
Tac + =
AE,  3ElL)  S8EL
3wA,E,L}
8[3EL L, + ASE,L3]

TAC = Ans.
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12-130. Determine the reactions at A and B. Assume the P
support at A only exerts a moment on the beam. EI is
constant.
A B
PL? M 4L
01 = —3  (B4)y = ——
( A)l SEI > ( A)2 EI ‘ L L
\ 5 1 5
By superposition: 2 2
0=1(01— (6a)
_PL* M,L
~8EI  EI
PL
My=— Ans.
8
Equilibrium:
PL PL
C+ZMp = 0; —— 4+ — - My =
8 2
3PL
Mg =—— Ans.
8
B3F,=0; B,=0 Ans.
+13SF,=0; B,=P Ans.
12-131. The beam is supported by the bolted supports at its P
ends. When loaded these supports do not provide an actual
fixed connection, but instead allow a slight rotation « before
becoming fixed. Determine the moment at the connections g g
and the maximum deflection of the beam.
0—0 =«
L L
PL> ML ML _ 2 z
W6EI  3EI  6EI
PL’
ML = - 2E1
(16EI "‘)( )
PL 2EI
M = (? - T a) Ans.
’ P L3 M(%) 2 2 :|
Bma = & = A= ey ~ 2{6E1L (£ - @p2y]
_rr L (@ B 2Ela)
M 48EI 8EI\ 8 L
A — PL3 + % Ans.
mXIREL 4 )
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*]12-132. The beam is supported by a pin at A, a spring
having a stiffness k at B, and a roller at C. Determine the

force the spring exerts on the beam. E is constant.

Method of Superposition: Using the table in appendix C, the required

displacements are

l

. SwLic  5Sw(eL)'  swLt
VB T 3RQ4EI ~ 384EI  24EI
rr3. F,CLY} F,L’

UB” _ _ — T

Using the spring formula, v, =

" 48EI ~  48EI 6EI

F,

k-

The compatibility condition requires

(+l) vy, = v’ + vp”

Fyp . SwL*
k 24E1

SwkL*

= 4(6EI + kL)

F, L
+
( 6E1 )

*12-133. The beam is made from a soft linear elastic
material having a constant E/. If it is originally a distance
A from the surface of its end support, determine the
distance a at which it rests on this support when it is
subjected to the uniform load w, which is great enough to

cause this to happen.

The curvature of the beam in region BC is zero, therefore there is no bending
moment in the region BC, The reaction F is at B where it touches the support. The
slope is zero at this point and the deflection is A where

wo(L — a)* B R(L — a)®

Y 3EI

0 B wo(L — a)3 R(L — a)2
! ~ 6EI 2E1

Thus,

1

8AET \*

R - ( 3 )4
9wy

1
L —a= (72AE1>
Wo

Ppﬂ‘

Wo

~q —>
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12-134. Before the uniform distributed load is applied on 30 kN/m
the beam, there is a small gap of 0.2 mm between the beam
and the post at B. Determine the support reactions at A, B,
and C. The post at B has a diameter of 40 mm, and the A EO |
moment of inertia of the beam is / = 875(10°) mm®* The — 7;02 o Hyg
. . 1 mLJ:Ii -2 mm

post and the beam are made of material having a modulus

of elasticity of £ = 200 GPa. |

=

6m ‘ 6m
Equations of Equilibrium. Referring to the free-body diagram of the beam, Fig. a,

- 2F = 0; A, =0 Ans. 30(/2) kl\i

+13F, = 0; A, + Fy +C, = 30(12) = 0 o, ~-mmmeme
W h 4
C+EM, =0, F(6) + C,(12) — 30(12)(6) = 0 ©) e = =

Method of superposition: Referring to Fig. b and the table in the Appendix, the em 6m
necessary deflections are

sw' _ SGO(12') _ siookN-m* | @)
384E1  384EI EI

(vp)1 =

L Fs(12°)  36F,

b2 = J8ET = asEI  EI

1

The deflection of point B is

FB(a) l ”
AE 30 kN[m

The compatibility condition at support B requires

vp = 02(1073) + % =02(107%) +

("‘Jr) vg = (vp)1 + (Vi)

- Fp(1) _ 8100 ( 36FB)
3 B —
0.2(107%) + T A T (), +
-3\g 4 FB _ 8100 _ 36Fp == | T~
02(107)E + =% = = i ~.

