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Moment Distributions: Analysis of Beams and Frames
                    Summary of lectures 31-37


Introduction: 


In previous sections, the analysis of redundant structures (beams and frames) has been performed using the method of slope-deflection equations. It has been shown that the method of slope-deflection equations require the imposition of joint moment equilibrium Mj = 0, and the joint displacements are then computed from a system of linear algebraic equation. It has been also shown that the when several members meet at the joint the contribution of a member in carrying the load is proportional to the stiffness of the member relative to the total joint stiffness. This fact is the basis of deflection an approximate (iterative) procedure that does not require writing a system of algebraic equations. The approximate method which will be developed next is called the method of moments' distribution. It is sometimes called Hardy-cross method relative to the person who first developed the method. The method is an iterative procedure that can be stopped after a certain level of accuracy has been achieved.

The method uses three main items to start and continue the procedure: 1) FEM's; 2) Distribution factors (DFs); and 3) Carry over factors COFs, till a certain level of convergence is achieved.

It is also noted that the method starts by locking all joints to compute the FEMs, then the joints are unlocked "one joint at a time" in order to correct the deformed shape till the convergence to the final deformed shape is achieved.  The locking and un-locking of joints is done in systematic cycling procedure till the level of convergence to values of moments at the joints such as Mij is accepted.

DISTRIBUTION FACTOR DF:  The factor dtemins the contribution of a member in carrying the net moment at the joint. The value of DF for member e is give by is based on the member mending stiffness ke = 4(EI/L)e. 




DFe = ke / ke).

So if four member meet at a joint j and all have the same bending stiffness ke, the DFs will be 0.25 for each member. 
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CARRY-OVER FACTOR COF:  


The factor determines the influence of applying moment at joint j on the near-by joint k.  The following beam model is used to express the relationship between end moments, displacements and effect of loads using the fixed end moments.

If end slopes and displacements   ,  CB  are applied one at a time, the principle of superposition and the moment area theorems may be applied to compute the following relationships: 



MAB = 4EI/L  + 2EI/L 6EI/L2 B/A


MBA = 2EI/L  + 4EI/L 6EI/L2 
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It is easily seen that the COF will be 1/2 for a bar with fixed ends if its flexural rigidity EI is constant.
FIXED-ENDS MOMENTS FEMs:

The method starts by computing the fixed end moments.. Typical values of FEMs are given in Table 1 below. The positive sign convention for the FEMs is CW positive and CCW is negative. 

  easily obtained from the basic principles of analyzing a loaded beam segment with a given load with both end fixed with the slopes being zero. Expressions are usually tabulated in give tables of FEMs. For example a beam of length L, with uniform EI, and loaded with uniform load w, the FEMs are



FEAM AB  = -w L2/12 

and  

FEAMBA  = + w L2/12, and so on for other types of loads.


The following sections give sample tabulated expressions for FEMs for typical loaded beam cases. The examples provided illustrate the main steps of solving beam problems using the slope deflection equations. 
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A TYPICAL CYCLE OF MEMENT DISTRIBUTIONS:

A joint with several members is unlocked by applying un-locking moment Mum,  as


 Mum =  - FEMs at the joint

The moment Mum is then distributed to the members at the joint depending on their DFs. Then the moments are carried to adjacent joints (which are still locked) using a COF of 1/2 for each member. 

This ends one cycle of moment distributions A new cycle is started by locking the current joint and un-locking a new joint, and the steps are repeated several times till the moments resulting from carry over are negligibly small. This is called the stopping criteria for the method. 

The values of moments Mij are obtained by summing the moments' contributions including FEMs, Mcov, and MDF. 

The following sections will clarify additional ideas (about using the end moments to draw the BMD for each member of a beam or a frame) and will illustrate the method with typical examples for a beam and a frame.

The following example clarifies how the BMD is drawn from the results obtained from the table of moments' distribution.

With reference to the attached problem the following steps show a sample of required computations for end shears for each beam segment:

1. The end shears are computed from EQUILIBRIUM requirements for each beam segment including the loads on the segment. 

2. The conditions of equilibrium are used to compute the position of ZERO shear (say: at x= X*). 

3. Then the maximum or minimum moment within a segment is M(X*). 

4. The SFD and BMD are then drawn using the known theory relationships between load and shear force and between shear force and bending moment. 

The Computations of location X*  of zero shear for segment BC:
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   V= 107. kN.

2: Determine location X* of zero shear: V(x) = VL + load effect) 
 V(X*) = 0.0 ?

 
































       



  107.0 – 20. X = 0.0 
        X*= 5.35 m.

3: Determine the  value of bending moment at location X* of zero shear:

M(X*) = -125.3 + 107 (5.35) – 20 (5.35)2 /2 = +160.9 kN.m.



The following example clarifies how the BMD is drawn from the results obtained from the table of moments distribution.
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6. The conditions of equilibrium are used to compute the position of ZERO shear (say: at x= X*). 
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2: Determine location X* of zero shear: V(x) = VL + load effect) 
 V(X*) = 0.0 ?

       



  107.0 – 20. X = 0.0 
        X*= 5.35 m.

3: Determine the  value of bending moment at location X* of zero shear:

M(X*) = -125.3 + 107 (5.35) – 20 (5.35)2 /2 = +160.9 kN.m.
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The following examples adds to the understanding of the applications of the moment distribution for a beam and a frame when the so called "modified stiffness" is used to reduce amount of computations for cases when the end is pinned support and it is known the moment will be ultimately zero. 
The case of the frame is for the conditions when side-sway is prevented. Therefore the case with side-sway will be done be superposing a case with no-side-sway o a case with imposed side-sway using a force to simulate the side-sway.
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Application of the moment-distrbution method for frames having no sidesway
Follows the same procedure as that given for beams. To minimize the chance
for errors, it is suggested that the analysis be arranged in a tabular form, as
in the previous cxamples. Also. the distribution of moments can be shortened
{f the stiffness factor of a span can be modified as indicated in the previous
section.

Example 11-5 7

Determine the internal moments at the joints of the frame shown in Fig.
11 15. There s a pin at £ and D und a fixed support at A. EI s constant.
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Fig. 11-15

SOLUTION

iy inspection, the pin at £ will prevent the frame from sidesway. The
stiffness factors of CD and CE can be computed using K = 3£1/L since
the far ends are pinned. Also, the 20-k load does not contribute a FEM
since it is applied at joint B. Thus,
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