Fy  36F 8100 02(1073)[200(10%)] : 'F %

7 (0042) 875(107)  875(10) 1000
4

Fy = 21978 kKN = 220 kKN Ans. (b)
Substituting the result of F into Egs. (1) and (2),

A, =C, =70.11kN = 70.1 kN Ans.
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12-135. The 1-in.-diameter A-36 steel shaft is supported by
unyielding bearings at A and C. The bearing at B rests on a
simply supported steel wide-flange beam having a moment
of inertia of 1 = 500 in*. If the belt loads on the pulley are
400 1b each, determine the vertical reactions at A, B, and C.

For the shaft:
8003)G5) [ o ., 5\ 13200
= (52 32 4 =
(Ap)1 6E1,(10) (=57 -3+ 10) EI,

B, (10°)  20.833B,

48E1, EI,

(Ap); =

For the beam:

LB (10°) _ 208338,
b 48EI, EI,

Compatibility condition:
+1 Ay = (A1 = (Ap)2

20.833By 13200 20.833By
El,  EI,  EI

I, = %(0.5)4 = 0.04909 in*

20.833B, (0.04909)
= 13200 — 20.833B
00 3200 — 20.833B,
B, = 6341b Ans.

Form the free-body digram,

A, =2431b Ans.

C, =76.81b Ans.
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*12-136. If the temperature of the 75-mm-diameter post \ 3m
CD is increased by 60°C, determine the force developed in ‘

the post. The post and the beam are made of A-36 steel, and A
the moment of inertia of the beam is / = 255(10°) mm*.

3m i

|

|
Be
B

Method of Superposition. Referring to Fig. a and the table in the Appendix, the
necessary deflections are

PLy®  Fep(3) _ YFep

Ol =35 T 3k EI
_ _ MpoL ap _3Fcp(@), .. 9Fcp
(ve)2 = (0p)2Lpc = 35T (Lpe) = 35T (3) = £l T

The compatibility condition at end C requires

(“‘T) ve = (vo)r + (Vo)
_ 9F¢p . 9Fcp 18Fcp '
 EI EI  EI

Referring to Fig. b, the compatibility condition of post CD requires that

Ofey T Ve = Or (1
Frp Lo Fep (3)
8Fcp = CZECD T AE @

8 = aATL = 12(107°)(60)(3) = 2.16(10 %) m

Thus, Eq. (1) becomes Final
initiak
Sep | 187en _y (109 "
AE EI 7

3F¢ 18F¢
co cp

T (0075?)  255(107°) = 216(107?)[200(10°)]
; (0

Fcp = 6061.69N = 6.06 kKN Ans.
cp ns (b)
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*12-137. 'The shaft supports the two pulley loads shown. r»xa
Using discontinuity functions, determine the equation of A nl B
the elastic curve. The bearings at A and B exert only vertical [} I |
reactions on the shaft. E/ is constant.

12 in.J‘12 in: l 36 in. !

70 1b

180 Ib

M=-180<x—-0> —(-2775)<x—-12> —-70 <x —24 >
M=-180x +277.5<x—-12> —-70 <x — 24 >

Elastic curve and slope:

d2
E1d—V2=M=—180x+277.5<x—12> —70 < x — 24 >
X
d
EI?;=—9Ox2+138.75<x—12>2—35(x—24>2+C1

Elv=-30x>+4625<x—12>3 - 1167 <x —24>3+ Cix + G, (1)
Boundary conditions:

v=20 at x = 121in,
From Eq. (1)

0 = —-51,840 + 12C, + G,

12C, + C, = 51 840 (2

v=20 at x = 60 1in.
From Eq.(1)

0 = —-6480000 + 5114880 — 544 320 + 60C; + C,

60C, + C, = 1909440 )
Solving Egs. (2) and (3) yields:

C, =38700 C, = —412560
1
v:E[—30x3+46.25<x—12>3—11.7<x—24>3

+ 38 700x — 412 560] Ans.
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12-138. The shaft is supported by a journal bearing at A,
which exerts only vertical reactions on the shaft, and by a
thrust bearing at B, which exerts both horizontal and
vertical reactions on the shaft. Draw the bending-moment
diagram for the shaft and then, from this diagram, sketch
the deflection or elastic curve for the shaft’s centerline.
Determine the equations of the elastic curve using the
coordinates x; and x,. EI is constant.

For Ml (X) = 26.67 Xq

d2V1
El ﬁ = 26.67)61
X7

dVl 2
EI—L = 13333 +
dX1

Elv, = 444x3 + Cix; + G,
For M, (x) = —26.67x,

d2V2
El—2 = —26.67x,
dX2

dV2 )
El— = 71333)&'2 + C3
dXQ

Elvy, = —4.44x3 + C3x, + Cy
Boundary conditions:

v =0 at x1 =0
From Eq.(2)

G =0

v, =0 at X, =0

C,=0
Continuity conditions:

dVl _ dV2 ¢ o -1
dxl B dXZ a S

From Egs. (1) and (3)

1920 + C; = —(—1920 + C3)
C=-G

Vi =V, at X = x, =12
7680 + 12C; = —7680 + 12C;
C; — C, = 1280

Solving Egs. (5) and (6) yields:
C; = 640 C; = —640

1
V= (4.44x3 — 640x,) b - in’

1
v= T (—4.44x3 + 640x,) Ib - in®

A

i iy

1

(@)

@)

4)

®)

(6)

Ans

Ans.

:

X~ 80

I
4in.

12 in.

| X2 ﬂ
12 in.
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12-139. The W8 X 24 simply supported beam is subjected 6 kip/ft
to the loading shown. Using the method of superposition, 5 kip-ft
determine the deflection at its center C. The beam is made ) ‘3
of A-36 steel. A ~ /B
i~ : £
| 8 ft 8 ft |

Elastic Curves: The elastic curves for the uniform distributed load and couple
moment are drawn separately as shown.

Method of superposition: Using the table in Appendix C, the required
displacements are

“swLt  —S5(6)(16°) 2560 kip - it}
768E1 ~ 768EI EI

M,
(Ac), = _6EOI);4 (L2 - xz)

50
"~ 6EI(16)

(Ach = l

[(16)* = (8)?]

_ 80kip-ft® .
- EI

The displacement at C is

Ac = (Ac) + (Ae)

2560 80
= +

"~ EI EI

2640 kip - ft®
- EI

2640(1728
_ _26400728) 1.90in. | Ans.

~29(10%)(82.8)
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*12-140. Using the moment-area method, determine the
slope and deflection at end C of the shaft. The 75-mm-
diameter shaft is made of material having £ = 200 GPa.

M g
Support Reactions and El Diagram. As shown in Fig. a.
Moment Area Theorem. Referring to Fig. b,

t3a] = <1>B (E)@)} + B@}B (—5,)(2)]

_ 55kN-m’
EI

ltcpa| = 1 + 1)[; (E)(z)} + B(z) + 1}@(—5})(2)}

+ [% (1)}[;(—;)(1)}
) %}nﬁ 2 ? z —xtm)
bl =2 () + (-2 ) 2ten
_3kN-m’ @

El

Referring to the geometry of the elastic curve, Fig. b,

5.5
_ t34] _ EI _ 275kN-m’
AT L 2 EI
GCZGC/A_GA:%_%
_ 0.25 kN * m?2 _ 0.25(103)
E 200(109)[%(0.03754)} <
Tank
= 0.805(10 3 )rad Ans.

and

Ac= ‘IC/A| - ‘IB/A <ZE>

_i,ﬂ(§>
EI  EI\2

. 0.75(10%
_ 075 g mo_ ) = 0002414 m = 241 mm | Ans.

200(109)E(0.03754)}
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*12-141. Determine the reactions at the supports. EI is
constant. Use the method of superposition.

wlL

Mp=Ac= s (L —2(3L)L* + (3L)}]
|

_ 1wL?
- 12EI

Due to symmetry, B, = C,

N B, (L)(2L)
BB 2CCT 6EIGL)

(3L - (2L)* - ?]

4B, L*
9EI

B, (L)(L)
_ _ 2 2 2
ABC = ACB = m[—L - L+ (3L) ]
7B, L?
~ 18EI

By superposition:
+1 0=Ap — Apg — Apc

CuwLt 48,17 7B, L

O = — —
12E1 9EI 18E1
11wL
By = Cy = T Ans.
Equilibrium:
3L 11wL 11wL
n -0 2 _ — =
atIMp = 0; 3wL< 5 ) 10 (L) 10 (2L) - A,(3L) =0
2wl
Ay = % Ans.
2wl 11wL  11wL
+3F, = 0; + + + D, — 3wL =
2R =0 S g+ g PR T wL =0
2wl
D, = % Ans.
ESF, =0, D, =0 Ans.
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12-142. Determine the moment reactions at the supports wo
A and B. Use the method of integration. EI is constant.

Support Reactions: FBD(a).

WoL
1SR =0 A+ B, -—=0 (1]
wolL (L
C+3M, =0, ByL+MAfMBf%(§>=O 2]
Moment Function: FBD(b).
1 %) X
at SMya = 0; -M(x) — ) (fx>x (5) — Mg+ Byx =

w
M(x) = Byx — —
Slope and Elastic Curve:

d*v
Elﬁ = M(x)
d? w
EITZ = By — 2 x* — Mg

d 6L
dv By 2 Wo 4
- = 7 _ _ +
EI dx ) X 241 X MBX C1 [3]
B
Y Wo Mg
Elv = 76 x3 - 120L )CS - B x2 + Clx + Cz [4]

Boundary Conditions:

d
Atx = o,d—z =0 FomEq[3, C =0

Atx =0,v=0. From Eq.[4], C,=0

Atx = L’E 0. From Eq. [3].
o—ByLz—WOLg—ML
T2 24 B
0=12B,L — wyL> — 24Mp [5]

Atx = L,v=0. From Eq. [4],

0= By[‘3 _ W()L4 _ MBL2
6 120 2

0 =20B,L — wyL> — 60Mp [6]
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12-142. Continued

Solving Egs. [5] and [6] yields,

= Wo L Ans
57 30 :
. SWOL
Y720

Substituting B, and M into Egs. [1] and [2] yields,

W0L2
My = 20 Ans.
o 7WOL
Y20
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12-143. If the cantilever beam has a constant thickness ¢, L |
determine the deflection at end A. The beam is made of
material having a modulus of elasticity E.

Section Properties: Referring to the geometry shown in Fig. a,

h(x)_@.
x L’

ho
h(x) = 7

Thus, the moment of inertia of the tapered beam as a function of x is

1 1 (hy V¥  thy® L
I(x) = Et[h(x)F = 12t<LO x> = 1223 x°

Moment Function. Referring to the free-body diagram of the beam’s segment, Fig. b,

X
Wo 3 W}a
6L "

C+3IMy=0; M(x) + B (Vz(’x)xk;‘) -0 M(x) = —

Equations of slope and Elastic Curve.

&y ME)
dx*  I(x)
A
P dv  6LT 2w’
dx2 th()3 3 th03
3X
12L°

dv 2W0L2 : ,‘
Eae™ T ©1 O M \ )

Er= 2 oo @)
V= X 1X 2
th’ X, /68
... _dv .
Boundary conditions. At x = L, i 0.Then Eq. (1) gives (b)
2woL? 2wol?
0=—""—=(L)+C C = 3
tho thO
At x = L,v = 0.Then Eq. (2) gives
0= ML (22) 2w0L3(L) e - wolL*
thy? thy? : ? thy?
Substituting the results of C; and C, into Eq. (2),
wolL?
y = — 3(—xz+2Lx—L2)
Ethy,
At A, x = 0.Then
W0L4 W0L4 l,
=yl o=— = Ans.
v = Yo Ethy®  Ethy®
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*12-144. Beam ABC is supported by beam DBE and 1001b/tt 4
fixed at C. Determine the reactions at B and C. The beams
are made of the same material having a modulus of l
elasticity £ = 200 GPa, and the moment of inertia of both —a Bl = . —— ﬂ, A
beams is / = 25.0(10°) mm*. —— I ¢ L,
D[\ — — E
—a
F4 ft—=—4 ft H‘

6 ft 6 ft

3in.

M

i6 in

Sectiona —a
Equation of Equilibrium. Referring to the free-body diagram of the beam, Fig. a, 9 ) kN
B IF =0; C,=0 Ans. 1 Cag,
(U e e o S . P P e e ] e ot et o o St 2y \
+13F, =0 B, +C, —9(6) =0 1) NS
A
atXMq = 0; 9(6)(3) — By(4) — Mc =0 - ﬂk
2m Im 3m
Mc =162 — 4B, 2) B

Method of superposition: Referring to Fig. b and the table in the appendix, the 3’ x>

deflections are

_ PLp®  B(6)  45B,

VBT 4REI  48EI | EI %

2 9(42
)1 = 5y (7 = 4Lx + 617) = 25“52 47— 40)(@4) + 6(67)] K
_ 816kN-m® |
-~ EI

PLy® B/(4%) 2133338,
Uo2 = 3pr T 3Er T EI

The compatibility condition at support B requires that

(“‘l) vg = (vp)1 + (vp)a

4B, _g16 (721.33333y>
EI ~ EI EI

By, = 31.59 kN = 31.6 kN Ans. __I__

Substituting the result of B into Eqs. (1) and (2),

Mc = 35.65kN-m = 35.7kN-m Ans. ~

C, = 2241 kN = 224 kN Ans. T
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*12-145. Using the method of superposition, determine 1001b/ft 4
the deflection at C of beam AB. The beams are made of
wood having a modulus of elasticity of E = 1.5(10°) ksi.

7?“3'() — OCji? @A

= =
Dl 1

—a
L—4fta<—4ft—>‘

6 ft ‘ 6 ft

3in.

N
i lsin.

Section a —a

Support Reactions: The reaction at B is shown on the free-body diagram of beam
AB, Fig. a.

Method of superposition. Referring to Fig. b and the table in the appendix, the
deflection of point B is

100¢/2) b
C PLp® 600(8%) 6400 1b- £ | )
P 48EI ~ 48EI  EI
Subsequently, referring to Fig. c, fr———— Uy ——
] 1
6 6400 [ 6 3200 1b - £ - L
(AC)I_AB<E>_H(E>—T ) I—T |
swit  5(100)(12%) 27000 1b- 3 r ; ¢
(Ac) = 384EI  384EI EI l 6f‘ t oft
Thus, the deflection of point C is =600 ’b Ag 3600 I b
@)
(+~L) Ac = (Ach + (Ao)
_ 3200 , 27000
T EI EI
3020006+ 18 _ 30200(12°)
EI 1
1.5(106){5(3)(63)}
= 0.6441in | Ans.
,C
A — - = 3
‘[ ._B_, _____-—’ -

~_ 1 ke b, e
*
+ft #t /00 Ibl#t

b) LTI L]
@@;\‘\\“E By

¥

Ao,
©)
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12-146. The rim on the flywheel has a thickness ¢, width b,
and specific weight y. If the flywheel is rotating at a
constant rate of w, determine the maximum moment
developed in the rim. Assume that the spokes do not
deform. Hint: Due to symmetry of the loading, the slope of
the rim at each spoke is zero. Consider the radius to be
sufficiently large so that the segment AB can be considered
as a straight beam fixed at both ends and loaded with a
uniform centrifugal force per unit length. Show that this
force is w = btyw’r/g.

Centrifugal Force: The centrifugal force action on a unit length of the rim rotating
at a constant rate of w is
btyw’r
W= mo’r = bz<z>w2r -
8 8

(QE.D.)

Elastic Curve: Member AB of the rim is modeled as a straight beam with both of
its ends fixed and subjected to a uniform centrifigal force w.

Method of Superposition: Using the table in Appendix C, the required
displacements are

0 [ — WL3 0 [/ — MBL 0 rmn ByLZ
B " 6EI B EI B 2FEI
wL* Myl B,L?
UB/ — vB// — T UB/V/ — l
8EI 2EI 3EI
Computibility requires,
0 = 03’ + 03” + 03”,
wL3  MgL ( B, Lz)
0=—+ + | -
6EI  EI 2EI
0 =wL? + 6My — 3B, L [1]
+1 0=vp +vp" +vp"
o WLt ML ( B, L3)
~ 8EI  2EI 3EI
0 =3wL® + 12Mp — 8B, L 2]

Solving Egs. [1] and [2] yields,

wL wl?
B, =— Mp=——
) P12
wL wl?
Due t try, A, = — M, = —
ue to symmetry, A, > A D
Maximum Moment: From the moment diagram, the maximum moment occurs at
. . btyw*r r
the two fixed end supports. With w = and L = rf = S

btyw’r (7r
" wl? - g (?)2 wbtyw’r? A
e = ns.
max 12 12 108g
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